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an annular surface is obtained having plane lines of curva- 
| ture whose order is half that of the surface—the latter not 
| being of revolution. The scrolls are also of particular form ; 
their asymptotic lines are of order only half that of the 
general scroll of the same type. 





Professor Morley’s second paper is in abstract as follows: 

It is known that the bitangent planes of a rational space 
quartic R, touch a quadric, which contains the tangents of 
the curve at the flexes or points of contact of the four sta- 
tionary planes. Any tangent plane of this quadric cuts R, 
at four points U, such that the Hessian points H of U also 
lieina plane. This plane again touches the quadric. Any 
tetrad U + 2H of R, lies in a plane which touches the quad- 
aric. All the planes form a pencil whose axis is a generator 
of the quadric, of the system to which the flex lines belong. 
Among the planes of the pencil there are two which cut À, 
in a self apolar tetrad, three which cut R, in apolar pairs 
of points and three bitangent planes. The one set of three 
planes is the cubicovariant of the other; the two planes 
form the common Hessian of the two sets of three planes. 





Professor Gordan’s paper, which will be published in 
the Transactions, is in brief an exhaustive discussion of the 
curves of order or class 8, which have for their Hessian or 
Cayleyan a given curve of the same order or class. The 
author shows that these number 3 in general, but in special 
cases 1 or œ ; for each case the types are determined ex- 
plicitly. 


The point of departure for Dr. Hawkes’s paper was fur- 
nished by a consideration of certain criticisms of Benjamin 
Peirce’s Memoir on linear associative algebra, by Study, 
Molien, Cayley, and others. The paper shows how Peirce’s 
methods can be naturally extended so as to arrive very di- 
rectly at an enumeration of all number systems in less 
than six units, which areinequivalent, non-reciprocal, irre- 
ducible, and possess moduli. 


Of the many theorems contained in Sturm’s famous memoir 
of 1836, the two Theorems of Comparison may be regarded 
as most fundamental. Professor Bécher has shown on other 
occasions (cf. BULLETIN, April 1898 and Dec. 1899, p. 100) 
how the methods which Sturm used for establishing these 
theorems can be thrown intorigorousform. In the present 
paper a simpler and more direct method of establishing these 
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theorems is given along lines suggested by passages, to which 
Professor H. Burkhardt kindly called the author’s attention, 
in one of d’Alembert’s papers on the vibration of strings 
(Memoirs of the Berlin Academy, volume 70 (1763), p. 242). 
The fundamental idea involved is the reduction of the linear 
differential equations of the second order to Riccati’s equa- 
tions by the well known change of dependent variable. 


The problem discussed by Professor Smith is a generaliza- 
tion of the question treated by Moutard in 1864, viz., to find 
properties of surfaces enveloped by spheres intersecting a 
fixed sphere at right angles. The generalization is this: 
The surfaces to be studied are enveloped by spheres inter- 
secting a fixed sphere at any constant angle., As distin- 
guished from the problem discussed by Moutard, the ques- 
tion is one of the higher spherical geometry, in that the 
algebraic sign of the radius of æ sphere must be regarded. ` 
This amounts to distinguishing between the two sides of a 
surface, as given, e. g., by the two directions of the normal ; 
and this distinction is indicated by the term, ‘‘ oriented 
surface." The treatment of the problem is purely geomet- 
rical, being based upon a certain simple contact transfor- 
mation, here defined for the first time. Adopting Sophus 
Lie’s terminology, ‘‘ linear spherical complex,’’ for the ag- 
gregate of co? oriented spheres intersecting a fixed fundamen- 
tal oriented sphere under constant angle, this definition is 
as follows: Given an oriented sphere S, then all œ? ori- 
ented spheres tangent to S and belonging to a spherical 
complex A are tangent to a second oriented sphere 8’, and 
S is said to transform into S' by inversion in the complex À. 
The transformation is involutory. This general inversion 
depends upon five essential parameters, and includes as par- 
ticular cases inversion in a sphere, the parallel transforma- 
tion, symmetry in a plane, and the transformation by 
reciprocal directions originally defined by Laguerre in 1881. 
The œ* points of space constitute a particular spherical com- 
plex 2, and inversion in 9 merely turns over an orieuced 

lane. z i 
A The relation of thig general inversion to the general 
sphere-sphere contact transformation of fifteen essential par- 
ameters is determined by the theorem: The latter transfor- 
mation is compounded either of a general inversion, a 
spherical inversion and a displacement, or these three com- 
pounded with inversion in 2. Various theorems on the 
general inversion are established, e. g. (1) A general inver- 
sion A is uniquely compounded of a parallel transformation 
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D, a spherical inversion J and the same parallel transfor- 
mation D, i. e., A = DID. (2) A general inversion A ie 
compounded in two ways of a general inversion A,, the in- 
version in 2, and the same inversion A. or d= 4,29 A, 
The last theorem leads to a representation of the of or- 
iented spheres of the complex A by the c»? points of space, 
in that the former trahsform into the latter by inversion in 
A, This representation is fundamental for the point of 
view adopted in the paper. The following result is now 
established : 

A surface F enveloped by ©? (o!) spheres belonging to 
the spherical complex A is transformed by A, into a non- 
oriented primitive surface (curve) f(c), regarded as the 
locus of its points. The order and classof F are equal, and 
its entire section with the plane at infinity is along the im- 
aginary circle. The centers of these spheres of À lie on & 
surface F, (curve C,), which is the transformed of f(e) by a 
birational transformation whose fundamental curve is the 
imaginary circle. The characteristics of F, F, and C, are 
easily determined from those of f and c. The intersection 
of the fundamental sphere of 4 and the primitive is a double 
line (point) on F, while the remaining intersection of F and 
the fundamental sphere is a line of curvature on F. 

Particular interest attaches to the case where the primi- 
tive is a general cyclide without nodes. Then F is the so- 
called surface of singularities of the general quadratic spher- 
ical complex, and the following results are established: ` 

The surface of singularities of the general quadratic spher- 
ical complex is of order and class 24, and contains the im- 
aginary circle at infinity twelve times. It is sibi-reciprocal 
under six commutative general inversions A,, with each 
of which is associated a cyclide f, from which as primitive 
the surface may be derived. The surface contains six 
double lines, sphero-quartics, the intersections of the f and 
the fundamental spheres, and is the envelope in six ways of 
co! spheres belonring to an A, whose centers lie upon a 
quartic surface F, containing a double conic. The six F are 
confocai, being inscribed in the minimum developable of 
order 24 circumscribing F, which is also the singular mini- 
mum developable of that surface. Thus the focal lines of 
the F are the focal lines of-F. The surface F is enveloped 
by six systems of bitangent planes each belonging to a de: 
velopable of order 8 and circumscribed to a sphere concen- 
tric with the corresponding fundamental sphere along a 
sphero-quartic. The lines of curvature of F are algebraic, 
being the transformed of the lines of curvature of the prim- 
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itive cyclides f, by the six inversions which transform the 
f into F. 

When the primitive is a circle (or straight line), the sur- 
face F is the cyclide of Dupin. This leads to a very simple 
derivation of the properties of this surface. Some special 
cases departing from the general results are discussed. The 
problem is taken up also for the plane, the case in which 
the primitiveis a bicircular quartic giving results analogous 
to that just given for the cyclide, the order and class being 
16 and each circular point octuple. 

It is pointed out that in papers on subjects related to that 
under discussion the method adopted has been that of de- 
riving results from known theorems in line geometry by 
the line-sphere transformation of Sophus Lie. To this there 
are two objections: (1) Spherical geometry is essentially 
metric ; and those theorems in line geometry which lead by 
this correspondence to such results as are developed above 
are not a priori evident. (2) The correspondence fails 
except for the case of three dimensions. The discussion of 
this paper, operating entirely in the realm of spherical 
geometry, gives results which may be immediately gener- 
alized for n dimensions. Thus, e. g., the relation of the 
problem treated in the paper to the minimum projection of 
points in a space of n + 1 dimensions into the oriented 
spheres of space of n dimensions is determined. 


Goursat’s memoirs [Acta Mathematica, volume 4 (1884) ; 
Transactions, volume 1 (1900)] in proof of Cauchy’s inte- 
gral theorem 


Jo de 


without assumption as to the continuity of the derivative 
f’(z) on the closed region bounded by the curve C of inte- 
gration lay deeper foundations for the Cauchy-Riemann 

theory of functions of a complex variable. One finds an 
abstract of these memoirs in the BoLLETIN for June, 1899, 

pp. 427-429. Goursat sets out by a direct process to eval- 
uate the integral in question. In Professor Moore’s paper, 

which will appear in the Transactions, the integral is by an 
indirect process proved to have the value zero. The essen-' 
tial elements of the proof are those of Goursat’s first paper; 

by the modification indicated one avoids the necessity of 
using the Jemma to the proof of which Goursat’s second 
paper is devoted. 


The following is a summary of Professor Osgood’s paper, 
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which appeared in full in the July number of the Transac- 
tions: The problem of mapping the interior of a simply 
connected plane region 7 conformably on the interior of a 
circle depends for its solution on the proof of the existence 
of the Green's function corresponding to T. Hitherto the 
existence of this function has been established for regions 
T bounded by a finite number of pieces of analytic curves, 
and, more generally, for regions bounded by a finite num- 
ber of pieces of regular curves, i. e., curves whose tangent 
turns continuously as a moving point p traces out the 
curve. That the boundary of a general simply connected 
region T may be of an essentially more complicated charac- 
ter is shown by the following example: On the axis of ab- 
scissas assume at pleasure a set of points perfect but not 
dense throughout any interval whatsoever. Erect at each 
point of this set a perpendicular of unit length, drawn in 
the direction of the positive axis of ordinates. The region 
T consists then of the points of the upper half plane that 
remain after thesé perpendiculars have been cutout. Thus 
the boundary of 7 will in this case have a positive content 
if the content of the assumed set of points on the axis of 
abscissas was positive. Moreover, there now exist points 
of the boundary that cannot be approached along & contin- 
uous curve, namely, any interior point of a perpendicular 
about which perpendiculars cluster from both sides. 

In the present paper the existence of the Green’s function 
for the most general simply connected region T is estab- 
lished by methods due to Poincaré, and thus it appears that 
the interior of any such region whatsoever can be trans- 
formed conformably on the interior of a circle. 


Dr. Collins deduced the fundamental formule of spher- 
ical trigonometry by means of quaternions, employing the 
sine-cosine, in place of the scalar-vector notation. 


The conception of a moving source treated in Professor 
McMahon’s paper was suggested by the following problem 
set by a physicist who wished to use the solution in con- 
nection with an experiment: A source of heat (such as a 
candle) starts at a given point of a very long straight wire, 
and is moved with uniform velocity along the wire; it is re- 
quired to find the temperature at any assigned point of the 
wire at any future time; and especially to compare the tem- 
perature gradient in front of the candle with that behind 
the candle, when these gradients have become practically 
stationary relatively to the moving source. The methods 
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of Fourier are not directly applicable, but a solution can be 
obtained by using Kelvin’s expression for the effect of an 
instantaneous source of heat placed at a given point of an 
infinite rod, and superposing the temperature effects due to 
a succession of such instantaneous sources placed at succes- 
sive points of the line. The solutions for a finite rod with 
various terminal conditions are then given ; and the corre- 
sponding problems for an infinite plane and for a finite 
rectangle are solved. The results can be extended to three 
dimensions. 


Lagrange found particular solutions of the problem of 
three bodies of two types: (a) the three bodies lie always 
in a straight line ; (b) the three bodies are always at the 
vertices of an equilateral triangle. These solutions still 
exist when one of the bodies becomes infinitesimal, and when 
the two finite bodies movein circles. The problem is to find 
whether solutions exist in which the infinitesimal body de- 
scribes closed curves in the vicinity of the points defined by 
the Lagrangian solutions. In Dr. Moulton’s discussion use 
is made of the methods employed by Poincaré in his prize 
memoir in the Acta Mathematica, volume 13. The results 
obtained have points of contact with Darwin’s memoir in 
the Acta Mathematica, volame 21. The principal results are 
the following: Let 1 — » and « represent the masses of the 
finite bodies. Leta = #, + 1. There is a periodic solution for 
every p, in which the infinitesimal body moves in the plane 
of the motion of the finite bodies, in the vicinity of each 
one of the Lagrangian straight line solutions, and in which 
the coordinates are expansible as power series in 2, vanish- 
ing with À, and with periodic coefficients, the periods de- 
pending upon o, Thus there is an infinite number of orbits 
vanishing with =. In the case of the equilateral tri- 
angular points in the plane there are two infinities of orbits , 
with different periods vanishing with 2 = Da tf », < .3086. 
In the vicinity of the equilateral triangular points in space 
of three dimensions there is an infinity of solutions, with 
periods differing from the other two, which vanish with 
w= u, for every value of uy 


Miss Grow’s paper is in abstract as follows: The trans- 
formation 


D ? 

2, = Ag, +48, 
escht fat £ 
ve À 2 t Kat) 


T: 
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converts fae," where the coefficients of f are independent, 
into the form 


Zei = etz" +) ee 6, 4, gig Ze +. + er 


If it is possible to transform the quantic by T so that any 
two assigned coefficients, for example the (n—r + 1)th and 
(k + 1)th, shall vanish simultaneously, the necessary and 
sufficient condition is 


eye, =0, ee = 0 
(r=1,2, =, n—1; k=n—1, n—2, =, 1; kbn—r). 


| (1) se, (3) ee, à 
Consider wi, and (4) a 


(2) ee, 

If (1) and (2) vanish simultaneously, their resultant R, ,, 
‘vanishes ; also if (3) and (4) vanish simultaneously, their 
resultant RK, vanishes, En and H,,, each have 
[(n — r) (n — k) + rk] zeros in the plane; therefore (1) 
and (2) will vanish simultaneously when x is a root of 
R, 4, and (8) and (4) when 2 is a root of R, na fis always 
a factor of E, ,,2nd R, n or anre fa. u and R, n- 
= fC. 

The 2-points of (1) and (2) are the A-points of R, n- 
Similarly the z-points of (3) and (4) are the „-points of 
Run à e., the s-points of E, ,, and A-points of Ha are 
so related that 


e" e, m 0, eye," — 9. 


When r=k, O and C, „~ coincide in C, The roots 
of C, goin pairs which have reciprocal relations. In the 
transformation T, let A and o be roots of C, „aand Cpr» 
respectively and call this set of transformations Tp- r 
Interchange À and » and call this set 7,, , The non- 
singular binary quantic can be linearly transformed by the 
[(n— r) (n — E) -- ir —n] transformations 7,-., so that 
its (n — r + 1)th and (k + 1)th terms shall vanish, and by 
T, 80 that its (n — k+ 1)th and (r+ 1)th terms shall 
vanish. Also if 2 and p are zeros of C, in corresponding 
pairs, we get two sets of transformations T, and T by 
means of which its (r + 1)th and (n — r + 1)th terms can 
be made to vanish in 2r(r — n) +% (n — 1) different ways. 

The theory is applied to the cubic, quartic, quintic, and 
sextic. 
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The following is a summary of Dr. Porter’s paper : Con- 
sider 3m — 8 — 1 arbitrary fixed points P on a non-singular 


EY, 
cubic C,, and u, = du the integral of first kind on C, 


(ab) being a point of inflexion. If an m-ic have as — 1 
order contact at u, it will cut C, again ab u, su, u, zx C 
(mod. o w) where C= Zu, at the points P. The Schlies- 
sungsproblem thus suggested yields at once a proof of 
Fermat’s theorem a*—a=0 (mod. n (prime)) and the 
generalized form of the theorem F(a, n) =0 (mod. m). 
When m=1,s=2, we have systems of closed polygons. 
In case the polygon is a triangle, the equation of C, referred 
to it may be written 


Z Pc ec 
y 2 g 


The twenty-four in-circumscribed triangles thus determined 
fall into four groups, each associated with an inflexion tri- 
angle, and each triangle of a group six ways perspective with 
its associate inflexion triangle. This configuration of in- 
flexion triangles and in-circumscribed triangles presents 
numerous interesting geometrical properties. 
F. N. Corr. 
COLUMBIA UNIVERSITY. 


(| THE UNDERGRADUATE MATHEMATICAL 
CURRICULUM. 


REPORT OF THE DISCUSSION AT THE SEVENTH SUMMER MEET- 
INGOFTHEAMERICAN MATHEMATICAL SOOIETY. 


Tue final session of the Seventh Summer Meeting of the 
Society was devoted to an organized discussion of the 
following question : 


What courses in mathematica shall be offered to the student who 
desires to devote one-half, one-third, or one-fourth of his under- 
graduate time to preparation for graduate work in mathematics f 


The following topics were also suggested as a general. basis 
of discussion : i 

How early in the course may the lecture method be used 
with profit? 
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How can the undergraduate best be trained to use the 
library ? 

How shall the history of the subject be presented? 

Shall we try to place the calculus as early as possible? 

Where shall we place the solid analytics? modern 
geometry ? projective geometry ? 

Shall spherical trigonometry and geometric conics be given 
& place in the curriculum? 

How much of the theory of equations may be presented 
with profit in the freshman year? 

What courses in applied mathematics are needed as prep- 
aration for graduate work in pure mathematics? 

Shall work in differential equations be merely a problem 
course, or shall it take up the theoretical side of the ques- 
tion? If the latter, to what extent? 

At what points shall the work intended to fit the student 
for graduate work differ from that intended to fit him for 
secondary school teaching ? 

Are the best results in graduate work secured from stu- 
dents who have devoted most of their undergraduate time 
to mathematics, or from those who have combined a fair 
amount of mathematics with a more general culture? 

Shall the undergraduate school attempt to attract the 
student to graduate work by offering elementary courses in 
the more advanced topics, or shall it confine itself to funda- 
mental work in algebra, analytics, and calculus? 

The principal papers are given in abstract below. 


PROFESSOR Moore. 


If the student is to be properly prepared for graduate 
work the teacher must be himself familiar with modern 
mathematics; and the fundamental modern ideas and 
methods must give form to his work as an instructor of un- 
dergraduates. Thus the teacher should have clearly in 
mind the notions of the pure analysis—of the sequence of 
positive integers as a complete set, of the synthetic deter- 
mination of all real numbers from this sequence of integers 
and of the complex variable as a double real variable. 
Similarly he should have the (usual) idea of (a) geometry 
as built upon a body of basal notions and axioms. 

In general, mathematics should be regarded as divided 
into a number of distinct but closely related sciences. 
Each of these sciences consists of a body of sharply defined 
and inter-related ideas as foundation, with a superstructure 
consisting of results deductively secured from these funda- 
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mental ideas. For every science the question of or the 
condition for its existence as a body of non-conflicting 
statements is of prime importance, and especially by these 
existence considerations are the various sciences related 
and organized into higher sciences. 

Intuition is by no means to be excluded from mathemat- 
ical work. On the contrary, in every way let intuition be 
kept alive and active, but when a new ides is introduced as 
an intuition let it be sharply defined with the understanding 
that in so far as subsequent work depends on that intuition 
a new branch of mathematics is being originated. 

In illustration: It is questionable whether the under- 
graduate course of & student who is not specializing ex- 
tremely in mathematics may advisably contain the existence 
theory of the real irrational number in its ultimate form as 
a part of pure analysis. The student, however, may be led 
to grant the fundamental properties of the system of all 
real numbers as intuitively true for the system of all points 
of a straight line. On the basis of these assumptions the 
student develops a geometric analysis which will only later 
in pure analysis receive a deeper foundation, the character 
of which however should at once be briefly indicated. 
Similarly, in dealing with the complex variable in the 
Gauss plane, the radius and the angle may be regarded as 
simple ideas, although they are to appear as much more 
complicated creations in pure analysis. 


PROFESSOR HARKNESS. 


In these days of extreme specialization half the college 
time is too little tò serve as an adequate basis for later work, 
unless the student enters college well prepared in elemen- 
tary mathematics. With improved educational machinery 
in the secondary schools, there is no reason why a fair num- 
ber of our college freshmen should not have had some pre- 
liminary training in analytic geometry, differential calculus, 
statics, and dynamics. This is the case in England and 
would be the case here, if the brighter boys were not held 
back in order that they may not get too far in advance of 
the less intelligent members of their classes. 

As regards college students I urge the importance of in- 
creased attention to applied mathematics. In mathematics 
as in everything else there are fashions. At one time the 
subject of invariants, at another that of the theory of func- 
tions, and later still Lie’s continuous groups have engrossed 
the attention of pure mathematicians; today algebraic 
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numbers, or briefly those branches of mathematics which 
we associate with the names of Kronecker, Hilbert, Hensel, 
and Weber, are in a central position. All this time applied 
mathematics have been out of fashion, but there are many 
signs that a change is coming and the intelligent college in- 
structor will do well to anticipate this change as far as 
possible. 

However this may be, it is of great importance for the 
pure mathematician of today that he should be well 
grounded in the fandamental principles of statics, dynamics, 
and the theory of the potential. Riemann’s programme can- 
not be appreciated at its proper value without a firm grasp 
of the fundamental principles of the theory of the potential 
80 far as it relates to Dirichlet’s Problem. It would be 
easy to multiply examples of this kind ; for instance Schott- 
ky’s memoir in the 83d volume of Crelle contains Weier- 
strass’s Lückensatz, and is therefore of the greatest interest 
to the mathematician concerned with algebraic functions 
and Abelian integrals, but papers of this kind are apt to be 
passed by as unintelligible unless the reader has had some 
preliminary training in the discussion of conjugate func- 
tions, conform representation, and the behavior of the 
potential in multiply connected regions. 

A good early training in statics and dynamics (including 
dynamics of a particle and the elements of rigid dynamics) 

‘would go far to remove many of the difficulties experienced 
by graduate students in the reading of modern memoirs, 
and would widen their mental horizon in a variety of Ways. 
In the college instruction itself such a training would throw 
much needed light on many of the problems of the differen- 
tial and integral calculus; partial differential equations 
would be connected with physical problems, and the under- 
graduate would feel, as he hardly feels at present, that the 
formulæ he meets with are capable of concrete representa- 
tions. 

I urge the necessity ‘of a thorough revision of college 
courses in differential calculus. The subject is too often 
taught along traditional lines ; the lecturer should ask him- 
self whether certain parts of his subject possess the same 
importance today that they had in Euler’s time. Much 
might be rejected as of secondary importance in comparison 
with the newer developments. Our text books abound, too, 
with proofs that are nd proofs and with extremely mislead- 
ing statements. It is very desirable that such proofs should 
be rejected, or given only with clear indications of their 
limitations. A graduate student in the theory of functions 
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often finds it impossible to rid his mind of erroneous notions 
derived from the days when he first began the study of the 
differential calculus. 

While due emphasis should be laid on the fundamental 
concepts of function, limit, continuity, ete., the work of the 
undergraduate should be lightened as far as possible. He’ 


should not be asked to differentiate s” ‘or to work out ex- 
amples which illustrate no general theory and are unlikely 
to be of use to him later on. Moreover care should be exer- 
cised when he comes to applications ; the simple cases are 
usually discussed correctly, but the writers of our text 
books are too apt to go further and’ attempt a partial and 
inaccurate discussion of more difficult cases. Here again 
it would be easy to multiply examples ; it will be sufficient ` 
to refer to the criteria for maximum and minimum values 
and to the accounts usually given of the higher singular 
points on an algebraic curve. 

In conclusion I desire to emphasize the great importance 
of thoroughness ; the greatest service that can be rendered 
to à prospective graduate student is to give him a complete 
mastery over those parts of the technique of mathematics 
which he is certain to need at a later stage of his work. 


PROFESSOR OSGOOD. 


In school instruction in geometry the idea is emphasized 
from the beginning that certain definitions and axioms are 
laid down, on which the whole subject of geometry is built 
up by means of logical reasoning; and the pupil’s reason- 
ing power and appreciation of geometric truth are developed 
by means of original exercises that are given him to work 
out by himself. That instruction in algebra is at present far 
less highly developed as regards effectiveness for the pur- 
poses both of general training and of giving the pupil a cor- 
rect conception of the subject of algebra itself, is due 
doubtless in part to the formal side of the subject. Dex- 
terity in the manipulation of formulas is indeed important 
for later work ; but the foundation of algebra is arithmetic, 
and the arithmetic source of algebraic principles ought not 
to be lost sight of to any such extent as is at present the 
case. How far improvement here in school instruction is 
possible I will not undertake to say, ‘but of this I am sure, 
that this difficulty must be met and can be met from the start 
in instruction in calculus. The foundation of the calculus 
as we have the science to-day is arithmetic. Now it is 
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neither feasible nor desirable to begin a college course in 
calculus by first developing the number concept. I find it 
useful to assume the conception of a scale; more precisely, 
to make the assumption that, two points having been chosen 
at pleasure on a straight line to represent the numbers 0 and 
1, every other (real) number can then be represented by a 
point of the line; and conversely, to every point of the line 
there will correspond a number. Similarly the conception 
of a function of a single variable or of two variables, is co- 
extensive with the intuitive picture of a plane curve or of a 
surface. The fundamental principles of the calculus must be 
taught in a manner wholly different from that set forth in 
the text books if they are to become flesh and-blood to the 

student. It isan easy method for the teacher to expound 
' the notion of the limit in the opening lectures of the course 
and from there on to appeal to this conception, this mode of 
thinking, as if it had become a part of the mental machin- 
ery of the beginner. No greater mistake can be made. 
The student will indeed learn to perform differentiations 
and integrations ` but he will not make progress in master- 
ing the central ideas of the calculus. The notion must be 
set forth repeatedly throughout the whole course. A valu- 
able aid in making this notion clear is furnished by the ap- 
plication of the calculus not merely to differential geome- 
try, but (the integral as the limit of a sum having been 
introduced early in the first course in calculus) to problems 
in volumes, centers of gravity, moments of inertia, fluid 
pressures, gravitational attractions, etc.* It is the deduc- 
tion of the formula that brings out anew each time the 
fundamental principle of the limit, while the problems 
themselves are typical applicatibns of the calculus to physics, 
and interest and train alike the student who is preparing 
for work in pure mathematics and him who is to concern 
himself primarily with its applications. 

I have thought it necessary to state with,some fulness 
some of the leading features of a course in calculus, for 
there are still colleges in this country in which calculus 
means a systematic study of Williamson’s text book— 
formal differentiations, formal integrations, and a total lack 
of the ideas that are central in the calculus of today. A 
course in calculus along the lines that I have indicated is 
effective in introducing the student to modern mathematics, 
and its notions and methods are in themselves interesting 





* This part of an introductory course in caloulua is well set forth by 
the problems in Chap. V. of Professor Byerly’s Problems in Differential 
Caloulus.' 
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and valuable for the purpose of general training. It is best 
placed in the sophomore year for students;who have entered 
college on the ordinary requirements. 

As to how early the lecture method may be used with 
profit I may say that at Harvard the lecture method has 
been employed with success for over twenty years in practi- 
cally all of the courses in mathematics, except in the fresh- 
man course in solid geometry. Written exercises, chiefly 
problems, are handed in by the student at each meeting of 
the course, and the instructor frequently spends some min- 
utes on points that may have given general difficulty or re- 
quire special comment. 

It has been the practice at Harvard, ever since the grad- 
uate school came into existence, not to separate the grad- . 
uate and the undergraduate departments as regards meth- 
ods of instruction or the unrestrained admission of properly 
qualified students registered in the one department to the 
courses of the other department. Since there is free elec- 
tion from the freshman year on and the choice of courses 
is large after a student has passed beyond the elementary 
courses in calculus, geometry, ahd mechanics, it is the 
rule rather than the exception that the bright student, 
following his inclination to a special line of work in mathe- 
matics, will proceed rapidly to higher courses in this 
particular line ; and thus a course ordinarily taken by first 
year graduates, say, will have seniors or even juniors 
in it, while on the other hand students that have paid more 
attention to other lines of work may:not take it till a later 
graduate year. The advantage that is gained from this 
arrangement is obvious. The older students bring with 
them greater maturity for the work of the course and con- 
tribute to setting a higher standard, and the younger ones 
derive from the work they see their fellow students doing 
profit which they could not get from the lecture alone. In 
this respect the German university is especially strong. 
There, a student has free scientific intercourse with more 
advanced fellow students from the time he enters the uni- 
versity till he becomes himself a professor. At Gottingen, 
for example, there is a mathematical society composed of 
the university teachers, students whose attainments are 
measured approximately by the doctor’s degree, and a 
goodly number of advanced students whose attainments 
are intermediate between those of these two classes. At 
its weekly meetings the current literature is discussed and 
lectures on current topics are given by its members. The 
formal meeting is followed by an informal one, usually 
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held at an inn or in à summer garden, at which there is 
&bundant opportunity for free discussion of scientific topics. 
The advantages that accrue to the undergraduate courses 
in one of our colleges from the presence of & graduate school 
are not unlike the benefits thaf the younger members of 
this society derive from their intercourse with its older 
members. ` 


Pnaorzssog MORLEY. 


As to the socalled geometrical conics, a little of this might 
well be tacked on to elementary plane geometry. The be- 
ginner is apt to suppose that Euclid’s methods in plane 
geometry are good only for the line and circle. Spherical 
trigonometry should form not a separate coursé but a chap- 
ter in solid analytics. The latter is somewhat neglected in 
college work, owing to the difficulty which poor students find 
in it. The plan of joining both two and three dimensions 
in one book is a good one, but the books in use are too old 
fashioned for the class of men we are considering. As to 
the theory of equations in the old sense (that of Burnside 
and Panton), it can be and I think should be attached to 
elementary analytic geometry. For instance when the 
curve 

y =a + bz + cx? 


is mastered and its slope can be found, then the curve 


protierersae D STE 


should be fully discussed. The points where the curve 
meets y — 0 would lead tt the consideration of Horner’s 
method. The general parabolic curve would then be men- 
tioned. Taylor’s theorem would make its first appearance 
here, as a convenient formula for changing the origin and 
discussing the curve near a point other than z — 0. Simi- 
larly the notion of covariants should grow out of geometry. 

In general the notions of arithmetic and geometry with 
which a student enters college should be developed by inter- 
action, say through plane and solid analytics and a course 
in calculus, before either the theory of arithmetic or that of 
geometry is considered philosophically. This is in effect 
a plea for the existing order of subjects, if they are presented 
in a way which leads up to the subjects as they stand, and 
satisfies both the refined views of the teacher and the com- 
mon sense of the student. Thus, in the case of the calculus, 
the books used to begin with some tremendous generalities. 
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We have either to justify these, orto throw them aside, or 
todo both. We should do both—first have a calculus proper, 
of the kind dear to physicists, accurate but not abstract, 
carefully weeded of difficult generalities ; and at a later 
stage a philosophical thegry. To begin with the latter 
would to my mind be a mistake; the appeal would be to 
too limited a class. 

Thus in my view the first half of a college course would 
be the same for the future mathematician as for the future 
physicist. And in fact there would be direct gain for the 
mathematician if the work were better adapted for the 
physicist than at present. Thus we ought not only to con- 
nect arithmetic with geometry, but also with dynamics, and 
perhaps with other physical subjects such as electricity, 
taking care that the student has the definite physical con- 
cepts to which we ure appealing. 

Lastly we must take hints from the technical schools, for 
. instance with regard to drawing diagrams and the use of 
integrators or of abaci. 


Froressor Youna. 


Considering the fundamental topic of this discussion to 
be:—The work in mathematics in college: tts purpose, scope, 
methods and relation to graduate work in mathematics, my remarks 
are to be made from a special point of view, viz., when the 
purpose is to prepare teachers of mathematics for the 
secondary schools. 

I. The need of such*preparation.—It is a truism to say to 
this audience that secondary school teachers of mathematics 
should have had a collegiate education with special atten- 
tion to mathematics either by elettives in the college course 
or by some graduate study. It is equally well kndwn to 
this audience that this standard is by no means generally 
reached. The time seems to be ripe, however, for setting up 
the general culture of a full college course and the special 
preparation of a certain minimum of mathematical attain- 
ment as norm for the educational qualifications of new ap- 
pointees to the work of teaching mathematies in our 
secondary schools.* 

II. The preparation, when to be attained.— However desir- 
able some graduate work may be, the fact must be recognized 
that at present thenorm mentioned above represents a 
decided advance, and that for some time to come the majority 
of the secondary school teachers will have no preparation 





* Of. Resolution III of the Committee on the College Entrance Require- 
ments, p. 30 of report submitted July, 1899. 
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beyond a college course. The college program should con- 
sequently include all the work needed for the minimum of 
preparation. ? 

III. The subject matter of the minimum course.— As the min- 
imum of mathematical attainment the following courses are 
suggested :—Thorough courses in plane trigonometry and 
college algebra, and good first courses in analytic geometry 
of the conic sections, differential and integral calculus, 
theory of algebraic equations, determinants, modern synthe- 
tic geometry, and, if possible, analytic mechanics. 

IV. Pedagogic preparation.—While experience has shown 
that special training in the art of teaching mathematics is of 
high value, it is desirable that the recipient of this training 
be as mature as is feasible. The best place for the pedagogic 
training and instruction is therefore after the college course; 
either in the university or by some form of apprenticeship 
in the secondary schools. (Under favorable circumstances, 
helpful work of this sort could doubtless also be done in the 
senior year of the college. ) 

V. Mathematical Independence. —By mathematical independ- 
ence I mean a degree of mastery of «subject matter and 
methods such that the belief in the truth of results is based 
solely on the authority of one’s own reason, and such that 
one is conscious of the power to apply these results appro- 
priately and correctly. Within a narrow range, this in- 
dependence may be attained very early ; even the young 
pupil may have it, widening its scope as his attainments in- 
crease. Indeed, good teaching strives to cultivate this in- 
dependence from the outset, and the teacher who is to culti- 
vate it must himself evidently possess it and in a distinctly 
higher grade. The pupil, the teacher, the scholar, each 
shouldsbe in his degree master of his work. The teacher’s 
mastery requires that he teach on his own authority, and 
not on that of others (though the mastery of the teacher . 
need not be in the same degree productive as the mastery 
of the scholar). Unfortunately, our teachers have only too 
often not attained this independence. Too frequently a 
text is taught rather than the subject, the teacher having in 
reality not gone beyond the pupil’s stage of mastery. 

It is easier to point out the difficulties than to specify the 
remedy. The attainment of some measure of scientific in- 
dependence suggests itself. This is the German plan, but 
it is not now feasible here. It seems to me, however, that 
somewhat can be done even within: the limits of the college 
course. Our present methods and programmes tend in one 
respect to encourage diffidence rather than independence. 
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Mathematics requires to be digested and assimilated as well 
as acquired. The trend of our work is to cover as many 
subjects and as much ground as possible, and this continual 
advance with its successive generalizations and its revela- 
tions of incompleteness in what has been accepted as com- 
plete tends to cultivate a lack of confidence, accentuated if 
the student is embarrassed by difficulties of detail. This 
feeling of uncertainty takes shape in reliance upon others 
(book or person) to pronounce final judgment upon what- 
ever is done. Perhaps something could be done to give 
the student the more secure grip on the secondary school 
subjects which the teacher must have by taking up these 
subjects again at the close of the college course and treating 
their principles and methods (not new details, as a rule), 
with the greater thoroughness and breadth of view which: 
are made possible by the collegiate mathematics as outlined 
in the minimum course above. 

VI. Difference between the work of the prospective teacher and 
the prospective graduate student of mathematics.—In the college 
this difference may be very slight. 

VII. The teachers needed (in college) to carry out the 
above programme fully must have the wide horizon of.a 


university training. 
W. H. MarrBIE. 


THE WOMAN’S COLLEGE, 
BALTIMORE, MD. 


ON A MEMOIR BY RICCARDO DE PAOJIS. 
BY PROFESSOR CHARLOTTE ANGAS SCOTT. 


ABOUT twenty years ago de Paolis published a series of 
memoirs* dealing with the (2, 1) transformation of the 
plane; of these the second and third are concerned with 
applications of the theory to non-euclidean geometry and to 








Sr Le trasformazioni piane doppie ” ; Atti d. r. Accad. d. Lincei, series 
3*, vol. 1 (1877); pp. 511-544. 

‘La trasformazione piana doppia di secondo ordine, e la sua applica- 
zione alla geometria non euclidea’’ ; Atti d. r. Accad. d. Lincei, series 8°, 
vol. 2 (1878); pp. 31-50. 

“La trasformazione piana doppia di terzo ordine, primo genere, e la 
sua applicazione alle ourve del quarto ordine ” ; Atti d. r. Accad. d. Lincei, 
series 3*, vol. 2 (1878); pp. 851-878. 


1900.] ON A MEMOIR BY DE PAOLIS. 25 


quartic curves, while the first treats of the general theory 
of the (2,1) transformation. D&-Paolis employs no analy- 
sis, all his results are obtained simply by geometrical con- 
siderations. The curves of the first plane (piano semplice) 
which correspond to the straight lines of the second plane 
(piano doppio) have only two free intersections, all the 
other common points being absorbed by the fixed (or fun- 
damental) points by means of which the conditions to 
which the curves are subject are imposed. This, taking up 
a question which arises in connection with a memoir by 
Clebsch,* is the next in order to Cremona’s memoirs,f the 
(2, 1) transformation naturally following the (1,1). This 
very striking memoir, being already classical, is a fair sub- 
. ject for discussion ; and in the following pages I propose to 
consider, f in particular, de Paolis’s classification of funda- 
mental points and lines, which in my opinion he has based 
on symptoms of differences instead of on the real causes. 
When the (2, 1) transformation is regarded as but one case 
in the general theory of (x, 1) transformation, some of the 
special properties—those, in fact, to which its peculiar in- 
terest is largely due—take on a rather different aspect. 
«The relation connecting the dimensions k of a system 
of curves of genus p with the number z of variable inter- 
sections, is known to be 


` x—(k—1)=p, 


if the fundamental points are entirely arbitrary in position, 
and consequently impose independent conditions ; 


x— (k—1) =p—1, 


if the points are connected in such a way that the condi- 
tions imposed are not all independent. - This shows that 
for the (2, 1) transformation with arbitrary fundamental 
points, 

p+k=3. 


Hence, as shown by de Paolis, there are two cases to con- 
sider, namely, 


pHl,k=2; p=0,k=3. 

* Clebsoh, "7 Ueber den Zusammenhang einer Classe von Flächenabbild- 
ungen mit der Zweithellung der Abel’:chen Funotionen”’ ; Math. Anna- 
len, vol. 3 (1871). i 

t Cremona, “Bulle trasformazioni geometriche delle figure piane” ; 
Memorie d. Accad. d. Bologna, series 2*, vol. 2 (1863) ; vol. 5 (1865). 

{I have not attempted to keep to the lettering of the memoir, prefer- 
ring rather to use that adopted in other places. ` 
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In the first of these the transformation net is composed 
of all curves that satisfy the assigned conditions; in the 
second, these curves form a three-fold infinity, from which 
the net is selected by means of three determining curves. 
Now so far as the determination by fundamental points is 
concerned, these three:curves may be any three independ- 
ent ones of the system that have not any additional points 
in common. The same thing holds whatever value x may 
have; the system of curves determined by the fundamental 
points is of dimensions b, and to obtain a transformation 
net we virtually impose k— 2 extrinsic conditions, these 
being implied in the choice of the three determining curves. 
The theory of linear systems contained in a system of the 
same order, but a greater number of dimensions, has re- 
ceived very little special attention, owing to the fact that 
the theorems relating to such à system are simply deducible 
from those for the complete system ; but there are one or 
two points in the theory that deserve to be remarked, and 
they are the ones that seem to me to throw some light on 
the true nature of the differences that de Paolis has at- 
tempted to formulate in dividing fundamental points, 88 
also fandamental curves, into three species. 

Let the curves, o, of the first plane that correspond to 
the straight lines of the second plane be given as of order 
c, having fixed multiple points of orders p, p, ---, at the 
fundamental pointe. There may be also fundamental 
curves. A curve f, of order w, with multiple points of 
orders r,, t,- at the fundamental points, is called funda- 
mental if it meets the curves of the given. system only at 
the fixed points, that is, if 


E, T = ow, 


These curves have been minutely studied by various Italian 
writers,* who have shown that any such curve is in general 
rational, and precisely determined by the fundamental 
points through which it passes, facts which lead’ to the 
equations 


Sai LI, Zoe Bu) (Bertini). 





* Caporali, (7 Sopra i sistemi lineari triplamente infiniti di curve alge- 
briche piane” ; Collect. Mat. In Mem. Dom Chelini, 1879. 

Jung, ‘‘Sui "sistemi lineari di curve algebriche di genere qualunque" ; 
Rend. del R Ist. Lomb., series 2%, vol. 20 (1887). 

Bertini, **Sulle curve fondamentali dei sistemi lineari di curve piane 
algebriche” ; ; Rend. del Circ. Mat. dı Palermo, vol. 3 (1889). 

Castelnuovo, ‘ ‘ Ricerche generali sopra | sistemi lineari di "iua piane?! ; 
Mem della R. Accad. di Se. di Torino, series 2*, vol. 42 (1891) 
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If however the fundamental points are specialized in such 
a manner that the conditions actually imposed on the 
curves e are fewer, by e, than the conditions apparently 
imposed (that is, if the fundamental points have an excess * 
e for the curves o, or if the system of curves e is of sovrab- 
bondanza t+ e), then £ need not be rational; its genus may 
have any value that does not exceed e (Castelnuovo). Any 
irreducible fundamental curve f is a factor in k independent 
curves of the system, that is, in a contained (b — 1)-fold 
system ; and there is the general theorem that f will be a 
non-repeated factor in the generic curve of this (k — 1)-fold 
system. 

As regards the fundamental points and curves, two ques- 
tions-call for investigation. The first relates to the possi- 
bility of a curve with a multiple point of order higher than 
the stated value p at a fundamental point, or, we may say, 
to the existence of a 9 that shall be irregular at one or 
more of the fundamental points ; the second to the possi- 
bility of a curve with f as a repeated factor, without any 
specialization in the position of the fundamental points. 
These two questions I have considered in another place ; t 
hence the results only need be mentioned here. 

On the first question the conclusion is that the k-fold 
system of curves contains à curve that is irregular at any 
fundamental point whose order is less than % (or, by an ex- 
tension of thé argument, at any m fundamental points the 
sum of whose orders does not exceed k — m); but in selec- 
ting from the complete system three curves for the deter- 
mination of a net, no two must be chosen that are irregular 
at the same point, for such a choice would introduce new 
fundamental points indefinitely near to the stated ones. 
Irregularity on one curve at any fundamental point does 
not of itself imply any specialization in the fundamental 
points. 

As to the second question, the result is that the k + 1 de- 
termining curves of the system can be chosen as the first 
k + 1 of the following series :— 

one, that does not contain £, 

two, that contain £ but neither contain nor produce f 
(4. e. when taken in any linear combination), 





* Macaulay, ‘‘ Point groups in relation to curves," Proc. Lond. Math. 
Soc., vol. 26 (1895). | 

T Castelnuovo, loo. oit. 

t “Note on linear systems of curves," Nieuw Archief voor Wiskunde, 
Tweede Reeks, Derde Deel, 1898 ; also BULLETIN, vol. 4 (1897-8); p. 88. 
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three, that contain £^, but neither contain nor produce f*, 


h+1, that contain #, but neither contain nor produce ##1, 
where every p=h times the corresponding r, and at least 
one p < (h+1) times the corresponding r. 

If however k+ 17» $ (h -- 1) (h än. there are also 
curves, k - 1 — &(h +1) (A+2) in number, containing 
higher powers of 8; the numbers containing successive 
powers being JV,,, Naps, etc., no general formula for an N 
‚can be given, all that can be said is that the successive N’s 
do not increase. As these last contain f to a power 80 
high that hr > p at some one point, the curves are irregular. 
Hence it is convenient to distinguish the two parts of the 
series as regular and irregular. It is at once evident that‘ 
any one of the curves can be modified by the addition of 
multiples of later members of the series. without affecting its 
relation to £. . 

If k — 2, the curves by which the net is determined ar 
necessarily the first three, that is, 


Py Plan Po, 


If k>2, any three may be chosen that have not any fixed 
points in common other than those expressly provided for at 
the fundamental points. One must obviously be ¢,; of the 
other two, one may belong to the irregular part of the series, 
but not both, inasmuch as this would cause irregularity at 
one point on both curves. 

For example, the 12-fold system of 15-ics, with multiple 
points of orders 8, 6, 6, 5, 4, 4, 4 has the cubic 2,1, 1, 1, 1, 
1, 1 as a fundamental curve; and h=4. The complete 
system can therefore be written as follows, where all thirteen 
curves are regular : 


9, Ploy dl FC Zo Gr FO, $), By Sy Ei 


‘The system residual to # is the net of cubics with fixed 
' pointe of orders 0, 2, 2, 1, 0, 0,0, which is simply the 
straight line 4,A,x the net of conics through A,A,A,. Hence 
in this case we must not choose, for the determination of a 
net, two curves containing f‘, even though both would be 
regular, for the net thus determined would have other fixed 
points, namely, the three points in which A,A, meets the 
15-ic e, But with the 12-fold system of 14-ics with points 
of order 8, 6, 4, 4, 4, 4, 4, which has the same fundamental 
curve, there is not this restriction on freedom of choice. 
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We can at once write down a system with any possible 
, fundamental curve, and with any arbitrary residual system, 
by means of the theorem :—If a curve f of order w, rational 
and precisely determined by fixed points of order 7, T, 
which impose independent conditions, has A free intersec- 
tions with the generic curve of a g-fold system of n-ics con- 
ditioned solely by its behavior at the fixed points, having 
these as multiple points of orders r,, r,,-, then f is a fun- 
damental curve of the system of (n a hw)-ics determined by 
multiple points of orders r, + hri, r, + Ara, at the fixed 
points. 
The fundamental curve is not possible unless the num- 
bers expressing the orders er its multiple points satisfy 
the relations 


327er + 1)—$o(o + 8) — ð, 
: $2:(0—1) = fo — 1) (2 —2), 


and then à simple points must be taken on £ to complete 
its determination. 

The proof of the theorem is obvious. The number of 
free intersections of 3 with the generic curve of the system is 


o(n+ hw) — Er(r + hr) 
= nw —Srr+h (o? — Zei 
= h [1 Loi — 37] =0. 


Hence £ is either an h-fold factor or a fundamental curve ; 
but as the dimensions of the system 


=4(n-+ ho) (n + hw + 8) — I(r +hr) (v + 1 +hr) 
=q +4h(h+1)>4q, 


it follows that the system of (n + hw)-ics is more exten- 
sive than the given system of n-ics, hence it is not simply 
this system with an extra factor f*, but a more extensive 
system with f as a fundamental curve. 

By means of this theorem we can write down a system 
with any desired fundamental curve, choosing a residual 
system atrandom. For example, if the fundamental curve 
be a rational cubic, we must use also for its complete de- 
termination six simple points on the curve, which can then 
be expresssed as 2,1°. If the residual system is to be all 
conics, then h= 2 x 3— 6 ; hence the desired system con- 
sists of 20-ics (6 x 8 + 2), with one multiple point of order 
12, and six sextuple points. 
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In the general rational transformation, in which the 
coordinates of a point in the second plane are given ration- 
ally in terms of the coördinates‘of a point ın the first plane ` 
by equations of the form 


9,2 9,29, = mí tm tay, 
to & single point P in the first plane there corresponds 
a single point P’ in the second plane; but to this one 
point in the second plane there correspond in the first plane 
all the x points PD, P P, which are -the intersections of 
the pencil of eis through P. If however P is a funda- 
mental point of order p, e. g., the point (0, 0, 1), there is no 
longer any unique correspondent P’. The eis being ar- 
ranged by powers of z,, the equations become 
a, _ m, H ay 

u? + u m Lee va +... wQg7 qe 2. 


the correspondent to the actual point (0, 0, 1) is absolutely 
jndeterminate, for all these denominators are zero; but 
taking a point indefinitely near to (0, 0, 1), in a definite di- 
rection given by z, = Aë the corresponding point is deter- 
minate, the equations now becoming 








EN = 2, = x, 
geil, 1) We, 1)  w,(, 1) 
Taking in succession points close to (0, 0, 1) in all direc- 
tions, that is, allowing P to describe an indefinitely small 
simple circuit about (0, 0, 1), D describes a curve «c, 
rational and of order p, inasmuch as the zl, 2,', x, are 
rationally expressed in terms of the parameter 2 by these 
equations. (See Clebsch-Lindemann. and other places.) 
Returning to the first plane, the complete correspondent to 
a! ig a curve a, of order op, which can be shown* to have at 
a multiple point of order pp, but at À, one of order 
ng 1. This curve a, is the complement of the funda- 
mental point, the locus of the x — 1 points associated with 
a point that describes a circuit about A. If p, — 1, it is 
simply the particular e that has a double point at A. 

Thus while any ordinary point of the first plane corre- 
sponds to & point of the second plane, and is associated 
with x — 1 points of the first plane, there are exceptional 
points, namely, thefundamental points ; any one of these in 





*C. A. Scott, ‘‘ Studies in the transformation of plane algebraic curves"; 
Quar. Jour. of Math., vol. 29 (1898). 
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(iii) lies at A, which is then a fundamental point of the 
third species. Such a point arises, as has just been shown, 
from irregularity on one e; it can arise also from another 
cause, the presence of what de Paolis calls a double point, 
to be explained later. > 

For a non-specialized transformation system with x = 2, 
p+k=3. Up=1,k=2; theonly “irregularity "7 possi- 
ble on a¢ is the existence of a double point where the stated 
conditions impose only a simple point, and it has already 
been pointed out that this cannot properly be regarded as 
an irregularity. If p= 0, k= 3; wecannot produce irregu- 
larity on one ¢ at two points, for this requires the imposi- 
tion of four conditions, and is therefore possible in a system 
only if the generic curve has as many as four degrees of 
freedom. Hence the fundamental points of the second 
species do not present themselves unless the determining 
points of the system are specialized, in which case p + k > 8. 
The fundamental points of the third species can occur, for 
k = 8 allows us to raise a double point to a triple point, and 
then an extra intersection lies at À, A, is associated with 
itself ; there is no complementary curve, for the two points 
of a group are fully accounted for. 

This classification of fundamental points lends itself to 
the case x = 2, the characteristics of the three species being 
then mutually exclusive, inasmuch as the one point associ- 
ated with any point P, near to A. cannot satisfy more than 
one of the three conditions. Butifx>2,e.g.,=4, and k 
is sufficiently great, we may have the three pointe comple- 
mentary to P'exhibiting all three characteristics. As P de- 
scribes an indefinitely small simple circuit about A, P, may 
describe a curve, P, may lie at 4, Pat À, and then the 
curve described by P, will be simply the irregular, p, p, 
Thus de Paolis’ classification is based on properties which 
are insufficient for purposes of discrimination when x > 2. 

Two points of a general x group (the intersections of a 
pencil of 9/8), can come together only if the ein have con- 
tact ; the locus of such points is therefore the Jacobian of 
Pı Py 9, On forming this, in certain circumstances factors 
will present themselves, possibly to be rejected in finding 
the locus of points of true contact. De Paolis calls this 
locus the ‘‘ curva doppia’’; itis the Jacobian reduced by the 
rejection of irrelevant factors. As a point P,, together 
with its associate P,, describes the Jacobian, the corre- 
Spondent P describes & curve in the second plane, the 
“curva limita? of de Paolis [synoptic curve, Q.-J., loc. cit.]. 
In the general theory, with » — 2, we have to take into ac- 
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count also the co-jacobian, the locus of the remaining 
points P, Po, Pk; a detailed study of the relations of 
these curves, and their use in transformation, is to be found 
in the article in the Quarterly Journal already referred to. 

Examining the equations of the Jacobian, it is seen to 
represent a curve of order 8 (s — 1), with multiple points 
of order 3p — 1. If however one ¢ is irregular at A, hav- 
ing there a multiple point of order p’, the order of this 
point on the Jacobian is »’+2o9—2; the terms of this 
order are affected with a numerical factor ei — p. If now 
p! = p + 1, this has the normal value 3p — 1; butif p/ = p + 2, 
then oi + Ze —2>8». Thus the Jacobian is not affected 
by the simplest type of irregularity, that in which the order 
of a fundamental p-point is augmented by unity on one v. 
With the restriction on the scope of the investigation adopted 
by de Paolis, namely, z = 2, it is not possible to have ai = 
p +2, hence this irregularity on the Jacobian is not men- 
tioned. The irregularity that is considered on p. 523 has a 
different origin ; it is due to the presence of a double point, 
whose nature is considered separately. 

Corresponding to the fundamental points in the first 
plane there are fundamental curves in the second plane, 
which de Paolis classes as of the first, second, or third kind, 
according to the nature of the fundamental points from 
which they are derived. He makes the statement, as re- 
gards those of the second and third kind, that they meet 
the curves of the second plane which correspond to the 
straight lines of the first plane in fixed points only. This 
is not the case if x — 2; but possibly it is true for x= 2, as 
stated by de Paolis, and not only for the curves that corre- 
spond to straight lines, but also for the correspondents to 
any curves in the first plane, though I must confess I find 
de Paolis’ argument somewhat obscure. 

If there be in the first plane a fundamental curve B, the 
equations of transformation are 


e, : hg, ; PMY, = v iml! icm. 


Corresponding to any point on # we have in the second 
plane the point B'(1, 0, 0); to the point B’ there corre- 
spond all the intersections of f^, Sry, that do not lie at 
the fundamental points, x —A,h, in number. Hence the 
fundamental curve 7 replaces hh, of a group of z points, 
thus displaying another exception to the general laws of 
the transformation. Of course Ab, is necessarily less than 
x IfA,— h= h, to any point in the immediate neighbor- 
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hood of B’, in the direction z, = x, there correspond À 
points on f, inasmuch as 2-5 0 meets d, — Jd, — 0 in pre- 
-cisely À points; thus if À = 1, that is, if 3 isa fundamental ` 
curve of the simplest type, as a point P' describes an in- 
definitely small circuit about B’ one of the corresponding 
points describes the curve 2; the relation of B’ to 7 is pre- 
cisely analogous to the relation of À toa’. This however 
does not hold if A is greater than unity. 

If h, < h, to any point in the neighborhood of D there 
correspond À, fixed points on 3, determined by d = 0. 

Thus if Ah, > 1, one or more of the correspondents to f 
is 8 itself, the remainder being a set of x — Ah, points. 

If however d c, have a common factor 7, we have in 
the simplest case the equations 


9, : Pro, : Bd, = m img ia. 
To the point B’ there now corresponds the reducible curve 
fy, which is ‘‘monovalent’’ as regards the system of es: 
that is to say, if the v is made to pass through one point on 
either component, it contains fy as a factor, the whole 
curve fy is equivalent to a single point as means of impos- 
ing conditions on the generic curve of the system of ¢’s. 
(Castelnuovo, loc. cit.) With any point on d there are 
associated the x — 2 intersections* of 9,, #,, and the curve 
y ; this curve is therefore a part of the complement of £. 
If finally the equations of transformation are 


9, : gp d. ` Po, = xim, cix, 
then a group of x associated elements, of which 5 forms & 
part, contains in the simplest case x — Ah, — k,k, points, not 
on fr, together with £, h,h, times, and y, kk, times. If for 
instance x = 4, and the transformation net is 


9) BTE dä 


then a set of four associated elements one of which is 8 con- 
sists of 8, twice, y, once, and one point. De Paolis divides 
the fundamental curves in the first plane into three kinds, 
according as the single associate (the only one if x =2) isa 
point, another curve, or the curve itself; but here again, 
just as in the case of the fundamental points, if x > 2 the 
characteristics may coexist in any combination, hence the 
classification cannot profitably be placed on this basis in 
general. 





* There are x— 2 in the simplest case that can arise, but they may 
be fewer in number. 
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On p. 518 de Paolis asserts that while fundamental curves 
of the first and second species are rational, those of the 


- third species are hyperelliptic. Surely he has here been mis- 


led by the (2, 1) correspondence of the points of such a 
& curve with directions proceeding from B’. Any funda- 
mental curve f, of whatever species, is subject to the condi- 
tions formulated in the memoirs of Bertini and Castelnuovo, 
conditions which are a direct consequence of the fact that 
all the intersections of £ with the generic e are fixed. 
If the complete system from which the g-net is derived by 
selection has no ‘‘sovrabbondanza,’’ then ? is rational, since 
its genus cannot exceed the sovrabbondanza of the system. 
For a specialized choice of fundamental points, a funda- 
mental curve of any species may cease to be rational. 

From the ordinary determinant expression for the Jacob- 
ian itis at once seen that a fundamental curve that is an 
(A, h,) factor presents itself as an (A, + h, — 1)-fold factor 
in the Jacobian; rejecting it, the residual part, J,, is 
de Paolis’ ‘‘curva doppia. This cuts f in h,+h,—2 
points; if = h,= h, these 2(h—1) points are À—1 
points of simple contact. These are the general facts; de 
Paolis naturally notices only the cases that can occur for 
x= 2. If fis a simple fundamental curve, then f is a sim- 
ple factor to be rejected from the Jacobian, and the reduced 
Jacobian does not meet 8; if however f is a fundamental 
curve of the third species (h,= 1, A, = 2), the factor f! is 
to be rejected, and the reduced Jacobian meets f in one 
point. f 

A point on the ‘‘curva doppia’’ is a point of the plane 
where two complementary points come together, that is, 
are consecutive; the sie through such a point have simple 
contact, the common tangent being the line determined by 
these consecutive points, and one ¢ has a double point. If 
there is an actual coincidence of two complementary points, 
de Paolis characterizes it as a double point of the plane, 
stating that the continuous system of points of the first 
plane may contain a discrete system of points associated 
with themselves. Any two ¢’s through such a point have 
two intersections, not due to contact. If the point is not 
fundamental, and x= 2, this can only be by means of a 
common factor, which is consequently a fundamental curve. 
The net is then determined by 


“Pry Po, BY, 


but as d, d are to have a common point on f, which fixes 
the sole (hitherto) free intersection of 4, and d, it follows 
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that ad, is of the form d, + £2,; hence the net is determined 
by 
o Ben Ch 


and the fundamental curve 7 is therefore of the third 
species, as de Paolis shows in a different manner (p. 524). 
The double point is the one point in which f &nd 4, inter- 
sect ` and as any e that contains £ is of the form fd, + 25*3., 
that is, ffo, + 435,1; every such e has necessarily a double 
point at this point. 

De Paolis takes the view that all such double points are 
isolated from the Jacobian, because he found them on the 
fundamental curves, and these he rejected in forming the 
«curva doppia." If however x > 2, all the eis through a 
point may have a double point there, without degeneration, 
that is, without the assistance of fundamental curves; this 
fact is outside de Paolis’ argument, but it is essential to a 
full understanding. In this case the reduced Jacobian, the 
* curva doppia," has a double point. Such a point exists, 
for instance,* at (1, 0, 0) for the system ¢,, fa Py, where 


A = a + 2, + 2)’, 

p, = 20,2 + (z, — B) (v, +), 

p= 2a! — (2, — m) (a, + 8", 
whose reduced Jacobian is 


az, (2, + %)* — (2, + % a) (2, — 2,)! = 0, 
that is, 
Zen, — (a, + Ts) (2 — T)’ =. 


This point is of the same nature as the double point of 
which de Paolis speaks, but of higher order. 

These are the only two ways in which all ¢’s of a pencil 
can have more than one intersection at a point that is not 
fundamental, independently of contact; either any two, 
and therefore all, have a common factor ; or any two, and 
therefore all, have a multiple point. 

The question whether a fundamental curve, which is a re- 
peated factor in one or more ¢’s, shall or shall not be 
counted as a part of the reduced Jacobian, is after all a 
mere matter of definition ; we may adopt any convention. 
A repeated factor (h-fold) in one g,-that is not a funda- 
mental curve, presents itself as an (h—1)-fold factor in the 





* Quar. Jour. of Math., vol. 29. (1898), pp. 357 and 379. 
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Jacobian, and has to be counted as an integral part of this 
curve; whereas &simple factor has no special relation to it. 
This lends some support to the view, to which I incline, 
that à fundamental curve which occurs as a repeated factor 
ought to be looked upon as a part of the true Jacobian ; 
&nd bearing in mind the fact jusb proved as regards multi- 
ple points of the plane, it appears that this convention 
gives the most consistent set of results. 

Again, a double point may be at a fundamental point A ; 
a point complementary to A is then at A, which is there- 
fore a fundamental point of the third species. This is the 
second manner of specializing the fundamental point, re- 
ferred to above. It is the only one that de Paolis considers 
in any detail; and his purely geometrical treatment, while 
it has led him to a correct formulation of the properties of 
such a point, is not very conclusive as to its nature, which 
however is extremely interesting. This is considered ana- 
lytically in the Quarterly Journal, of Mathematics ;* as the re- 
sults of the investigation throw light on a rather obscure 
part of the memoir of de Paolis, it appears suitable to give 
here a résumé. 

The pencil formed by the ¢’s that proceed in any given 
direction from a fundamental point of order p, contains one 
special e, with a cuspidal branch whose tangent lies in that 
direction. If the direction is one of the 3p — 1 indicated 
by the tangents to the Jacobian, the special ọ has not a 
simple cuspidal branch, but a branch with a higher singu- 
larity, met by its own tangent in four points. In the 
simplest case, this can be resolved into two simple branches 
in contact, and the e might be referred to as tacnodal ; but 
to allow for the more complicated singularity, the term er- 
tranodal seems more convenient, as it is applicable to all 
cases. (Analytically, the repeated factor in the terms of 
degree p is a factor in the terms of degreep+1.) These 
extranodal eis are determined by the 3p — 1 tangents to the 
Jacobian ; the fundamental point may, however, be special- 
ized in such a manner that for every direction the special ¢ 
is extranodal instead of cuspidal. This happens necessarily 
for all directions if it happens for some one direction in ad- 
dition to the 3» — 1; and the Jacobian has then a point of 
order 3p, while the synoptic curve contains a’ asa factor. The 
number of intersections at A of two ¢’s proceeding in any 
assigned direction AP is in general p° -+ 1, but in this case. 
itis ° +2 ; of these p* are the fixed intersections, which 





*In the continuation of the article, already referred to, appearing in 
the current volume of the Quar. Jour. of Hath. 
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are not enumerated in any z-group ; thus two points of a zx- 
group fall at P, in whatever direction P is taken. ‘This may 
perhaps be most simply expressed by saying that the com- 
plement to A contains an evanescent circuit about A. This 
is what de Paolis refers to as a “punto fondamentale 
doppio’’; it is one variety of the fundamental point of the 
third species. 

The fundamental points and lines, the double points, and 
the Jacobian, in the first plane, with their correspondents in 
the second plane, form a kind of framework for the trans- 
formation, indicating everything exceptional; and a com- 
plete knowledge of them is essential to & full comprehen- 
sion of the possible effects of the general rational transfor- 
mation. If «> 2, the co-jacobian has to be taken into ac- 
count also, and as I have here shown, the different species 
of fundamental points and lines can no longer be discrimi- 
nated; hence the purely geometrical treatment becomes 
very involved, and it appears necessary to resort to analysis. 
Thus it is hardly to be expected that the treatment of 
transformation can be carried any further on the lines of 
Cremona and de Paolis; but the intrinsic interest of de 
Paolis’ work is surely excuse enough for devoting some 
little space to it in a periodical of a critical and historical 
nature. 


BRYN MAWR COLLEGE, 
May, .900. 


NOTES. 


Tur Chicago Section of the AMERICAN MATHEMATIOAL 
Soorery will meet in the Ryerson physical laboratory of 
the University of Chicago, on Thursday and Friday, De- 
cember 27th and 28th next. Titles and abstracts of papers 
to be read at this meeting should bein the hands of the Sec- 
retary of the Section not later than December bth. 


Tee third (July) number of the Transactions of the Auer- 
IOAN MATHEMATIOAL ÉoorgTY contains the following papers : 
(Wave propagation over non-uniform conductors,’’ by M. 
I. Pur ` “‘ Ueber Systeme von Differentialgleichungen 
denen vierfach periodische Functionen Genüge leisten,’’ by 
M. Krause ; ‘On linear criteria for the determination of 
the radius of convergence of a power series," by E. B. VAN 
Vreox ; ‘On the existence of the Green's function for the 


` 
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most general simply connected plane region," by W. F. Os- 
coop; '''*D' lines on quadrics,’’ by A. PELL; “Sundry 
metric theorems concerning n lines in a plane," by F. H. 
Lov»; ‘‘ An application of group theory to hydrodynamics, 7 
by E. P WiLozvNsxi ; ‘‘ Determination of an abstract sim- 
ple group of order 2". 3.5.7 holoedrically isomorphic with a 
certain orthogonal group and with a certain hyperabelian 
group," by L. E. Dıoxson. 

In the October (closing) number of volume I. of the Trans- 
actions it is proposed, for the convenience of the readers, to 
collect under an appropriate heading brief notes concerning 
the memoirs of the volume. For this purpose the contribu- 
tors are requested to furnish a complete list of errata in 
their memoirs as published, and any further notes, for in- 
stance in the way of reference. 


Tur German mathematical society held its annual meet- 
at Aachen, September 16th-23d, 1900, with Professor D. 
HILBERT as president, and Professor A. GUTZMER a8 secre- 
tary. The preliminary programme of papers to be presented 
is as follows: 

(1). W. Expert, Paris: “On the direct measurement of 
the motion of the earth’s axis of rotation by means of stars 
near the pole." 

(2) E. Jüreens, Aachen: ''Computation of determi- 
Dante," 

(8) F. Kuen, Gottingen: "7 Mechanics in the Encyclo- 
pædia of the mathematical sciences.’’ 

(4) A. Knuser, Dorpat: ‘On the development and 
present state of the calculus of variations." 

(5) E. Kôrrer, Aachen: Subject to be announced. 

(6) A. MancusE, Berlin: (New development of the 
theory and practice of the determination of geographical and 
nautical positions.” 

(7) A. Marouse, Berlin: ‘ A new photographic universal 
instrument for the determination of geographic-astronom- 
ical positions." 

(8) F. Meyer, Koenigsberg: ‘‘ On singular binary forms 
and relations between sub-determinants.’’ 

(9) F. Meyer, Koenigsberg: ‘‘ On geometrical theorems 
of the nature of those of Pascal and Desargues.’’ 

(10) H. Miwxowsxi, Zürich: ‘On the concepts : length, 
surface, and volume.?? 

(11) P. H. SomgourE, Groningen: ‘On the number of 
points, right lines, planes, etc., of space of n dimensions." 

(12) H. SoHUBERT, Hamburg: ‘ Zur Schlick’schen Aus- 
gleichung der Schiffsvibrationen.’’ 
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(13) D. Srxvzow, Ekaterinoslaw: ‘On connexes in 
Space." `. 

(14) P. SrAckzEL, Kiel: ‘On the theory of geodetic 
lines." 

(15) A. Waneer, Halle: ‘Proof of a theorem relative 
to lines of curvature." 

(16) A. WAngerın, Halle: ‘ Determination of all sur- 
faces having constant curvature." 


GAUTHIER-VILLARS announces the recent publication of 
Legons sur la théorie des formes et la géométrie analytique 
supérieure, volume I, by H. Awpovz&; Recueil de prob- 
Jomes de géométrie analytique, by FRANcors Mionen; Analyse 
infinitésimale a l'usage des ingénieurs, volume I, by E. 
RovoHÉ and L. Lévy. The same publishing house has in 
preparation a translation into French of the Encyclopædia 
der mathematischen Wissenschaften, the first three volumes 
of which are in the editorial charge of Jungs Mos, The first 
volume to appear in print is volume II of the work which is 
expected from the press early in 1901. Among other works 
in preparation are a Cours d’analyse mathématique, by E. 
Goursar and an Essai sur les fondements de géométrie by 
W. B. Russert. The second volumes of the above-named 
works of ANpoyer and of RouoHÉ and Lavy are in 

` press. 


Tee Macmillan Company have in preparation an Intro- 
duction to celestial mechanics by Dr. F. R. MOULTON, asso- 
ciate professor of astronomy in the University of Chicago, 
and The principles of mechanics, by Professor FREDERIOK 
SLATE, of the University of California. 


THE several universities below offer during the winter 
semester 1900-1901 courses in mathematics as follows: 


UNIVERSITY op BERLIN. — Dr Professor L. Fuons: Theory 
of elliptic functions, four hours ; Introduction to the theory 
of differential equations, four hours ; Seminar, two hours. — 
By Professor H. A. Scirwangz: Differential calculus, four 
hours; Applications of the theory of elliptic functions, two 
hours; Calculus of variations, four hours; Colloquium, 
two hours; Seminar, two hours.—By Professor G. Fro- 
BENIUS: Theory of algebraic equations, four hours ; Semi- 
nar, two hours.—By Professor J. KNoBrAvoH: Analytical 
geometry, four hours; Definite integrals, four hours ; Exer- 
cises, one hour.—By Professor K. HENSEL; Integral cal- 
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eulus, four hours; Theory of numbers, four hours ; Collo- 
quium, two hours.—By Professor R. LEHMANN-FILHÉS : 
Analytical mechanics, four hours ; Exercises, one hour. 


UNIVERSITY op Bonn.—By Professor L. Herrrer: An- 
alytical geometry, four hours; Elliptic functions, four 
hours ; Exercises in geometry, one hour.—By Professor H 
Kortum: Infinitesimal calculus II, four hours; Curved 
lines and surfaces, two hours; Mathematical seminar, two 
hours.—By Professor R. Lapsonrrz: Analytical mechanics, 
four hours; Mathematical seminar, two hours. 


UNIVERSITY or BresLAu.— By Professor J. Rosanes : Al- 
gebraic equations, four hours ; Elements of the theory of dif- 
ferential equations, two hours ; Seminar, one hour.—By Pro- 
fessor R. Sturm : Infinitesimal calculus, four hours ; Theory 
of numbers, two hours; Seminar, one hour.—By Dr. F. 
Lonpon: Analytical mechanics, four hours, with exercises, 
one hour. d 


UNIVERSITY op ERLANGEN.—By Professor M. NOETHER : 
Infinitesimal calculus, four hours; Introduction to alge- 
braic analysis and the theory of functions, four hours; 
Mathematical exercises.—By Professor P. Gorpan: Analyt- 
ical Geometry, four hours ; Algebra, four hours; Seminar. 


UNIVERSITY OF FrEIBURG.—By Professor J. Ltrorx: 
Analytical mechanics, five hours; Trigonometry, three 
hours; Seminar, one hour.—By Professor, L. STIOKEL- 
BERGER : Plane analytical geometry, four hours; Theory of 
numbers, three hours.—By Dr. A. Lopes: Differential 
calculus, three hours; Theory of surfaces, three hours; 
By Dr. E. Regxaxx : Methodology of mathematical in- 
struction, two hours. E 


UNIVERSITY op GIESSEN.—By Professor M. Pasom : In- 
finitesimal calculus, four hours ; Selected chapters of an- 
alytical geometry, two hours; Exercises in the elements of 
higher mathematics, one hour; Seminar, one hour.—By 
Professor E. NETTO: Analytical geometry of space, four 
hours; Algebraic equations, two hours; Seminar, one 
hour.—By Professor R. HaussNER: Introduction to the 
theory of differential equations, four hours; Technical 
mechanics, four hours; Theory of determinants, two 
hours. : 


University op GÔTTINGEN.—By Professor F. KLEIN : 
Projective geometry, four hours, with exercises, two hours: 
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—By Professor D. Hitserr: Theory of functions, four 
hours; Partial differential equations, four hours, with 
seminar in the latter, two hours.—By Professor M. BREN- 
DEL: Rotational motion of the heavenly bodies, two hours ; 
Exercises in numerical reckoning, two hours. —By Professor 
E. WrecxerT: Analytical mechanics, four hours.—By Pro- 
fessor F. Bomme: Integral calculus, four hours, with 
exercises, one hour.—By Professor AMBRONN :, Method of 
least squares, two hours.—By Professor K. BoHrMANN: 
Mathematical principles of insurance, three hours ; Mathe- 
matical statistics, two hours; Seminar in insurance, two 
hours.—By Dr. E. ZERMELO: Mengenlehre, two hours; 
Kinetic theory of gases, two hours.—By Dr. J. SOMMER : 
Theory of algebraic functions, two hours. 


UNIVERSITY OF GREIFSWALD. — By Professor W. THouré : 
Mechanics I, four hours; Algebra, four hours; Seminar, 
two hours.—By Professor E. Srupy: Infinitesimal calculus 
II, four hours; Theory of functions II, four hours; Semi- 
nar, two hours. 


UNIVERSITY or HALLE.—By Professor G. Cantor: Infin- 
itesimal calculus, five hours.—By Professor A. WANGERIN : 
. Chapters in higher geodesy, one hour; Integral calculus 
‚ with exercises, four hours; Applications of elliptic func- 
tions, two hours; Calculus of variations, two hours.—By 
Professor V. EBERHARD: Theory of algebraic equations, 
four hours; Numerical equations with exercises, one hour. 
—By Dr. H. GaAsSMANN: Ordinary differential equations, 
two hours; Exercises in descriptive geometry, one hour.— 
By Dr. E. Neumann: Theory of continued fractions, two 
hours. 


UNIVERSITY OF HEIDELBERG.—By Professor L: KOENIGS- 
BERGER: Higher algebra, four.hours; Elements of the 
theory of differential equations, two hours; Theory of 
numbers, two hours; Seminar, two hours.—By Professor 
H. VALENTINER ; Method of least squares, two hours.—By 
Professor M. Canror: Infinitesimal calculus, four hours, 
with exercises, one hour; Political arithmetic, two hours. 
—By Professor F. Ersenromr: Theoretical optics, four 
hours; Infinitesimal calculus, five hours; Potential, two 
hours.—By Professor K. KoEHLER : Synthetic geometry of 
space, three hours.—By Professor G. LANDSBERG: Descrip- 
tive geometry, four hours; Selected chapters of theory of 
functions, continued from preceding semester, two hours.— 
By Dr. K. Borum: The principles of Heinrich Hertz’s 
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mechanics, two hours; Gauss’s memoir on the theory of 
surfaces, one hour. 


UNIVERSITY OF IxwsBRUCK.— By Professor O. Storz: Real 
differential and integral calculus, four hours; Theory of 
functions of a complex variable after Cauchy and Weier- 
strass, three hours.—By Professor W. WIRTINGER: Linear 
partial differential equations, three hours; Eulerian inte- 
grals, two hours; Mathematical seminar, two hours.—By 
Dr. K. Zmorer: Descriptive geometry with exercises, 
four hours; Application of the differential calculus to geom- 
etry, two hours. 


University or JENA.—By Professor J. Taomae: Appli- 
cation of infinitesimal calculus to geometry, four hours; 
Definite integrals and hypergeometric series, two hours; 
Seminar, two hours.—By Professor A. GurzatER : Integral 
calculus, four hours, with seminar exercises, one hour ; 
Elements of descriptive geometry with exercises, four hours. 
—By Professor Q. Freer: Analytical geometry of space, 
four hours ; Concepts, one hour. 


UNIVERSITY or Kreu.—By Professor L. PoCHHAMMER: 
Application of infinitesimal calculus to geometry, three 
hours; Introduction to the theory of functions, three hours ; 
Seminar, two hours.—By Professor P. SrÀckEL: Higher 
analysis II, four hours ; Stereometric drawing, four hours ; 
Caléulus of variations, one hour ; Seminar, one hour. 


University op KoxNwiasBERG.—By Professor F. MEYER: 
Selected chapters of higher geometry, two hours; Integral 
calculus, three hours, with exercises, one hour; Seminar, 
one hour and a half.—By Professor A. SOHOENFLIES : Me- 
chanics, four hours.—By Professor L. Saarsontirz: Theory 
of calculus of finite differences, two hours ; Introduction to 
algebraic analysis, three hours, with exercises, one hour.— 
By Dr. E. MÜLLER : Analytical geometry of space, two hours; 
Perspective, two hours. 


University or Lerestc.—Professor SOHEIBNER offers no 
courses this semester, and those of Professor MAYER will be 
announced later.—By Professor C. NEUMANN: Application 
of the infinitesimal calculus to geometry, four hours ; Semi- 
nar, one hour.—By Professor O. HórpER: Infinitesimal 
calculus, five hours; Application of elliptic functions, one 
hour ; Mathematical seminar, one hour.—By Professor L. 
BoLTZMANN : Analytical mechanics, five hours.—By Profes- 
sor F. ENGEL: Projective geometry and homogeneous co- 
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ordinates, three hours ; Differential invariants, two hours | 
Seminar, one hour.—By Dr. F. HAUSDORFF : Theory of 
probability, three hours ; Map projection, two hours.—By 
Dr. G. Kowatwosx1: Theory and application of determi- 
nants, two hours; Theory of partial differential equations, 
two hours; Seminar in differential invariants, in conjunc- 
tion with Professor Engel, one hour.—By Dr. H. Lon, 
MANN: Elementary theory of numbers, two hours; Foun- 
dations of geometry, two hours. 


University or Marsura.—By Professor F. BcHOTTEKY : 
Elliptic functions, four hours; Algebraic analysis, three 
hours; Seminar, two hours.—By Professor E. Hxss : Inte- 
gral calculus, five hours; Selected chapters of geometry, 
three hours ; Spherical trigonometry, two hours ; Seminar, 
two hours.—By Dr. F. v. DALGwIK : Analytical geometry 
of the plane and space, five hours, with exercises, one hour ; 
Descriptive geometry, with exercises, two hours. 


University or MuwicH.— By Professor G. BAUER : Alge- 
bra; subject of second course to be announced ; Seminar.— 
By Professor F. LixpEMANN: Plane analytical geometry ; 
Introduction to ordinary and partial differential equations ; 
Mathematical principles of life insurance ; Seminar.—By 
Professor A. PrrxesHera: Differential calculus, with exer- 
cises ; Elliptic functions.—By Dr. K. Déurexann: De- 
scriptive geometry, with exercises; Kinematics.—By Dr. 
E. v. WEBER : Introduction to analysis ; Determinants with 
applications ; Selected chapters of elementary geometry.— 
By Dr. J. GÖTTLER: Theory and application of the func- 
tions of Lamé, Bessel and Laplace. 


Tue STEINER Prıze.—The Academy of sciences of Berlin 
at the Leibniz Meeting, July 4, 1895, announced the follow- 
ing problem for the Steiner Prize: ‘‘ To completely solve any 
important, hitherto unsolved problem relating to the theory 
of curved surfaces, taking into account, so far as possible, 
the methods and principles evolved by Steiner. It is re- 
quired that sufficient analytical explanations shall accom- 
pany the geometrical investigations to verify the correct- 
ness and completeness of the solution. Without wishing 
to limit the choice of subject, the Academy takes the oppor- 
tunity to call attention to the special problems to which 
Steiner has referred in his general remark at the end of his 
second paper on maximum and minimum in figures in a 
plane, on a sphere, and in space." 

No paper on this subject was received. In accordance 
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with the terms of the Steiner foundation, the Academy has 
utilized the prize of 6,000 marks, thus unawarded, for the 
purpose of recognizing certain important geometrical contri- 
butions published during the last few years. One third of 
it was awarded to each of the following: To Dr. KARL 
FRIEDRICH GEISER, professor at the polytechnic school at 
Zurich, for his individual researches in geometry and his 
services in the publication of a part of Steiner’s lectures ; 
to Dg. Dav HILBERT, professor at the University of Gött- 
ingen, for his important researches on the axioms of geom- 
etry and for the advancement which analytic geometry has 
experienced from his work on the theory of invariants; to 
Dr. FERDINAND LINDEMANN, professor at the University of 
Munich, who has earned special distinction in geometry by 
his celebrated discussion of the quadrature of the circle, as 
well as by editing Clebsch’s Vorlesungen über Geometrie. 

For the year 1905 the Academy again announces the fore- 
going problem, which has remained unsolved. For its solu- 
tion a prize of 4,000 marks is offered, with an additional 
sum of 2,000 marks. Papers offered in competition may be 
written in German, French, English, Italian or Latin, and 
must be submitted before December 31, 1904. The result 
will be announced at the Leibniz meeting of 1905. No 
manuscript revealing the name of the author will be ac- 
cepted. Each manuscript is to bear à mark or nom-de- 
plume, and to be accompanied by a sealed envelope contain- 
ing the name and address of the author and bearing outside 
the corresponding mark or assumed name. Manuscripts 
should be sent to the Bureau of the Academy, Berlin NW. 
7, Universitàte-strasse, 8. 


Poar an article in Science, August 31, 1900, it appears 
that the degree of doctor of philosophy was conferred by 
American universities during the past year on 233 candi- 
dates, of whom 11 presented dissertations in mathematics. 
The list of mathematical doctorates, with titles of theses and 
names of universities conferring the degrees, is as follows : 
L. P. ErsENHART, Johns Hopkins University, ‘‘ Infinitesi- 
mal deformation of surface’’; W. GILLESPIE, University of 
Chicago, ‘‘ Determination of all hyperelliptic integrals of 
the first kind of genus 3 reducible to elliptic integrals by 
transformations of the second and third degrees’’; H. E. 
Hawees, Yale University, ‘‘ Examination and extension of 
Peirce’s linear associative algebra"; D. N. Lenmer, Uni- 
versity of Chicago, ‘‘ Asymptotic evaluation of certain 
totient sums”; J. H. MoDowArp, University of Chicago, 
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“í Concerning the system of the binary cubic and quadratic 
with application to the reduction of hyperelliptic integrals 
to elliptic integrals by a transformation of order four’’; 
C. R. MoInnes, Johns Hopkins University, ‘‘ Superoscu- 
lated sections of surfaces"; H. C. Morgno, Clark Univer- 
sity, “On ruled loci in n-fold space"; F. R. MouLton, 
University of Chicago, ‘A particular class of periodic 
solutions of the problem of three bodies”; S. E. Sroovar, 
Clark University, ‘On the continuity of groups generated 
by infinitesimal transformations"; F. B. Wırrıans, Clark 
University, ‘ Geometry on ruled quartic surfaces"; A. D. 
Yocum, University of Pennsylvania. ‘‘ An inquiry into the 
fundamental processes of addition and subtraction." 


Tre Hopkins prize of Cambridge University for the 
period 1894-1897 has been awarded to Mr. J. LARMOR of 
St. John's College for his investigation on the ‘‘ Physics of 
the æther ” and other contributions to mathematical science. 


Tre works of the late Professor E. BErrRAMr are to be 
published by the faculty of science of the University of 
Rome. ‘The edition, which is to be issued by subscription, 
will consist of three or four large volumes. A complete list 
of Professor BErTRAMI's published papers appeared in the 
Annali di Matematica for March, 1900. 


Tue recent catalogue, No. 127, of M. Hoepli, Milan, Italy, 
contains nearly three thousand titles of memoirs and treatises 
in mathematics and physics. 


Proressor R. Lresomrrz, of Bonn, has been elected a 
correspondent of the section of geometry and Professor 
P. Duex correspondent of the section of mechanics of the 
Paris academy of sciences. 


Prorzssor F. KLEL, of Göttingen, has been elected cor- 
responding member of the Vienna academy of sciences. At 
the recent celebration of its five-hundredth anniversary, the 
University of Cracow conferred on Professor Klein an hon- 
orary doctorate. 


Dr. J. H. Gong, professor of mathematics and geodesy 
at the Columbian University, has been appointed juror-in- 
chief of the Court of Appeal of the Paris Exposition. 


Prorzssor A. R. ForsytH has been elected an honorary 
member of the Edinburgh Royal Society. 


S 


> 
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Dr. ARNOLD Exon, recently professor of graphic mathe- 
matics in the Kansas State Agricultural College, has been 
appointed to an assistant professorship of mathematics in 
the University of Colorado. 


Dr. Louis T. Mors, of the University of Nebraska, has 
been elected professor of physics in the University of Cin- 
cinnati. 

De. Jacos WEsTLUND, of Yale University, has been ap- 
pointed instructor in mathematics in Purdue University. 


Dr. H. Fenr, docent at the University of Geneva, has 
been promoted to a full professorship in geometry and alge- 
bra at the same university. 


Dr. Karr Borms has been made docent in mathematics, 
at the University of Heidelberg. 


Mr. W. B. Fire and Mr. H. B. Kvzs, recent holders of 
fellowships, have been appointed assistants in the depart- 
ment of mathematics at Cornell University. 


Proressor C. S. VENABLE, emeritus professor of mathe- 
matics in the University of Virginia, died August 11, 1900, 
at his home in Charlottesville, Va., at the age of 73 years. 
His education was received at Hampden Sidney College and 
the University of Virginia, and at the Universities of Ber- 
lin and Bonn. He served in the Confederate army with 
distinction throughout the civil war, most of the time as a 
member of Gen. Lee’s staff. Before the war he was suc- 
cessively a member of the faculties of Hampden Sidney 
College, the University of Georgia, and the College of South 
Carolina ; and since the war he served continuously as pro- 
fessor of mathematics in the University of Virginia untilin 
1896 failing health induced him to resign. 

As the author of a series of well known text books on 
mathematics and by his work atthe University of Virginia, 
he exerted a profound influence upon mathematical instruc- 

-tion throughout the Southern States. As a pupil of Encke 
and Argelander, he became deeply interested in astronomy. 
In 1860 he observed the total eclipse of the sun in Labra- 
dor, and more recently it was mainly through his exertions 
that the establishment and endowment of the Leander 
McCormick Observatory was secured. 


Paorzssog J. E. KEELER, director of the Lick Observa- 
tory, died at San Francisco, August 12, 1900, aged 48 years. 
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Tun death is announced of Dr. G. BRUNEL, professor of 
mechanics and dean of the faculty of sciences of Bordeaux. 


NEW PUBLICATIONS. 


I HIGHER MATHEMATICS. 


ANDOYER (H.). Leçons sur la théorie des formes et la géométrie analy- 
tique supérieure, à l'usage des étudiants des facultés des sciences. 
(Ea 2 volumes.) Vol. I. Paris, Gauthier-Villars, 1900. 8vo. 


6 + 508 pp. Fr. 16.00 
"ARCAIS (F. D’). Corso del calcolo infinitesimale. Vol. IL, parte 1 
2a edizione, con aggiunte e modificazioni. Padova, ‘hi, 1900. 


Ben, 368 pp. Prezzo dell'opera completa in due volumi Fr. 18.00 
BACHMANN (P.). See ENOYKLOPÄDIE. i 


BALL (R. S.). A treatise on the theory of screws. London and New 
York, Macnullan, 1900. 8vo. 194-544 pp. (Cambndge Univer- 
sity Preas.) Cloth. $5.50 


BOOHER (M.). See ENOYKLOPÁDIE. 


Bourxoux (P ). L'imagination et les mathématiques, selon Descartes. 
Paris, Alcan, 1900. 8vo 5l pp. (Bibliothèque de la Faculté des 
lettres de l’Université de Paris, No. X.) Fr. 2.00 


BURKHARDT (H.) See ENOYKLOPADIE. 
BURONI (8.). See LAVAGGI. 


CAHEN (E.). Eléments dela théorie des nombres : Congruences ; formes 
quadratiques ; nombres incommensurables; questions diverses. 


Paris, Gauthier-Villars, 1900. Geo 8-+ 403 pp. Fr. 12.00 
CALINON (A.). Etude de géométrie numérique. Paris, Gauthier- 
Villars, 1900. 8vo. 35 pp. Fr. 2.00 


COMBEROUSSE (C. DE). Cours de mathématiques, à l'usage des candi- 
dats à I Ecole polytechnique, à l'Ecole normale supérieure, à I? Ecole 
centrale des arts et manufactures. Vol. I: Aritnmétique et algèbre 
élómentaire. 4e édition, revue et augmentée. Paris, Gauthier-Vil- 
lara, 1900  8vo. . j Fr. 10.00 


COMPLETE INDEX of all the papers printed ın the Proceedings of the Lon- 
don Mathematical Society, vols. 1-30. London, Hodgson, 1900. 12mo. 
32 pp. 


“Cox (H.). Rudimentary treatise on integral calculus. London, 1900. 
8vo. 136 pp. Cloth. 1s. Gd 


ENCYKLOPÄDIE der mathematischen Wissenschaften mit Einsohluss ihrer 
Anwendungen. (In 7 Bànden.) Vol I, Heft 5, enthaltend: 
Gleichunge-ysteme, von E. Netto und K. Th. Vahlen ; Endhohe 
Gruppen linearer Substitutionen, von A Wiman ; Niedere Zahlen- 
theorie, von P. Bachmann ; Theorie der algebraischen Zahlkorper, 
von D Hilbert; Arıthmetische Theorie algebraisoher Grossen, von 
G. Landsberg ; Komplexe Multiplikation, von H. Weber. Leipzig, 
Teubner, 1900. 8vo. Pp. 513-720. M. 6.40 
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—— Vol. II, Heft 4, enthaltend: Kontinuierliche Transformations- 
gruppen, von L. Maurer und H. Burkhardt ; Randwertaufgaben bei 
gewöhnlichen Differentialgleichungen, von M. Bécher ; Potential- 
theorie (Theorie der Laplace-Poisson’schen Diiferentinigleioning), 
von H. Burkhardt und W. F. Meyer ; Randwertaufgaben in der 
Theorie der partiellen Differentialgleichungen, von A. Sommerfeld. 
Leipzig, Teubner, 1900. 8vo. Pp. 401-560. M. 4.80 


FAERBER (C.). Irrationale Zahlen und Verbältnisse inkommensurabler 
Grössen. (Progr.) Berlin, Gaertner, 1900. 4to. 33 pp. M. 1.00 


FAJON (H.). Complément d’algébre élémentaire. Variations des fono- 
tions du premier degré, du second degré et bicarrées, à 1’ des 
candidate au baccalauréat, aux Ecoles de Saint-Cyr, navale et à I'In- 
stitut agronomique. Paris, Belin [1900]. 8vo. 69 pp. 


FREYOINET (C. DE). Essais sur la philosophie des sciences: Analyse, 
mécanique. 2e édition. Paris, Gauthier-Villars, 1900. 8vo. 13+ 
336 pp. Fr. 6.00 


FRICKE (R.). Kurzgefasste Vorlesungen über verschiedene Gebiete der 
höheren Mathematik mit Berücksichtigung der Anwendungen. 
Analytisch-funktionentheoretischer Teil Leipzig, Teubner, 1900. 
8vo. 9+ 520 pp. Cloth. M. 14.00 


GUIMARAES (R.). Les mathématiques en Portugal au XIX. siècle. 
Aperçu historique et bibliographique. Coimbre, 1900. 4to. 167 pp. 
Fr. 15.00 

HAGEN (J. G.). Synopsis der höheren Mathematik. Vol. III: Diffe- 
rential- und Integialrechnung. (In 6 Lieferungen.) Lieferung 2. 
Berlin, Dames, 1900. 4to. Pp. 65-128. M. 6 00 


HERTZER (H.)‘ Die geometrischen Grundprinzipien der Parallel-Pro- 
E jektion. 3te Auflage Berlin, Spaeth, 1900. 8vo. 4-+ 68 pp. 
3 plates. Cloth. M. 2.50 


HILBERT (D.) See ENOYOLOPADIE. 


JAHNKE (E.). Ueber dreifach perspektivische Dreiecke in der Dreiecks- 
geometrie. (Progr.) Berlin, Gaertner, 1900. 4to. 26 pp. 

M. 1.00 

JAHRBUCH uber die Fortschritte der Mathematik. Herausgegeben 

von E Lampe. Vol.29: Jahrgang 1898. (In 3 Heften.) Heft 

1. Berlin, Reimer, 1900. 8vo. 416 pp. M. 13.00 


KILLING (W.). Lehrbuch der analytischen Geometrie in homogenen 
Koordinaten. (In 2 Teilen.) Teil I: Die ebene Geometrie. 


Paderborn, Schöningh, 1900. 8vo. 13-220 pp. M. 4.00 
Koon (H. von). Förelasningar öfver teorin om transformationsgruppen. 
Stockholm, 1900. 4to. 189 pp M. 6.60 


LANDSBERG (G.). See ENOYKLOPÄDIE. 


LANGE (J.). Synthetische Geometrie der Kegelsohnitte nebst Uebungs- 
aufgaben für die Prima hóherer Lehranstalten. 2te Auflage. Ber- 
lin, Muller. 8vo. 68 pp. Cloth. M. 1.50 


Lavaaar. Calcolo infinitesimale ; Jezioni [dettate nell'anno] 1899-1900 
nella r. università di Parma, compilate per oura di S. Buroni. 
«Parma, Zafferri, 1900. 8vo. Pp. 1-432. 


LAMPE(E.). See JAHRBUCH. 
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LORENTZ (H. A.). Lehrbuch der Differential- und Integralrechnung und 
der Anfangsgrunde der analytischen Geometrie. Mit besonderer 
Berucksichtigung der Bedurfnisse der Studierenden der Naturwissen- 
schaften. Unter Mitwirkung des Verfassers übersetzt von G. C. 
Schmidt. Leipzig, Barth, 1900. 8vo. 7 + 476 pp. M. 10.00 


LupwiG (B. von). Ueber die Nothwendigkeit der Beschränkung des 
Jacobi’schen Umkehrproblems auf Abel'sche Integrale erster Gattung. 
(Diss.) Halle, 1900. 8vo. 94 pp. 


LÜssEN (H. B.). Einleitung in die Infinitesimalrechnung (Differen- 
tial- und Integralrechnung). Ste Auflage. Leipzig, 1900. 8vo. 


4-+ 388 pp. M. 8.00 
—— Ausführliches Lehrbuch der analytischen oder höheren Geometrie. 
14te Auflage. Leipzig, 1900. 8vo. 4-+ 214 pp. M. 4.00 


McGinnis (M. A.). Universal solution for numerical and literal egua- 
tions, by which roots of equations of all degrees can be expressed in 
terms of their coefficients. London, Sonnenschein, 1900. 12mo. 
206 pp. 58. 


MAURER (L.). See ENCYKLOPADIE. 
MEYER (W. F.). See ENOYKLOPADIE. 


oe m ) Recueil de problémes de géométrie analytique, à l'usage 
léves de mathématiques spéciales. Solutions des problèmes 
donné aux concours d'admission à l’ Ecole polytechnique de 1860 à 


1900. Paris, Gauthier-Villars, 1900. 8vo. Fr. 6.00 
MoEBIUS (P. J.). Ueber die Anlage zur Mathematik. a Barth, 
1900. 8vo. 7+331 pp, 51 portraits. M. 7.00 


Nerro (E.). See ENCYKLOPADIE. 


Opitz (H. R. G.). Die Kramp-Laplace’sche Transcendente und ihre 
Umkehrung. (Progr.) Berlin, Gaertner, 1900. 4to. 29 pp. 
M. 1.00 
OSTER (B.). Ueber partielle Differentialglelchungen zweiter Ordnung 
mitn unabhängigen Variabeln. Berlin, 1900. 8vo. 27 pp. 


PıcarD (E.). Sur le développement, depuis un siècle, de quelques 
théories fondamentales dans l’analyse mathématique. Conférences 
faites à Clark-University (Etats Unis). Parm, Colin, 1900. 8vo. 
91pp. (Extrait de la Revue générale des sciences.) 


Praxe (C.). Einfuhrung in die Theorie und den Gebrauch der Determi- 
nanten. Berlin, Mayer und Muller, 1900. 8vo. 4 TIS 53 pp. 


Boards. M. 1.40 
Ricor (G.). Lezioni di algebra complementare. Verona, Drucker, 
1900. 8vo. 17-+ 486 pp. Fr. 10.00 


RIEMANN (B.). See WEBER (H.). 


SOHEFFERS (G.). Einzelnes aus der Theorie der Curven und Flächen. 
(Berichte der mathematisch-physischen Classe der K. Sachsischen Gesell- 
schaft der Wissenschaften, 8. Januar, 1900.) 12mo. 8 pp. ; 


—— Funktionen der Abstande von 'festen Punkten. (Mathematisch- 
nalurwissenschaftliche Mitteilungen in Württemberg.) Stuttgart, Metz- 
ler, 1900. 12mo. 17pp. 


SCHMIDT (G. C.). See LoRENTZ (H. A.). 
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Sommer (J.). Focaleigensehaften quadratischer Mannigfaltigkeiten im 
vierdimensionalen Raum. (Mathematische Annalen, vol. 53, pp. 
113-160.) 8vo. 


SOMMERFELD (A ). See ENOYKLOPADIE. 


STÉPHANOS (C.). Sur une extension du calcul des substitutions liné- 
aires. (Journal de mathématiques pures et appliquées, 6e série, vol. 6, 
pp. 73-128.) 4to. 


VAHLEN (K. F.). See ENOYKLOPÄDIE. 


VAN VLEOK (E. B.). On linear criteria for the determination of the 
radius of convergence of power series. (Transactions of the American 
Mathematical Society, vol. 1, pp. 293-309.) 4to. 


WEBER(H.). Die partiellen Differentialgleichungen der mathematischen 
Physik. Nach Riemann’s Vorlesungen in 4ter Auflage neu bear- 
beitet. (In 2 Banden.) Vol. I. Braunschweig, Vieweg, 1900. 
8vo. 18+ 508 pp. M. 10.00 


—— See ENOYKLOPÄDIE. 
WIMAN (A.). Bee ENOYKLOPÁDIE. 


IL ELEMENTARY MATHEMATICS. 


AMODEO (F ). Aritmetica particolare e generale. Vol. 1. Napoli, 
Pierro, 1800. 12mo. 15+ 416 pp. Fr. 8.60 


AUFLÜSUNGEN von Aufgaben aus Dr. Wockels Geometrie der Alten. 
Nürnberg, Korn, 1900. 8vo. 28 pp. M. 0.60 


BARTOLUOO:(L.). Manuale d’aritmetica e prioipt d'algebra per gli 
alunni delle souole tecniche. 2a edizione. Firenze, Bemporad, 
1899. 16mo. 6-1-287 pp. (Biblioteca scolastica.) Fr. 2.00 


— Piccolo manuale d'algebra per gli alunni delle scuole teoniche. 
2a edizione. Firenze, Bemporad, 1900. 16mo. 59 pp. (Biblio- 
teca scolastica. ) Fr. 0.50 


BEMAN (W. W.) and SITE (D. E.) Elements of algebra. Boston, 
Ginn, 1900. 12mo. 10-1430 pp. Cloth. $1.22 


BERTRAND (J.) et GAROET (H.). Traité d’algèbre. Deuxième partie 
à l'usage dea classes de mathématiques spéciales. Nouvelle édition. 
Paris, Hachette, 1900. 8vo. 392 pp. Fr. 5.00 


BounaET(J.). Tables de logarithmes à cing décimales des nombres et 
des lignes trigonométriques. 2e édition. Paris, Belin, 1900. 
16mo. 287 pp. 


Briaes (W.). Synopsis of trignometry. 3d edition. London, Clive, 
, 1900. 12mo. 48 pp. (University tutorial series. ) 10s. 6d. 


ConBEROUSSE (C. DE). See ROUCHÉ (E.). 
Cusack. See LYDON (N. B.). 


Downey (J. F.). Higher algebra. New York, American Book Co. 
[1900]. 12mo. 416 pp. Half-leather. $1.50 


Dupuis (J.). Tables de logarithmes à cinq décimales, d’après J. de La- 
lande, disposées à double entrée et revues. Contenant les logarithmes 
deg nombres entiers de 1 à 10,000, les logarithmes des sinus et des 
tangentes; caloulés de minute en minute jusqu’à 90 degrés, plusieurs 
tables usuelles, et un grand nombre de formules et de nombres utiles. 
25e Elition. Paris, Hachette, 1900. 16mo. 44230 pp. Fr. 2.00 
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ERNST (A.). Deux années d’algèbre (en un volume) dans l’enseignement 
primaire supérieur, contenant plus de 360 exeroices et problèmes. 
Pans, Colin, 1900. 16mo. 6+ 242pp. (Collection J. Boitel ) 

i ` Fr. 2 00 

EucLID. The Elements, book 1. For schools and colleges, with notes, 
appendices, and exercises, by J. Todhunter. New edition, enlarged 
by S. L. Loney. London, Macmillan, 1900. 12mo. 126 pp. 18. 


—— The contenta of the fifth and sixth books of Euclid, arranged and 
explained by M. J. M. Hill. London, Clay, 1900. 8vo. Cloth. 6s. 


Freon (F.). Kegelschnittaufgaben in geometrischer Behandlung. 
(Progr.) Deutsch-Krone, 1900. 4to. 16 pp. 1 plate. H 


GAROET (H.).” See BERTRAND (J.) 


Gauss (F. G.). Vierstellige logarithmische und trigonometrische Tafeln. 
Schulansgabe. Halle, Strien, 1900. 8vo. 96pp. Cloth. M. 1.60 


GAZZANIGA (P.). Libro di aritmetica e di algebra elementare. Parte 
I. 3aedizione. Verona, Drucker, 1900. Geo, 126 pp. Fr. 2.00 


GÉOMÉTRIE, algèbre. Cours supérieur, contenant 463 problèmes. Paris, 
Delagrave [1900]: 18mo. 210 pp. (Cours des écoles primaires et 
élémentaires.) 


GIUDIOE (F.). Geometria solida. Brescia, Apollonio, 1900. 8vo. 279 
pp., 8 plates. : 


GREMIGNI (M.).  Nozioni di geometria solida ad uso delle souole 
teoniche, con un formulario. Firenze, Bemporad, 1900. 16mo. 115 
pp. (Biblioteca scolastica. ) Fr. 0.80 


HAMILTON (J. G.). First geometry book. Simple exercises based on 
experiment and discovery. London, Arnold, 1900. 12mo. 94 pp. 
18. 

HILL (M. J. M.). See EUCLID. 


J. (F ). Eléments de géométrie, comprenant des notions gur les courbes 
usuelles, un complément sur le déplacement des figures et de nom- 
breux exercices. 10e édition. Paris, Poussielgue, 1900. 16mo. 
114-526 pp. . 


KAMBLY und ROEDER. Stereometrie und sphärische Trigonometrie. 
Vollständig nach den preuseischen Lehrplanen von 1892 umgearbei- 

` tete Ausgabe der Stereometrie und der spharischen Gi i 
von Kambly. Lehraufgabe der Prima. Mit Uebungsaufgaben und 
einem Anhang: Der Koordinatenbegriff und einige Grundeigen- 
schaften der Kegelechnitte. 2te Auflage (27ste der Kambly’schen 
Stereometrie). Breslau, Hirt, 1900. 8vo. 204 pp. Boards. M. 2.00 


KonparEN (H.). Das mathematische Pensum fur das Einjabrig-Frei- 
willigen-Examen. Theorie und Praxis. Aufgaben mit ausführ- . 
lichen Lösungen und Erlàuterungen. Teil I: Arithmetik. Berlin, 
Grote, 1900. Ben, 7 +120 pp. M. 2.20 


Kanrpnorr (W.). See SCHWEBING (K.). 
LALANDE (J. DE). See DUPUIS (J.). 
LIcHTBLAU_(W.). See WIESE (B.). 
Loney (S.L ). See EUOLID. 


Lypon (N. 8.). Cusack’s practical plane geometry. London, 1900. 
8vo. 132pp. 3s. 6d. 
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MANUEL (G.). See VINTÉJOUX (F.). 


MATHEMATIOAL papers, London University intermediate science mixed 
questions set at examinations 1879-99 London, 1900. Geo 54 pp. 

2e. 6d. 

MEIGEN (F.). Lehrbuch der Geometrie. 2te Auflage. Hildburghausen, 
Pezoldt, 1900. 8vo. 4+83pp. (Technische Lehrhefte, Abteilung 

C, No. 4.) M. 2 00 


MENGER (J.). Geometnsche Formenlehre. Fur die erste Klasse der 
Realschulen. 4te Auflage. Wien, Hölder, 1900. 8vo. 3 +38 pp. 
Cloth. M. 1.04 


MILNE (W. J.). Key to ‘‘ elements of algebra ’' and ‘ Grammar school 
algebra." New York, American Book Co. [1900]. 16mo. 256 pp. 
Cloth. $0.60 


MURRAY (D. À.). Logarithmio and trigonometrio tables, five-place and 
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THE INTERNATIONAL CONGRESS OF MATHE- 
MATICIANS IN PARIS. ° 


‘Ar the Zürich Congress of 1897 it was agreed to hold the 
next congress in Paris in 1900, the French Mathematical 
Society being charged with the preparations. Circulars have 
been issued at intervals during the last eighteen months, 
calling the attention of mathematicians to the arrange- 
ments in progress. The congress was finally announced 
for August 6th-11th, and the opening general meeting was 
held in the Palais des Congrès, in the Exhibition grounds, at 
9.30 on the morning of Monday, August 6th. M. Poincaré , 
-was elected President, M. Hermite, who of course.was not 
present, being the Président d'honneur. The executive 
board was constituted as follows: vice-presidents, MM. 
Czuber (Vienna), Geiser (Zürich), Gordan (Erlangen), 
Greenhill (London), Lindelöf (Helsingfors), Lindemann 
(Munich), -Mittag- -Leffler (Stockholm), Moore (Chicago, | 
absent), Tikhomandritzky (Kharkoff), Volterra (Turin), 
Zeythen (Copenhagen); secretaries, MM. Bendixson 
(Stockholm), Capelli (Naples), Minkowski (Zürich), 
Ptaszycki (St. Petersburg), Whitehead (Cambridge, ab- 
sent); general secretary, M. Duporeq (Paris). After the 
announcement of the officers of the sections and the names 
of the official delegates, and a very few words from the 
President, the two addresses of the day, both in French, 
were delivered by MM. M. Cantor (Heidelberg) and Vol- 
terra (Turin); each occupied about three-quarters of an 
hour. 


M. Cantor: Sur D historiographie des mathématiques. 


During the century drawing to its close the character of 
mathematics has changed ; its devotees are now differen- 
tiated into geometers, analysts, algebraists, arithmeticians, 
astronomers, theoretical physicists, and historiographers. 
These last make no claim to advancing the science itself ; 
they press neither towards the arctic pole of the theory of 
functions, nor towards the antarctic pole of algebra; they 
explore neither the steep surfaces of geometry nor the 
depths of differential equations. Their task is rather to 
draw up guides and charts, to indicate by what routes the 
results have been obtained, and what important points 
have been passed by without sufficient exploration. This 
work began with the History of Eudemus of Rhodes, B. UC. 
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300, of which only a fragment has been preserved, just suf- 
ficient to excite lively regret for the loss of the whole. Dur- 
ing the next two thousand years there were many bald 
ronieles of mathematics, but historiography as a science 
begins with Montucla. Notwithstanding the errors, un- 
avoidable at that time, to be found in the two volumes of 
his Histoire des mathématiques (1st edition, 1758, 2d edi-. 
tion with two volumes by Lalande, 1799), Montucla ‘‘ est 
encore et restera peut-être toujours un modèle que tout his- 
*toriographe des sciences doit suivre." Kastner published 
four volumes of his Geschichte der Mathematik in the last 
four years of his life, 1796-1800. He has been alternately 
wover-praised and depreciated ; Gauss referred to him as the 
' best poet among the mathematicians, the best mathe- 
matician among the poets of his day. His history is no 
real history, it is rather a catalogue raisonné, but it is never- 
theless invaluable, on account of its conscientious analysis 
of a number of works, which, with their authors, would be 
otherwise absolutely unknown to us now. Atabout the same 
date, 1797-1799, there appeared the two volumes of Cos- 
sali’s Storia critica dell’algebra, dealing exhaustively with 
the period'1200-1600 ; as regards Italy only, it is true, but 
then during this period the Italian algebra was of im- 
portance far surpassing that of any other country. Cos- 
sali’s. labors for the elucidation of Leonard of Pisa and 
Cardan are of special merit. 

Bossut published in 1810 his Histoire des mathématiques ; 
in this he gives only rapid aperçus of the general develop- 
ment, interesting to those that know already, useless to 
those that need to learn. In the present century we have 
first Chasles, to whom the speaker paid a warm per- 
sonal tribute. In his Aperçu historique published in 1837, 
the notes, dealing with geometry, calculation, algebra, 
mechanics, which attain the dimensions of memoirs, form 
the model part of the volume, the text, the actual ‘‘ Aperçu,” 
being but a.very condensed statement of the history of 
synthetic geometry. The other historical work of Chasles, 
the Rapport sur les progrès de la géométrie of. 1870, 
is seriously affected by his ignorance of the German lang- 
uage. The years 1837-1841 saw the publication of Libri’s 
Histoire des sciences mathématiques en Italie, from the - 
earliest times up to the middle of the 17th century, a 
work which owing to the author's admirable style “se 
lit comme un roman, même dans les parties où elle n'en est 
pas un." Notwithstanding Libri’s immense services in the 
study of manuscripts, his history is vitiated, as a historical 
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work, by his misplaced patriotism ; according to him all 
progress in mathematicsis due to the Italians, with- perhaps 
afew scattered French writers. When he finds an Italian in 
possession of any ideas or methods, no matter whence de- 
rived, he at once credits him with their discovery. In any 
case, it is not possible to give any true idea of the history of 
‘mathematics by tracing it in one country only. If there 
is an international science, it is mathematics; it bears 
no stamp of nationality. In considering the earliest times, + 
it is impossible to understand the course of mathematics in 
one country without following it in others also ; to under- 
stand Greek mathematics, we must know something of 
Egypt and Babylonia ; the mathematics of the Arabs cannot 
be explained without reference to Egypt, Greece, and India. 
After the invention of printing, so long as Latin was in use, 
mathematics had no country ; and even when the frontiers 
were faintly marked by the use of different languages, they 
were speedily obliterated for most mathematicians. 

Passing rapidly over Gerhardt and Quetelet, with a few 
words of recognition, M. Cantor spoke of Nesselmann’s 
Die Algebra der Griechen, 1842, ‘un chef d'œuvre digne 
d’être mis a côté de l’Aperçu historique de Chasles’’; of 
Arneth’s Geschichte der reinen Mathematik, 1852, which 
would have been an excellent book, if the author bad made a 
better apportionment of his space to his material—parts of the 
work ‘‘fourmillent de remarques aussi spirituelles que pro- 
fondes’’; of Hankel’s posthumous fragment, 1876, ‘‘un 
torse d’une telle beauté qu’il eut été pitié de ne pas le met- 
tre au grand jour’’; and of the prince Baldassare Boncom- 
pagni’s disinterested labors on behalf of historiography. 
In this sketch he passed over many authors “tous sussi 
morts que leurs livres; gardons-nous de les ressusciter ’’; 
and avoided all mention of living authors for very obvious 
reasons. He brought his address to a close by a forecast of 
the mode in which the history of more recent mathematics 
must be written. Regarding Lagrange as the founder of 
modern mathematics. this gives 1759 as the starting point ; 
and from this year on, the different subjects will have to be 
treated in special volumes. This however will be insut- 
ficient ; the development of the lines of thought that run 
" through all these different branches of mathematics must 
be traced in one final volume, the History of Ideas; difficult 
to write, certainly, but indispensable, for a8 Jacobi said, 
** Mathematics is a science of which it is impossible to un- 
derstand any one part without knowing all the others.’’ 
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V. VOLTERRA: Trois analystes italiens; Betti, Brioschi, Casorati. 


. The scientific existence of Italy as a nation dates from a 
journey which Betti, Brioschi, and Casorati took together 
in the autumn of 1858, with the object of entering into re- 
lations with the foremost mathematicians of France and 
Germany. It is to the teaching, labors, and devotion of 
these three, to their influence in the organization of ad- 
vanced studies, to the friendly scientific relations that they 
instituted between -Italy and foreign countries, that thé 
existence of a school of analysts in Italy is due. 

The extent of their joint influence, affecting minds of 
many diverse casts, is largely due to the differences in their 
natural faculties, in the circumstances of their lives, and in 
their acquired tendencies. Brioschi, ‘‘ toujoursjeune par son 
caractère et toujours mûr par son esprit," a Lombard by 
birth, was at first an engineer ; but at an early age he ac- 
quired a profound knowledge of the classical mathematical 
works, and was called to the chair of mechanics at Pavia at 
the age of 25. He founded the Polytechnic School at Milan, 
and held the directorship until his death ; in his capacity 
of Senator, he was active in public affairs; he found time 
to engage in public works and in engineering; and up to 
the last, as Director of the Annali di Matematica, and Pres- 
ident of the Accademia dei Lincei, he was one of the leaders 
of the mathematical movement in Italy. A great contrast 
to this active life is offered by the calm existence of Betti. 
He was born in a mountain village in Tuscany; at 34 he 
became a professor in the University of Pisa, and at 41 
Director of the Scuola normale superiore of Pisa, whose 
organization is much like that of the Ecole normale supé- 
rieure of Paris; he took no part in political movements. He 
loved scientific researches for their own sake exclusively, 
without regard to the results they might produce.in the 
scientific world, or to their importance in teaching. He 
did not care for publishing his researches; and even when 
he did undertake this, he was apt to push it aside, at- 
tracted by new ideas. The knowledge that his intellectual 
conéeption could be realized was all-sufficient for him; he 
did not give himself the trouble of carrying it out in detail. 
When once he had obtained a clear vision of hidden truths, 
and had constructed in his own mind a system in which 
they proceeded directly from the simplest principles, ‘‘ tout 
était fait pour Betti." 

Casorati was born and lived at Pavia; he passed through 
the various grades in the University, where at the time of 
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his death he was professor of infinitesimal analysis. He 
lived and worked almost exclusively for his pupils; all his 
works bear the stamp of the practical teacher, bent on 
elucidating some obscurity, correcting some error, expound- 
ing some theory. All his writings were in a definite rela- 
tion to his university teaching ; in his mind there was no 
-distinction between the work of the savant and the work of 
the professor. 

The fundamental differences in the three can be brought 
out most clearly by a comparison of their attitude towards 
the theory of functions. The development of this theory 
exhibits three well-marked periods, corresponding to the 
three distinct phases that can be recognized in the history 
of any mathematical subject ; these three phases, however, 
correspond also to three distinct modes of regarding ques- 
tions in analysis, each of which has its advocates. In the 
first instance, the discovery of facts is all-important, and 
particular theories are elaborated. There are no uniform 
methods; every question is attacked on its own merits. and 
methods are created as occasion arises ; the ideas and results 
disengage themselves finally from long calculations. In the 
theory of functions this manifests itself in the heroic period, 
personified in Euler, Jacobi, Abel; and this manner of 
approaching questions is natural to Brioschi, the engineer 
and practical man, with his extraordinary gift for dealing 
with formidable calculations. He remained faithful to the 
classical method, never attracted by the second phase, 
which he even scorned somewhat. In this second phase, 
ideas replace calculations ; the philosophic spirit takes con- 
trol and demands a general method including the whole 
subject in one body of doctrine. This desire found its ful- 
filment in the second period of the theory of functions, in 
the works of Cauchy, Weierstrass, and Riemann, who derive 
everything from the very sources of the fundamental concep- 
tions. To this period belongs Betti the philosopher. His 
broad and cultivated mind loved philosophic systems; his 
Tuscan indolence (which is not intellectual idleness) caused 
him to delight in meditation rather than in mechanical 
labor. Curiously enough, his name is associated with the 
theory of Weierstrass just as surely as with that of Riemann ; 
his education had made him an algebraist while nature 
meant him for a physicist. 

In the final period the theories find their appropriate ap- 
plications, their most suitable forms; they are refined by 
criticism, and cast into a didactic mould. The name of 
. Casorati, critic and teacher, is associated with this third 
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phase. His work, Teorica delle funzioni di variabili com- 
plesse, has served more than any other one book to popularize 
in Italy the fundamental conceptions of the theory of func- 
tions, for the reason that, while reading it, difficulties dis- 
appear. The influence of this book is not confined to pro- 
fessed analysts; anyone attempting to trace the develop- 
ment of mathematics in Italy during this half century will 
find that analysts and pure geometers have influenced one, 
another. For instance, the ideas of Riemann are at the 
foundation of many of the works of Italian geometers, and 
while the actual introduction of these ideas was due to 
Betti, it is this book of Casorati’s that has carried them 
everywhere and attracted the attention of geometers. 

This comparison of the work of these three analysts in 
the region that they had in common gives no idea, however, 
of the extent of the labors and influence of each one. For 
this it would be necessary to dwell on the work of Casorati 
in the theory of differential equations, in analytical and 
infinitesimal geometry; of Betti in mathematical physics 
and algebra, he being one of the first to accept the new 
ideas of Galois; of Brioschi in mechanics, algebra, and ge- 
ometry. The field in which Betti and Brioschi first obtained 
renown was in fact that of algebra ; their names will always 
be associated with that of Kronecker as second only to Her- 
mite in their work on the equation of the fifth degree, an 
equation whose complete solution was due to and secured 
immortality for M. Hermite. 


This concluded the business of the first general meeting, 
with the exception of one or two formal announcements re- 
lating to secretarial matters. This was the only one of the 
meetings to be held in the Exhibition grounds; all the 
others were held at the Sorbonne. Six sections were organ- 
ized for the presentation of special papers, to meet on the 
7th, 8th, 9th, and 10th of August, as follows: 

Section I, Arithmetic and Algebra; Tuesday, Thursday 
and Friday mornings; president, M. Hilbert, secretary, 
M. Cartan. 

Se®tion II, Analysis; Tuesday and Thursday mornings ; 
president, M. Painlevé, secretary, M. Hadamard. 

Section IIT, Geometry; Tuesday and Thursday after- 
noons; president, M. Darboux, secretary, M. Niewen- 
glowski. 

Section IV, Mechanics and Mathematical Physics ; Tues- 
day and Thursday afternoons; president, M. Larmor, sec- 
retary, M. Levi-Civita. 
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Section V, Bibliography and History; Wednesday morn- 
ing and afternoon and Friday morning; president, Prince 
Roland Bonaparte, secretary, M. d’Ocagne. 

Section VI, Teaching and Methods; Wednesday morn- 
ing and afternoon and Friday morning; president, M. 
Cantor, secretary, M. Laisant. 

Sections V and VI, however, amalgamated and sat as one 
section, thus making the sections the same as those at 
Zurich. It hardly seems advisable to give a complete list 
of the papers, as all will be given in the full official report, 
which will appear shortly; it seems better to give some 
account of the most interesting. 


‚In Section I the most noticeable communication was 
that of M. Henri-Padé, of Lille, ‘‘Aperçu sur les dévelop- 
pements récents de la théorie des fractions continues.” The 
object of this communication was the discussion of the ques- 
tion as to what is to be understood by the development of 
a function as a continued fraction, and the examination of 
the consequences of the answer obtained. For the func- 
' tion e, for instance, five such developments are already 
known, due to Euler, Lagrange, and Gauss. Why five? 
By what are the five characterized? How are they related 
to one another? The bond that unites them consists in a 
certain property of approximation common to their conver- 
gents, and thus there arises the more general question of 
the study of rational fractions satisfying this condition of ap- 
proximation for a given function.* This investigation yields 
the following results. Every function that is dévelopable 
by Maclaurin’s formula gives rise to an infinity of develop- 
ments as a continued fraction ; as to form, these fractions 
present the common characteristics that all the partial nu- 
, merators are monomials, with coefficient and exponent dif- 

ferent from zero; as to matter, they are characterized by 
the property that all the convorgents satisfy the condition 
of approximation mentioned above, and give an approxi- 
mation whose order increases constantly as we pass from 
any convergent to the following one. 

Among these fractions, called fractions continues holoides of 
the function, are included the regular continued fractions, 
and it is among these last that are found, as a very particu- 
lar case, the developments in continued fractions already 
known for some special functions, for example, the five de- 
velopments of e*. 








*''Bur la représentation approchée d'une fonction par des fractions 
rationnelle,” Ann, scient. del’ Ecole norm. sup., vol. 9 (1892). 
y 
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M. Padé then indicated the two ways in which these re- 
sults can be generalized, the extension they involve in all 
the applications of continued fractions hitherto made, and 
the important consequences to which they lead, both in the 
theory of functions, where they have already introduced 
the question of the use of divergent power-series, and in the 
theory of numbers. 


In Section II, the first paper read on Tuesday morning 


was M. Tikhomandritzky's ‘‘ L'évanouissement des fonc- 
tions @ de plusieurs variables indépendantes." The function 


£p DER 
dl? 1) of p independent variables u, = > J, ‘vanishes 
1 eu =l a s 
1? when some of the pointe (sx) fall at (E, y) ; 2° when 
P 1 


they are on an adjoint curve of the first kind, e(z*—*, y*—?) 
— 0. If with Weierstrass we define this function by the 


equation A 
E 0; dn 2 dx. 
EEN Gegend (1) 
1 en : | 
i ? p 7 
where EA > IL (2) 
1 ı=1 zo 


(TI, denoting the integral of the second species, which be- 
a 


comes infinite when (x, y.) falls at (a,, ,,)), this property 
of 9 must be derived from those of the function (2). For 
this purpose, considering in the first place'the function 


pv » 4 
EE (8) 
(re, y) denoting a point very near to (a, b,)), where the ` 


P 
points (2, y), (2, y) are the infinities, and (,'y,), (a, Yu) 
1 D 
the zeros, of the principal function of (z, y,) 
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‘we see, by the second form of this function, that in the 
two cases one of the infinities of the function in the numera- 
tor being absorbed by one of its arbitrary zeros (1° (z,, y) 
by (E, y) ; 2? (2:9 by (ur Vis the other will be 


absorbed by one of its non-arbitrary zeros | 4; Ja . Hence 
in the two cases, at the limit, for (+, y) = (a, 5), one of the 
integrals in (3) will become infinite like 
thus @ will vanish. 


for z= a, ; 





T— a, 


More general interest was taken in M. Mittag-Leffler’s 
papers, which followed. "7 Bur fonction analytique et expres- 
sion analytique." ‘ Une application de la théorie des séries 
n-fois infinies.’ ‘‘Sur une extension de la série de Taylor." 
In these M. Mittag-Leffler reported on ‘his recent re- 
searches* in the theory of functions Let f(a), f'(a), 


f" (a), determine an element P(z|a)— 5 ERORE — a)" 
n=0 * 


of an analytic function f(x). This analytic expression is 
valid only for its circular domain of convergence; for a 
more extended region P(x|a) must be supplemented by cer- 
tain of its continuations. Let a lie within a continuous 
region which does not overlap itself, and let the’ branch of 
f(x) derived from P(z|a) by continuation throughout K be 
one-valued and regular; is it possible to find a. single 
analytic expression for this branch fK(x), where K is given 
its maximum extension, the formula to be based only on 
the primary quantities f(a), f'(a), =? M. Mittag-Leffler 
has shown that such an expression can be built up in a com- 
‘paratively simple manner. In doing this he has employed 
a new geometrical notion, that of the star (étoile). If a 
ray revolves about a, proceeding in each position to the 
nearest singular point of f(x), this point lying it may be at 
infinity, the collection of points on the totality of such rays 
forms for f(x) the star A ; it is assumed that the lower limit 
of these raysis not zero. For A we have the theorem that 


fA(@) = ÉG (a), 
where GL (ei denotes a polynomial Ye, „f*(a) (x — a)", in 





* “Snr Ia représentation analytique d'une branche uniforme d'une fonc- 
tion monogène 27 Acta Math., vols. 23, 24 (1899, 1900). 
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which the coefficients e, ,, are given initially and do not de- 
pend on a or on f(a), f’(@), = 
The expression 
G,(z | a) 


vd gt 2n 


=5 ps sino 


Ad Ag=0 «Ao À! 





PM dp "An 


leads to a limiting expression „=e G(x |a) with the follow- 
ing properties : It is uniformly convergent for every region 
interior to. the star A, but never uniformly convergent for 
a region containing & vertex of 4. Within A it represents 
thé branch fA(x) of f(x). 

It is perfectly possible that „=e G(x|a) may converge 
outside A; the star A is not a star of convergence for 
m G (sja). M. Mittag-Leffler has shown that it is pos- 
sible to replace „=o @,(z|a) by another E for 
which A is a star of convergence. wn, G (sla) was ob- 
tained from an prie series in z by making the maximum 
values of A, À,--, À, proceed simultaneously to the limit 
c. If the passage to > Hs is period. in another 


nt ain 


way, viz., by taking X ER in place ot $ xx 


À1—0 Arme An=0 
and then making 4,, CM UL Y ied successively, in the or- 
der named, to infinity, the expression 


As 


EC kb 
&Glo-3 Za ir (C e 


ApmO À?=0 A,=0 





(where the ode are given numerical constants of which 


= 1 E 1 L\AHA 1 1^». 
m= 3p vous) ERA pa SEN 


while for values of n>3 they are algebraic irrationals) 
yields th» desired result; '* S, («| a) has the star A as a star 
of convergence, and represents fA(z) within A. Writing 
n= 1, the series is seen to be simply Taylor's series; in 
general‘ itis an extension of Taylor's series. 

In the course of his remarks M. Mittag-Leffler referred to 
recent researches of M. Borel; this led to a discussion in 
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which MM. Borel, Hadamard, and Painlevé took part, on 
the nature of the connection between '' analytic expression 
in a complex variable x’ and “ analytic function in x.’ 


In Section III papers were presented by MM. Lovett, 
* On contact transformations between the essential elements 
of space”; Macfarlane, “Applications of space analysis to 
curvilinear coördinates’’; Stringham, ‘‘ Orthogonal trans- 
formations in elliptic or in hyperbolic space”; Amodeo, 
and others. In Section IV very few papers were read : 
one appointed meeting of the section was not held, and 
some of the papers intended for the section were presented 
at the joint sitting of Sections V and VI, which was trans- 
formed momentarily into a sitting of Section IV, to hear 
MM. Hadamard: ‘‘Relations entre les caractéristiques 
. réelles et les caractéristiques imaginaires pour les équations 
différentielles à plusieurs variables indépendantes"; and 
Volterra: “Comment on passe de l'équation de Poisson à 
caractéristique imaginaire à une équation semblable à 
caractéristique réelle." 


The communications made in Sections V and VI, while 
not necessarily the most valuable mathematically, were yet 
of the most general interest, and lend themselves best to 
any general report. The sitting was opened by M. Hil- 
bert’s address, in German, on the future problems of 
mathematics. The lines along which we may expect the 
development of any science which is progressing in a con- 
tinuous manner can be detected by an examination of the 
problems to which attention is specially paid. Among 
these most importance is to be attached to those that are 
sharply defined and stand out well; such, for example, as 
the problem of three bodies. In the earlier stages of any 
science, problems present themselves naturally through ex- 
perience, as is exemplified in mathematics by the duplica- 
tion of the cube and the quadrature of the circle, and ata 
later date by the questions arising with reference to in- 
finitesimal analysis and the theory of the potential; but as 
the science progresses, it is the logical faculty of the intel- 
lect that imposes on us problems such as are found in the 
theories of prime numbers, elliptic functions, etc. - 

As to our aim with regard to any problem, there must be 
a definite result of some kind, it cannot be Jaid aside until 
we have obtained either a satisfactory solution or a rigorous 
demonstration, of the impossibility of a solution. The 
mathematical rigor that is essential in the treatment of a 
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‘problem does not require complicated demonstrations; it 
requires only that the result be obtained by a finite number 
of logical steps from a finite number of hypotheses furnished ` 
by the problem itself; in seeking this rigor we may find 
simplicity. The proper treatment of any problem depends 
on 1° a complete system of axioms, by means of which 
‚the conceptions are defined, 2° a system of symbols ap- 
propriate to the conceptions with which the problem deals ; 
thus a demonstration by means of geometrical symbols is as 
legitimate as an arithmetical one, provided that the axioms 
on which it is based are perfectly understood. The mere 
formulation of these axioms is in some cases itself the prob- 
lem, as for instance in arithmetic and physics. Among 
the ten problems that M. Hilbert specified in particular as 
fitted to advance mathematics, No. 2 is that of finding some 
one system of independent compatible axioms: governing 
and defining arithmetical conceptions, and No. 3 is the 
same question for the calculus of probabilities, rational me- 
chanics, and physics. Other probleme are to prove that e'* ig 
transcendental when z is an algebraic irrational; and that 
the solution of the general equation of the 7th degree can- 
not be obtained by means of a finite number of operations 
involving only two parameters. In geometry, the relative 
situation of the circuits that a plane curve of assigned order 
can possess, with the corresponding question as regards 
surfaces, demands investigation ; in the theory of functions 
there is the question of the expression of two variables, 
connected by any analytic relation whatever, as uniform 
functions of a single parameter z—for Poincaré’s theorem 
(Bulletin de la Société mathématique de France, volume 11 
(1883)) is subject to some limitations. These are but a 
few of the problems that M. Hilbert mentioned, and these 
were à selection from a much longer list for which he re- 
ferred to an article about to appear in the Nachrichten der - 
Kgl. Gesellschaft der Wissenschaften zu Göttingen, 1900. In 
the course of a rather desultory discussion that followed the 
reading of this paper, the claim was made, though appar- 
ently without adequate grounds, that more had been done as 
regards the equation of the 7th degree (by some German 
writer) than the author of the paper was willing to allow. 
A more precise objection was taken to M. Hilbert’s re- 
marks on the axioms of arithmetic by M. Peano, who. 
claimed that such a system as that specified as desirable 
. has already been established by his compatriots MM. Burali- 
Forti, Padoa, Pieri, in memoirs referred to on pp. 3-5 of 
no. 1, volume 7 of the Rivista di Matematica. 
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M. Hilbert was followed by M. Fujisawa, the official dele- 
gate from Japan, who gave, in English, a very interesting 
account of the mathematics of the older Japanese school. 
It is difficult to follow the course of Japanese mathematics ; 
there are some two thousand manuscript volumes still to be 
transcribed ; in these much valuable work is mixed up with 
what is purely elementary and even trivial. The difficulty 
of arriving at any clear idea is greatly increased by the fact 
that publication of results was not customary; they were 
preserved to a great extent only by oral transmission. So 
far as the books have been deciphered and collated, one fact 
stands out with ever-increasing clearness, and that is that 
side by side with one less important school of Japanese 
mathematics there exists another earlier system of mathe- 
matics of a peculiar kind, which had its origin in Japan, 
and was developed there entirely free from any external 
influences. : 

The mathematics of the first kind, probably derived from 
the Chinese at a very early date, displays a noticeable lack 
of rigor; for instance, “10 ig accepted as the value of x. 
As to content; in algebra, the solution of simple equations 
and the formule for the sum of an arithmetical or geomet- 
rical progression were known; in geometry, the right- 
angled triangle with sides proportional to 3, 4, 5 was used, 
with. some propositions regarding regular polygon#; magic 
squares were discussed, even so far as those containing the 
first 400 numbers. Bamboo rods were used for purposes of 
calculation ; these were placed one above another to in- 
dicate addition, side by side to indicate multiplication, . 
diagonally to denote subtraction. 

The other part of Japanese mathematics, that indigenous 
to the country, is of more importance and interest. It ap- 
pears that the mathematicians of this school made use of 
local value in expressing numbers, invented zero for them- 
selves, and used the circle as the symbol for zero. They 

were familiar with imaginaries and complex numbers; and 
` ‘were such adepts at calculation that they found the value 
of = correct to 49 places of decimals. M. Fujisawa ex- 
plained that the knowledge of this part of Japanese mathe- 
matics so far obtained is very fragmentary, the unexplored 
part offers an attractive field of research for Japanese who 
` may care to devote themselves to it. It is a matter of 
purely historical interest, as the present teaching of mathe- 
matics in Japan is in no sense founded on it; for, very 
wisely as he thinks, the Japanese educational authorities 
made an entirely fresh start; sweeping away all trace of this 
older educational system. 
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The president of the section, M. Cantor, then spoke of 
the difficulties he encountered, when writing his Geschichte 
der Mathematik, in finding out anything about the earlier 
Japanese mathematics. When he did finally hear of & 
work of reference it turned out to be written in Japanese. 
"With reference to the earliest use of zero. he expressed the 
opinion that it was probably due to the Babylonians, about 
1700 B. C. ` 

Another paper of interest in these sections was that of M. 
Padoa (Rome) on Friday morning: ‘‘ Un nouveau système 
irréductible de postulats pour l'algóbre." Naming the ob- 
ject, entier (integer), two undefined derivatives, successif and 
symétrique, are considered. The seven postulates are 

1°. If a is an integer, then suc. a is an integer. | 

2°, Tf a is an integer, then sym. a. is an integer. 

3°, If a is an integer, then sym. (sym. a) = a. 

4°, If a is an integer, then gym. {suc. [sym. (suc. a) ]}=a. 

5°. There exists an integer + such that sym. z = x. 

6°. There do not exist two different integers z, y, such 
that sym. x = z, and sym. y = y. 

7°, If a class u of objects satisfies the conditions 

(i) it contains some one integer, 
(ii) if it contains an integer z it contains also suc. x, 
(iii) if it contains suc. x it contains also x, 
then every integer belongs to the class u. 

These postulates define an algebraic field, whose nature 
is at once seen to agree with that of the natural field, suc. x 
being interpreted as 1 + x, and gym. s as —x. M. Padoa 
did not get beyond this definition, possibly because he had 
entered so minutely into the details of the proof of the in- 
dependence of the seven postulates that he had exhausted 
his allowance of time. | 


A great part of the Friday morning sitting of these two 
sections was devoted to the discussion of a resolution, pro- 
posed by M. Leau, in favor of the adoption of some special 
artificial language as the vehicle for all scientific commu- 
nications. Thoughno particular language was named in the 
resolution, it was made clear that ‘‘Esperanto’’ was the 
language intended. Its advocates, MM. Leau, Padoa, Boc- 
cardi, Laisant, and others, disclaimed any wieh to substi- 
tute it for natural languages, but urged its adoption as the 
vehicle for international intercourse ; this view they upheld 
with great earnestness ‘on behalf of humanity," as M. 
Laisant put it. The opposite view was upheld with equal 
earnestness, if less vehemence, by MM. Schroeder, Vassi- 
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lief, Maggi, and others, chiefly on the ground that any such 
language is entirely unnecessary ; ae M. Maggi remarked, 
mathématics already has a universal language, the language 
of formule. In the end the suggestion of M. Vassilief was 
adopted, that the Congress should place itself on record as 
opposed to any unnecessary diversity in the languages em- 
ployed, that is, practically, to the use of any language for 
scientific purposes other than English, French, German, 
and Italian, though these languages were not specified in 
the resolution adopted. . 


On Saturday, August 11th, the concluding general meet- 
ing was held at 9 a.m. The first business was to determine 
the time and place for the next meeting. At Zurich, Pro- 
fessor Klein, on behalf of the German Mathematical Society, 
had expressed their great desire that the third congress 
should be held in Germany ; and a definite invitation to 
this effect was now laid before the Congress, and unani- 
mously accepted. The place of meeting will probably be 
Baden-Baden ; the date decided upon is 1904, and the time 
is to be either at the beginning or the end of the summer 
vacation. No other business was transacted, and the two 
general addresses appointed for the day were then delivered 
by MM. Mittag-Leffler and Poincaré. Immediately after 
the conclusion of the President’s address, he dismissed the 
Congress with the words ‘La séance est levée, le congrès 
est clos.” 


M. Mittag-Leffler’s address was entitled ‘ Une page de la 
vie de Weierstrass’’; in this he considered in some detail 
Weierstrass’s attitude towards some of the mathematical 
ideas of his time, illustrating by copious extracts from his 
correspondence; unfortunately it is not possible to give any 
adequate account of it. M. Poincaré’s can be given more 
fully. 


H. Pornoart: Du rôle de Vintuition et de la logique en mathé- 
matiques. 

It is obvious that there are two entirely different types 
of mind among mathematicians, manifesting themselves in 
two distinct methods of treating mathematical questions. 
Those of the first type are dominated by logic; those of the 
second are guided by intuition. They may be called an- 
alysts and geometers, though it is not really a question of 
the subject with which they deal; the analyst remains an 
analyst even when working at geometry, and the geometer 
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employing himself on pure analysis is still a geometer. Nor 
is the distinction a mere matter of education ; a man is born 
a mathematician, he does not become one; and either he is 
born an analyst or he is born a geometer. The two types 
of mind are equally necessary for the progress of the sci- 
ence; each has accomplished great things that would have 
been impossible to the other. | 

At first sight the ancients seem to have all been intuition- 
alists, but this impression disappears on closer study. Eu- 
clid, for instance, was & logician, even though every stone 
of his edifice is due to intuition. The natural tendencies 
have not changed, only their manifestation. There has 
been an evolution, due to the increasing recognition of the 
fact that intuition cannot give rigor, nor even certainty ; & 
proof that relies on concrete images may bo very deceptive. 
It was soon realized that rigor cannot be expected in the 
demonstrations unless itis to be found in the definitions ; 
so long as the objects of reasoning were given simply by 
the bodily senses or the imagination, there was no precise 
idea on which reasoning could be based. Thus the efforts 
of the logicians were concentrated on the definitions, one 
result of which is that mathematics has become arithme- 
tized. ` 

The question arises, is this evolution ended—have we at 
last attained to absolute rigor, or do we deceive ourselves 
as our fathers did? Philosophers tell us that itis impossible 
to eliminate intuition altogether from our reasonings, for no 
science can spring from pure logicalone. To designate this 
other essential, we have no name but intuition; but this 
covers many different ideas. There is (1) the appeal to 
the bodily senses and to imagination ; (2) generalization by 
induction ; (3) the intuition of pure number ; on this last 
a veritable mathematical method is based, while from the 
first two no certainty can be derived. The analysis of the 
present day constructs its demonstrations solely from syl- 
logisms and this intuition of pure number ; we may say that 
at last absolute rigor is attained. 

The philosophers now object that what has been gained 
in rigor has been lost in actuality ; the approach toward the 
logical ideal has been secured by cutting the ties with real- 
ity. For the sake of the demonstration a mathematical 
definition is substituted for the object, and it still remains 
to prove that the concrete reality answers to the definition. 
But as this is an experimental truth, it is not the business 
of mathematics to establish it. It isa great step forward to 
have separated these two things; nevertheless there is some- 
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thing in the philosophic objection. In becoming rigorous, 
mathematics has assumed a certain character of artificiality; 
if it is clear how questions can be resolved, it is no longer 
clear how and why they arise. We seek for reality ; but 
this does not reside in the separate steps of the demonstra- 
tion ; it must be sought rather in the something that makes 
for unity. THe microscopic examination of an elephant 
gives no idea of the animal itself; the fairy-like structure of 
silicious needles which is all that is left of certain sponges 
cannot be understood without reference to the living sponge 
by which this form was imposed on the silicious particles. 
Logic by itself cannot give the view of the whole which is 
indispensable alike to the inventor and to him who desires 
really to understand the inventor. Logic, which alone 
gives certainty, is simply the instrument of demonstration ; 
the instrument of discovery is intuition. 

But analysts also are inventors; hence they cannot al- 
ways be proceeding from the general to the particular, as 
the rules of formal logic demand, for scientific conquests are 
made only by generalization. There is however a per- 
fectly rigorous process, that of mathematical induction, by 
which it is possible to pass from the particular to the gen- 
eral.* Yor the profitable use of this, to recognize the analo- 
gies whose presence makes it applicable, the analyst must 
have the direct feeling for the unity of an argument, for its 
soul and spirit; for him the most abstract entities must be 
living beings. What is this but intuition? This however 
does not invalidate the distinction already drawn, for it is 
an intuition entirely different in nature from the sensible 
intuition founded in imagination alone, even though psy- 
chologists may finally pronounce it also to have a sensual 
foundation. It is the intuition of pure logical form, which 
together with the intuition of pure number makes not only 
demohstration, but also discovery, possible to the analyst. 
Thus among the analysts inventors do exist, but not many; 
it remains true that the most usual instrument of invention 
in mathematics is sensible intuition. \ 


On the evening preceding the formal opening of the Con- 
gress an informal reunion of the members, about half of 
whom were present, was held at the Café Voltaire. On 
Tuesday afternoon, after the rising of the sections, the 
members were entertained at the Ecole normale supérieure. 
At noon on Sunday, August 12th, a very successful banquet 





. * Poincaré, ‘‘Sur la nature du raisonnement mathématique," Revue de 
métaphysique et de morale, vol. 2 (1894), pp. 371—384. 
U 


D 
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was held at the Salle de l’Athénée-Saint-Germain, when, in 
the absence of M. Poincaré, M. Darboux presided very 
pleasantly. Toasts to those present, to the hosts, to the 
absent, to M. Darboux, and to the next Congress, were pro- 
posed by MM. Darboux, Geiser, J. Tannery, Stephanos, 
and Vassilief. Invitations to receptions held by the Presi- 
dent of the Republic and by Prince Roland Bonaparte were 
accepted by & number of the members. 

A very large attendance had been expected, on account of 
the additional attractions offered by the Exhibition; and 
the answers to the circulars first sent out went far to justify 
this anticipation, for up to last December about 1,000 mathe- 
maticians had signified theirintention of being present, with 
680 members of their families. The membership fee was 
fixed at 30 francs, with an additional 5 francs for every 
member of the family. Asa matter of fact, the total at- 
tendance can hardly have exceeded 250 in all. There 
seems very little doubt that a large proportion were kept 
away by distaste of the crowds that were supposed to be 
visiting the Exhibition, and by the rumored difficulty in 
obtaining accommodation, a difficulty that seems to have 
existed mainly in the circulars of the various agencies ; but 
the great heat of July certainly decided many to stay away 
who would otherwise have been present. 

The countries represented were as follows: France, 90; 
Germany, 25; United States, 17; Italy, 15; Belgium, 13; Rus- 
sia, 9 ; Austria, 8 ; Switzerland, 8; England, 7 ; Sweden, 7; 
Denmark, 4; Holland, 3 ; Spain, 3; Roumania, 3 ; Servia, 2; 
Portugal, 2; South America, 4 ; with single representatives 
from Turkey, Greece, Norway, Canada, Japan, Mexico. 
This list is only approximate, as no revised list of members 
was issued. Among the members from the United States 
were Professors Allardice, E. W. Brown, Dickson, Ely, 
Hagen, Halsted, Hancock, Harkness, Keppel, Lovett, 
Macfarlane, Pell, Scott, Stringham, Webster. 

While the four languages, English, French, German, and 
Italian, were admitted on equal terms, by the constitution 
of the congresses, the great preponderance of French was 
noticeable. At Zurich, this preponderance existed in 
friendly intercourse, but French and German were about 
equally.used in the communications, whereas in Paris all 
the general addresses, and most of the sectional papers, 
were in French, possibly out of compliment to our hosts. 
Probably at Baden-Baden French and German will be used 
in about equal proportions as at Zurich. 

The distribution of the authors of communications among 
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the different countries may be of interest. The four gen- 
eral addresses were delivered by representatives from 
France, Italy, Germany, Sweden ; including these, papers 
were read by members from France, 13; Italy, 9; United 
States, 6; Germany, 4; Sweden, 4; Austria, 2; England, 
Greece, Holland, Japan, Portugal, Russia, Servia, and 
Spain, one each. This list may require some slight mod- 
ification, as the only programme issued needed some cor- 
rections, but it is substantially correct. In some cases two 
or three communications were made by one member, thus 
bringing up the number of sectional papers to about 50; 
some of these were presented by title only in the absence of 
their authors. The general meetings occupied four hours, 
the sectional meetings 26. About 200 members were pres- 
ent at each of the general meetings; at the sectional meet- 
ings the average attendance was about 90, and as two sec- 
tions were usually sitting at the same time, this accounts 
very fairly for the members. About 160 were present at 
the banquet. 

The arrangements excited a good deal of criticism. The 
committee of organization had doubtless special difficulties 
to contend with, as M. Laisant, to whom the secretarial 
part had been assigned, was unable to undertake it owing 
to the pressure of other duties. The mistake was then 
made of entrusting a part of this responsibility to the firm 
of Carré and Nand, whereas in such a case personal interest 
and individual responsibility are indispensable for ensuring 
proper attention to the various details of organization. 
Owing to this, members arriving in Paris had very great 
difficulty, during the first two days, in obtaining the neces- 
sary information in time for it to be of any service. The 
want of a common assembly room, where members might 
conveniently meet one another with or without concerted 
arrangement, was seriously felt. The arrangements in 
Zurich were so admirably complete in every point, that 
these defects were even more conspicuous by comparison. 
There is no doubt that a smaller town lends itself best to 
such a gathering; it is not so much that there is less 
division of interests, as that the members are more in evi- 
dence, and so Have a better chance of realizing one another. 
The first object of an international congress of mathe- 
maticians is to enable its members to meet one another in 
circumstances that shall excite the mathematical faculty, 
and make manifestations of mathematical interest most 
natural, thus encouraging the exchange of ideas both be- 
tween individuals and larger groups. The mathematician 
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who is in any degree a specialist is in general rather soli- 
tary in the average college—he would have been better off 
in Noah’s Ark, for at the worst there would have been two 
of a kind, For hia mind's health it is well that he should 
' occasionally be thrown with those of kindred interests; it 
is well too that he should be made to feel the unity of 
mathematics. : 2 
The general addresses are of course under one aspect the ` 
most important part of the formal proceedings, giving broad 
views of the whole subject, and helping the pronounced 
specialist to realize his affiliations with other regions. Did 
a congress achieve no other end than that of evoking such 
addresses as those of Klein, Hurwitz, Cantor, Poincaré, 
Volterra, at Zürich and Paris, and presenting them to 
mathematicians of such widely differing interests, its exist- 
ence would be amply justified. Something more might be 
done in a similar direction as regards the sectional meet- . 
ings; an address, not necessarily by the president of the 
section, dealing in a broad manner with the region, or some 
part of the region, assigned to the section, might very well 
be arranged for. While the general addresses enable the 
individual to appreciate the relation of his special subject to 
mathematics as a whole, these sectional addresses would 
assist him in the equally important and even more difficult 
task of gauging his own relation to his special subject. 
One or two of the communications offered, both at Paris 
and at Ziirich, were of this nature; but the matter should 
not be left to chance, it is well worth systematically arrang- 
ing. Such an address would deal sometimes with the gen- 
eral ideas of the subject, sometimes with what remained 
to be done, sometimes with what had been accomplished 
during the last few years. 
As to the nature of the more special papers, it hardly 
- seems advisable to restrict the present liberty, not even to 
the extent that is found salutary in the regular meetings of 
a mathematical society ; encouragement is perhaps more 
needed. But some control over the time consumed should 
be exercised ; not only a theoretical control, confined to a 
printed statement that it must not exceed twenty minutes, 
but a real control, exerted as a regular thing. Ten or 
fifteen minutes, well employed, is quite long enough for the 
ordinary type of special theorem, for an outline of the 
method of proof is sufficient in an oral communication, and 
another five or ten minutes ought to enable the speaker to 
indicate its connections within the subject. The strict 
limitation to a time previously determined would in most 
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cases be beneficial to the author, obliging him to select, sub- 
ordinate, and group his details. It istolerably certain that 
if the author regards all details as equally important, his 
auditors will regard all as equally unimportant. 

One thing very foreibly impressed on the listener is that 
the presentation of papers is usually shockingly bad. Pre- 
sumably the reader desires to be heard and understood ; to 
compass these ends, instead of speaking to the audience, he 
reads his paper to himself in a monotone that is sometimes 
hurried, sometimes hesitating, and frequently bored. He 
does not even take pains to pronounce his own language 
clearly, but slurs or exaggerates its characteristics, so that 
he is often both tedious and incomprehensible. These fail- 
ings are not confined to any one nationality ; on the whole 
the Italians, with their clear and spirited enunciation, come 
nearest to being freefrom them. It would be invidious and 
impertinent to mention names; the special sinners sit in 
both high and low places. But it is perhaps pardonable to 
refer to M. Mittag-Lefiler's presentation of his paper to 
Section II as showing in how admirable and engaging a 
style the thing can be done. It is not given to everyone to 
do it with this charm; but there is no excuse for any 
normally constituted human being, sufficiently versed in 
mathematics, failing to interest a suitable audience for a 
reasonable time in that which ‘interests himself, always pro- 
vided that it be of sufficient novelty either in matter or in 
mode of treatment to justify him in presenting it at all, . 

At the Zurich Congress certain matters were energetically 
discussed in Section V ; extensive support was then given 
to resolutions in favor of constituting permanent commis- 
sions charged to consider 1° general reports on the progress 
of mathematics, 2° matters of bibliography and terminol- 
ogy, 3° the possibility of giving some permanent character 
to the Congress, by means of a central bureau or otherwise. 
Though these resolutions were not voted upon directly, it 
being felt that they required more deliberate discussion, 
yet at the concluding general meeting the members of the 
Zürich bureau were appointed a commission to consider the 
questions that seemed of most importance, and to furnish 
the Mathematical Society of France with such information 
on these points as might be useful in preparation for the 
Congress of 1900. At the joint sitting of Sections V and 
‘VI in Paris M. Dickstein asked a question on behalf of the 
members, namely, was not the Congress to hear anything 
of the deliberations of this commission? No satisfactory 
answer was forthcoming ; M. Laisant replied simply that 
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the Mathematical Society of France had been 80 taken up 
with material preparations for the Congress that it had not 
been able to enter upon any of these matters. He took the 
opportunity. however, of directing attention to the Annuaire 
des Mathématiciens, projected by Carré and Naud, as carrying 
into effect one suggestion made at Zurich. The question 
then dropped, but it was felt that this left matters in a very 
unsatisfactory state. Itis to be hoped that a different re- 
port will be given in 1904, that the members of the Baden 
congress will not simply hear papers and meet friends, but 
have a chance to consider these matters of international 
concern. Some questions of business arise in every science ; 
they tend to settle themselves by a kind of tentative, proc- 
ess, a survival of the fittest, or rather by general tacit con- 
sent. This is often the best process ` any attempt at forcing 
an expression of general agreement may result in checking 
development by encouraging too early a crystallization. 
But there are some matters, depending on concerted action, 
that are ripe for decision, and that cannot profitably be set- 
tled by any one nation for itself; matters in which for want 
of a general agreement labor may be wasted. Such matters 
may naturally be decided by an international congress, 
whose decisions will simply have the force of general con- 
sent. One such question is that of a classification of math- 
ematical sciences. At least two well-known systems are in 
use, 4nd there may be others. Multiplication of systems of 
classification, like the multiplication of universal languages, 
practically destroys the good of any and all; the congress 
ought to pronounce in favor of some one. As to the prepa- 
ration of special reports, it seems doubtful whether this will 
be done best by the congress at present. In course of time 
it may assume academic functions and responsibilities, but 
it will be necessary for it to prove its continuity before it 
can with any propriety expect to control mathematical ef- 
forts. Encouragement and recognition would seem to be 
its appropriate province at present in these respects. The 
question as to how this continuity is to be obtained is a 
rather serious one, and deserving of careful discussion. A 
central bureau with various functions was suggested when 
the matter was under discussion at Zürich ; but there are 
objections to this. If the organizers of each congress will 
make it a point of honor to act on the recommendations of 
the preceding congress, taking into consideration the reso- 
lutions passed and doing what can be done towards carrying 
them into effect, possibly sufficient continuity may be at- 
tained without the red tape that would coil itself about any 
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permanent bureau. Some questions are better left unde- 
cided. International agreement is not wanted on all points ; 
international rivalry and emulation still have their part to 
play, helped by the international friendships that are pro- 
moted by such gatherings as these international congresses. 
In conclusion, I must express my thanks to many of 
those whose names appear in this report for the assistance 
I have received from them in its preparation. 
CHARLOTTE ANGAS SCOTT. 


BRYN MAWR COLLEGE, 
October, 1900. 


THE FORTY-NINTH ANNUAL MEETING OF THE 
AMERICAN ASSOCIATION FOR THE AD- 
VANCEMENT OF SCIENCE. 


Tax forty-ninth annual meeting of the American Asso- 
ciation for the Advancement of Science, which was held at 
Columbia University June 23-30, was from the point of view 
of scientific work one of the most successful in the history 
of the Association. Sixteen affiliated societies met with the 
Association and contributed greatly to the importance and 
interest of the meeting. Two of these, the American Math- 
ematical Society and the Astronomical and Astrophysical 
Society, held joint sessions with Section A. 

The next meeting of the Association will be held in Den- 
ver during the last week of August, 1901, under the 
presidency of Professor Minot of the Harvard Medical 
School. Professor James McMahon, Cornell University, 
will be vice-president of Section A, and Professor H. C. 
Lord, Obio State University, will be secretary. Forty-one 
out of the total number of forty-nine annual meetings of the 
Association have been held during the month of August, 
while the recent New York meeting was the first that was 
held in June. The next meeting will be farther west than 
hitherto, but it seemed to be the general opinion that this 
was desirable in order to extend the influence of the Asso- 
ciation. Pittsburg was recommended as the place of meet- 
ing in 1902. 

The meetings of the section of mathematics and astronomy 
were well attended. The officers of this section were : vice- 
president, Asaph Hall, Jr.; secretary, W. M. Strong ; coun- 
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cilor, Ormond Stone ; sectional committee, Alexander Mac- 
Farlane, J. F. Hayford, C. L. Doolittle, W. M. Strong, 
Harold Jacoby, Edgar Frisby, W. S. Eichelberger. The 
Council elected the following mathematicians and astrono- 
mers to fellowship in the Association: E. 8. Crawley, G. 
A. Hill, W. J. Htimphreys, H. C. Lord, L. H. Orleman, 
Mary W. Whitney, P. 8. Yendell. 

The opening address of the Vice-President of Section A, 
‘(On the teaching of astronomy in the United States," has 
been published in Science, July 6, 1900, pp. 15-20. In the 
absence of the Vice-President, Simon Newcomb, C. L. Doo- 
little and Ormond Stone presided at the meetings of this 
Section. The following list of papers read before the Section 
does not include those of the American Mathematical So- 
ciety and of the Astronomical Society which were-read at the 
joint sessions of these societies and Section A. 

(1) President H. S. Prironerr: “ The functions, organ- 
ization, and future work of the U. 8. Coast and geadetic 
survey.’ 

(2) Mr. J. F. Hayrorp: “ The precise-level net of the 
U. 8. and a new levelling instrument." 

(3) Professor T. J. J. See: '' The propagation of the 
tide wave.’’ 

(4) Professor T. J. J. See: ‘‘The dimensions and 
density of Neptune." 

(5) Professor E. Frissy: “Some remarkable properties 
of recurring decimals.’’ 

(6) Professor G. T. SeLLew : ‘History of the complex 
number." 

(7) Professor dus MoManon: “ The expression of a 
rational polynomial in a series of Bessel Functions of the 
nth order." 

(8) Dr. G. A. Minter: ‘Report on the groups of an 
infinite order.” 

(9) Professor L. E. Droxson : ‘‘ Definition and examples 
of Galois fields." 

(10) Mr. W. B. Fire: ‘On the metabelian groups whose 
invariant operators form & cyclical subgroup." 

(11) Mr. H. E. Hawkes: ‘ Note on Benjamin Pierce’s 
linear associative algebra." 

(12) Mr. F. H. Loup: ‘Sundry metrical theorems con- 
nected with a special curve of the fourth class." 

(13) Mr. G. A. Bra: “ Variations of latitude." 

(14) Mr. G A. Hz: “The comparative accuracy of the 
transit circle and the vertical circle." 

(15) Professor J. N. SrooxweLzz : ‘‘ New light on ancient 
eclipses." 
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(16) Professor J. N. STOCKWELL: ''Becular variations of 
the motions of the planete." 

(17) Professor J. N. STOCKWELL : ‘À new method of 
computing the Laplace coefficients of planetary pertuba- 
lion." 

(18) Miss Mary Proctor: ‘Miss Catharine Wolf 
Bruce.” 

(19) Miss M. E. TRuxBLoop: ‘The directive force of 
philosophy upon mathematics." 

(20) Mr. W. G. Levison : ‘‘On a method of photograph- 
ing the entire corona, employed at Newberry, S. C., for the 
total solar eclipse, May 28, 1900." 

Two of the titles that appeared on the programme are not 
reproduced here since these papers did not reach the secre- 
tary in time to be presented at the meeting. In the absence 
of their authors the papers by Professor McMahon and Mr. 
Fite were presented by Professor Crawley and Dr. Miller 
respectively. Mr. Hawkes’ paper was read by title. The 
two papers by Mr. Hill will be published in the American 
Journal of Science and in Science respectively. Dr. Miller's 
report wil appear in the Burzerin. Abstracts of the other 
papers, with the exception of the last three, are given 
below. i 


President H. S. Pritchett, lately Superintendent of the U. 
S. Coast and geodetic survey, considered the three questions: 
‘ What is the purpose of this service? Is it properly or- 

_ganized to carry out this purpose? What lines of work 
should be followed to accomplish the purpose in view?” 
The first and principal work of the Coast and geodetic 
survey is the hydrographic survey of the coasts of the 
United States and the islands under her jurisdiction. In 
hydrography and topography a part of the energy of the 
service will go to the resurvey of parts of the mainland of 
the United States; but by far the greater effort will go to the 
hydrographic surveys of Porto Rico, Hawaii, the Philippine 
Islands, and Alaska. In geodesy, the most interesting work 
of the next eight years will be the completion of an arc ex- 
tending along the ninety-eighth meridian from the Rio 
Grande to the Canadian border. By the codperation of 
Mexico and of Canada it is expected that this are will ulti- 
mately have for its southern limit a latitude of about 19 
degrees’and for its northern terminus the latitude of nearly 
70 degrees. The completion of the precise level net for the 
United States, and the differential gravity determinations , 
now being carried out in connection with similar work by 
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other nations, are the most important other objects of this . 
service. The work of the Division of terrestrial magnetism 
contemplates a general magnetic survey of the country and 
of the waters adjacent within the next ten years. 


Mr. Hayford’s paper is in abstract as follows: The net of 
precise level lines recently adjusted in the Computing Di- 
vision of the Coast and geodetic survey comprises over 
12,000 miles of spirit leveling, and 1,400 milés of water 
leveling, run by the Coast and Geodetic Survey and other 
organizations. The manner of making several preliminary 
““studies’’ before making the final least square adjustment 
was explained. The points requiring especial attention 
were, the assignment of relative weights to different classes 
of leveling, the attempt to detect systematic errors, and the 
assignment of the relation of weight to length of line. The 
least square method of computation was used throughout 
and the assumptions upon which it is based were checked, 
as far as possible, by direct appeals to the facts. The only 
well-marked form of a systematic error found, is one which 
is due to changes of temperature in the instrument during 
the period of observation at a station. The instrument 
shown was one which is about to be put into use in the 
Coast and geodetic survey; it is designed with special ref- 
erence to eliminating the systematic error just referred 
too, and to furnish rapid observations of the highest degree 
of accuracy. 


The object of the first paper by Professor See, was to 
direct attention to certain points in the theory of the prop- 
agation of the tide wave. After defining the tide wave by 
the general relations for horizontal and vertical motion, 


v= at ent), y =y + 2C it), 
which are transformed into 


y being the depth of the sea, 2 the wave length, and » any 
integral number, the author shows that in case of the tides, 
where A is large compared to y, the path of any particle is 
an elongated ellipse, giving a horizontal motion about 1,000 
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times greater than the vertical motion. He then gives the 
tide-generating potential in the usual form 


3m’ 1 
Voss ( cost — 3) 


and shows by derivation the lengths of the four arcs into 
which the circumference is divided, two being each 109°.5 
in length, the other two 70°.5. A figure showing the mo- 
. tion of the water in every part of an equatorial canal at'any 
instant, indicates clearly why the wave advances when once 
started, as the flow is forward in the two long arcs, and 
backward in the short arcs. The author states that the 
tide wave is at first a forced wave, afterwards acting as a 
free wave ; but this view of the propagation holds for both 
classes of oscillations, when treated separately, and is ap- 
proximately true when the two classes of waves are com- 
pounded. ; 


In his second paper Professor See treats historically the 
question of the diameter of Neptune, showing that the 
earliest measuyes, made in 1846, place it at about 3", and 
that subsequent measures range from 4".8 to 27.00. With 
every improvement in the definition of telescopes, the diam- 
eter has shrunk. He then showed, from observations made 
in 1899-1900 with the great equatorial of the Naval Obser- 
vatory under better conditions than have been enjoyed by 
previous observers, that the true diameter of the planet is 
about 2.00, or 27,190 miles. The diameter hitherto accepted 
in standard works on astronomy is 34,000 miles. The 
former density was 1.11 that of water, but this is now 
doubled and put at 2.26. 


Professor Frisby gave some brief special methods of com- 
bining numbers, and especially of finding the recurring deci- 
mals which represent rational fractions. 


Professor Sellew traced the history of the complex num- 
ber from the first appearance of the imaginary in the 
Stereometrica of Hero of Alexandria in the second cen- 
tury B. C. The idea that the imaginary must be in the 
plane without the line of real numbers was first given by 
Wallis (1685). Kühn’s construction (1753) introduced the 
idea of direction. Wessel (1797) was the real inventor of 
the modern representation of the complex number. His 
analytic representation of direction was the best before the 
time of Hamilton. 
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It is known that in certain cylindrical boundary problems 
it is necessary to Sol f(r, 9) in a Fourier series of the 
form 


> e. (Tr) cos m 
nel 


and then to expand ¢,(r) in an nth order Bessel series of 
the form e 
- AJ, (Ar) + AWA) a 


in which 4, A, + are determined from the roots of a certain 
equation to be satisfied on the boundary r = a, and the co- 
efficients are given by 


"E: e (nde 


ft. Qr) ar 


The value of the definite integral in the denominator is 
given in the text-books, but no method of evaluating the 
integral in the numerator has been given. The object of 
the paper by Professor McMahon is to reduce this integral 
in the commonest case, viz., that in which $,(r) is expres- 
sible in a series of powers of r with integer exponents 
(positive or negative). For this purpose formule are 
given by means of which (z"J,(z)dx is made to depend 
on ST (z)dx and TA (z)dz, and ultimately on JA Leid 
alone. 

Thus the complex numerical treatment of a large class of 
cylindrical harmonic problems.requires the introduction 
and tabulation of a new fundamental transcendent, which 
may be defined by the equation 


Hy) = (4 0)ds. 


This function ‘may be tabulated either from the power- 
series, or from the relation i 


H,(2) = 2,2) + Äre + Ate +1. 


Professor Dickson developed the definition of Galois field 
' as follows: Let p be a prime number and P(z) a polynomial 
of degree n in x having integral coefficients, and suppose P(z) 
to be irreducible modulo p, +. e., suppose it to be Hmposrible so 
give P(z) the form 


P(z)-— P,(z) -P,(@)+p Fi); 
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where the P (z) are polynomials having integral coefficients, 
the degrees of P (x) and P,(z) being <n. If we divide any 
polynomial F(x) having integral coefficients, by the function 
P(x), we obtain a quotient@(z), and a remainder which can 
be written 


e f(z) +p ae), f(t) Sat ae + ag + + an, 
where every a, is a positive integer <p. Hence 

F(z) = f(z) + P(2) Q(2) + p a2). 
We say f(z) is the residue of F(z) modulo p and P(x) and 
eg FC) äis) [mod p, Po]. 


The totality of functions F(z) obtained by giving to the 
polynomials Q(x) and q(x) all possible forms is said to 
constitute & class of residues. Two polynomials 


F(a) = fe) + PE) Q) +p) (=1,2) 


belong to the same or different classes according as f, and f, 
are identical or not. Each a, in f(x) having p values, there 
are evidently p" distinct classes of residues. The class to 
which F + F, or F, F, belongs depend merely upon the 
functions f, 3- f, or f, f, being independent of the Q, and o. 
Hence classes of residues combine unambiguously under ad- 
dition, substraction and multiplication. Furthermore, an 
arbitrary class Cr, may be divided by any class Cr; not the 


class zero, yielding as quotient a unique third class. In 
fact, p béing prime and P(z) irreducible modulo p, and 
F (z) being not divisible by P(z) modulo p, we can deter- 
mine, by a process analogous to that for finding the great- 
est common divisor, integral functions F; (z) and P'(x) such 
that 

Fa) Fix) — P(x) P'(x) =1 (mod p). 


Hence ‘the function F/F, belongs to the class unity. It 
follows that 


The p classes of residues modulis p and P(x) therefore form a field, 
called a Galois field of order p". 
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The main object of Mr. Fite’s paper was to demonstrate 
the following theorems : 

Turorem I. If the commutators of a metabelian* group 
G of order p”, p being a prime, form acylical group of order 
p^, then the number of independent generators of any given 
order of the group of cogredient isomorphisms G’ must be 
even. . 

Teeorem II. There are exactly 8 + 1 groups of order 
petäëe, p being an odd prime, s being any positive integer, 
and Bo, such that their invariant operators form a cylical 
group of order p* and that their groups of cogredient isomor- 
phisms are abelian of the type (£, 8, --- to 2s terms). 

Tuxrorem III. - The number of metabelian groups whose 
invariant operators form a cyclical group of order p* and 
whose groups of cogredient isomorphisms are of the type 
(2, a, , to 28, terms; a,, a, -+ to 28, terms ; -- ; a, a, ,--- tO 


Ze, terms), where s,, 8, =, 8, are positive integers an 
a L a a, Dach <a, is (4 +1) (4,— a+ 1)(a,—2,- 1) 
(ana +1). 


The curve studied by Mr. Loud is the parallel to the hy- 
pocycloid of four cusps, and is briefly noticed by Salmon in 
his Higher plane curves, §§ 118 and 119. The present pa- 
per gives a simple method of construction by points and 
establishes several theorems connecting the curve with the 
metric geometry of n lines in a plane. The treatment 
adopted employs the circular coördinates x and y, equal re- 
spectively to z + iy and x — iy in the Cartesian system. Some 
of the more obvious properties of the curve, as well as its 
varieties of form, are deduced. The methods and results 
given by Professor Morley in the second number of the 
Transactions have been extensively employed. 


In his first paper Professor Stockwell argues that ancient 
eclipses throw much more light on ancient chronology than 
might be inferred from the paper by Professor McFarland - 
which was read before this Section atthe Columbus meeting. 
The second paper is intended to show that there are secular 
equations of the mean distances of the planets from the sun. 
The third paper is in abstract as follows: 

The Laplace coefficients of planetary perturbation arise 
from the development of the function | 





*If the commutators of a group are self-conjugate the group is called 
metabelian. The group of cogredient isomorphisms of such a group is 
abelian, and conversely. 
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{1 + a — 2acos 81— 


in an infinite series depending on the cosines of 8 and ite 
multiples. If we assume that 


{1+ a? — 2a cos B1 = 35,9 + b,? cos f + 5,9 cos 2 8 


. + 6,9 cog 38 + ... + 5,9 cos ap, (1) 
the coefficients 6,” are the Laplace coefficients required. 
2a 
If we put 14 374^ (2) 


we shall have 
{1+ d — 2a cos B] =(1 + a) [1— a cosp}; (8) 
and if we now assume that: 


{1 — a’ cos 817 = 48,9 + 5,9 cos + b,” cos 28 

+ 8,9 cos 38 + - + 6, cos df, (4) 

we shall have 
b" — DO. Drei, (5): 


If we now develop the first member of equation (4) by 
the binomial theorem, we shall have an infinite series of 
terms which may readily be computed by means of a table 
of logarithms of the coefficients of the different powers of 
cos f, together with a similar table of logarithms of the 
coefficients cos"? when it is developed in terms of the co- 
sines of f and its multiples. 

Tables containing the logarithms of the coefficients of 
these functions have been computed, so that we may easily 
compute all values of b,” for all values of i = 0, to 4 = 36. 


And when 8,” has been found b,® may be found by equation 
(5). ; 


CoRNELL UNIVERSITY. 


G. A. MILLER. 
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NOTE ON GEOMETRY OF FOUR DIMENSIONS. 
BY PROFESSOR E. 0. LOVETT. 
(Read before the American Mathematical Society, April 28, 1900.) 


1. Speculations relative to the geometry of n dimensional 
space havé followed several fairly well-defined trends which 
not infrequently cross one another: 1° A direct extension 
of the Cartesian geometry, which extension is to be regarded 
as nothing more than a convenient form of phraseology ; 
in this form did » dimensional space spring forth from the 
minds of Grassmann, Cayley, Gauss, and Cauchy, and the 
idea was likely familiar to Euler and Lagrange. 2° The 
transformation of the ordinary visualizable spaces of two 
and three dimensions into manifoldnesses of higher or lower 
dimensions by introducing space elements other than the 
point or its dual element; for example, the line geometry 
of Plücker, the sphere geometry of Lie, the five dimen- 
sional manifoldness of all conics in the plane as an auxiliary 
to Ball’s theory of screws; this category becomes more 
concrete perhaps than any other. 3° The absolute geom- 
etry of space; here would appear the celebrated disserta- 
tion of Riemann, the well-known memoirs of Helmholtz 
and Lie and the elaborate treatise of Veronese. 4° Tho 
extension of the methods of ordinary differential geometry 
to spaces of many dimensions; to this class belong the 
works of Christoffel, Beltrami, Bianchi, Cesäro, and Ricci, 
and ‘the quite recent contributions of Darboux and his 
pupils. 5° The direct extension of the concepts and prob- 
lems of metrical and projective geometry of ordinary space, 
as exemplified in the memoirs of Jordan, d’Ovidio, and 
Veronese. 6° The theory of birational correspondences 
between n dimensional aggregates as studied by Noether, 
Kantor, and Brill. 7° The descriptive geometry of space 
of n dimensions as begun in the papers’of Veronese, String- 
ham, Schlegel, and Segre. 8° The kinematics of higher 
spaces as developed by Jordan, Clifford, and Beltrami. 
9° The interpretation of n dimensional geometry in the 
light of the theory of groups as exhibited by Lie, Klein, 
and Poincaré. 

2. It is proposed here to make an expository contribution 
to the ninth and fourth of the above categories, construct- 
ing ordinary four dimensional space by the method of ,Lie’s 
theory of continuous groups, and studying curves of triple 


1900.1 GEOMETRY OF FOUR DIMENSIONS. 89 


curvature by the intrinsic analysis developed by Cesäro in 
his Lezioni di geometria intrinseca. 

3. With regard to the space it is assumed : 

1° That it is a four dimensional manifoldness, d e., that 
four independent data are necessary and sufficient to de- 
termine the position of an element of the manifoldness ; 
these four independent things are called the coórdinates of 
the element. 

2° That a figure of the manifoldness possesses ten degrees 
of freedom within the manifoldness; 7. ¢., that ten inde- 
pendent data are necessary and sufficient to render a rigid 
body fixed in position ; the latter ten independent things 
are called the parameters of the figure. 

For convenience let the element be called a point, and its 
coordinates be designated by x, y, z, t. Consider any figure 
containing this point and let its parameters be a, a,, +, a. 
Let the figure assume a new position and call sa, z', E 
the coordinates of the new position of (a, y, z, t). Then 


a! = E(a, y, 2, t, 4,0,,77, Gol Y= 2 (2, Y, % ty a, 0,77, io); 


a= C(z, y, 2, t Gy, Geo uy Bq), C = TCE, y, e, t, 03, Ay, Go) 


The operation changing x, y, z, t into £, 7, €, r represents 
one of the motions of a four dimensional figure, and the 
ensemble of all these operations constitutes a continuous 
group with ten parameters. The identical transformation 
ought to appear among these operations. There must then 
be a system of the parameters a,, a,, +, a, such that 

Ê=zx, y (=, rcl 


It is legitimate to assume the preceding system of values 
to be 


q, — d, m ay — |. 


Àn infinitesimal transformation of the group is one whose 
parameters differ by infinitesimals from those giving the 
identical transformation; in this case the infinitesimal 
transformation is obtained by assigning infinitesimal values 
to the parameters themselves; i. ¢., by such a transforma- 
tion z, y, 2, t are changed to . 


no Of 10 O7 1 Of 10 Or 
s + REN y + M aa! 8 + EEN t+ 243, 


in tHe partial derivatives of which the odp should be put 
equal to zero. j 
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Writing for short 


Ff F of əf 
Pe q= ay’ ra, Brad 


Lie’s symbol for the above infinitesimal transformation is 


Tapas" +9345" 


Putting 
ə ; 
J, =p% EI tr s (i21, 2, +, 10) 


rH 


ur D SEN 





any infinitesimal transformation is written 
10 
I= ze, 
1 
By a fundamental theorem of Lie, if we put 


g, ye 2525 25,24. RIAL ona; 
eh “Op Or Ox ap. ðs 9 at Os ? 


1=10 (1,3) 


ER J) => Ad, Dest 10; j= 1, --,10) (1) 


where the Up are constants. There are forty-five of these 
equations, but the four hundred and fifty Ae are not wholly 
arbitrary, since the following one hundred and twenty iden- 
tities of Jacobi must hold 


Jp (J5 nt (Jp JO) HF In Sy J) = 9, (2) 
(i j, k= 1, 2, = , 10). 


Every- set of J’s satisfying (1) and (2) reveals a space 
whose independent infinitesimal motions are represented 
by the infinitesimal operations of the set. Those functions 
of the elements that are invariant under these transforma- 
tions will characterize the geometry of the space. 

4. It may be verified without difficulty that the following 
forms for the fundamental transformations -J Jy +, Ji) 
which are functions of z, yy, t, p, q, T, 8, namely : 


zq — yp, yr—2q, X5 ip, 
D; d; 7,8 (8) 
zp — zr, tr — 28, ys — tq, 


satisfy the conditions (1) and (2). 


1900. ] GEOMETRY OF FOUR DIMENSIONS. 91 

Let (x, y, z, t) and (2', y, 7,#) be any two points, and 
(2p Yo 25 5), (&, Yr, 2, À”) be their positions after they are 
| to the transformation 


where the J’s have the value (3). 
Let y(x, y, 2, t, z', y, z', t) be a function which is abso- 
lutely invariant under this operation ; then must 


Pla th Ay by 2, D ms A) = PCR, y, 2, t, z, y, z, Y), 
that is - 
Ig =0 


for all values of the a’s; hence equating to zero the co- 
efficients of the a's in [p we have the following system of 
linear partial differential equations for the function g : 








re 
Sp eredi Bt =o 
See Bt EE 
d à ə dp 


Ka p 
Yap toy + Vay Ter 


This system of ten equations in eight variables should not 
in general possess a solution. However the equations are 
not all independent. If the first seven be multiplied re- 
spectively by the following functions 


zy! — aly dd gn Ye 
y—-y7 7 yy? y—y! y —y? 


&nd the results be added, the eighth equation of the gystem 
is obtained ; similarly, if the multipliers be 


0, 0, 





H 
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y! —yt dt Kaff ds 


0, 0, DEE z— g? ’ y—y’ z— g 








the ninth equation results; and finally if the multipliers ' 


0, 0, 0, zy —zy dr avt yy A 
pu u’ u) gl el na” 

be taken, the summation yields the tenth equation of the 

system. 

The system corhposed of the first seven equations posses- 
ses at least one solution; that it has no more is readily 
seen by noting the fact that not all seventh order determi- 
nants of the matrix 





0 0 0 0 1 0 0 0 
0 0 0 0 0 1 0 0 
0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 1 
y-y P 0 0 —y xc 0 0 
0 z—z y—y 0 0 —z y 0 
V—t 0 0 x—x —t 0 0 z 


vanish; for example, the one formed by the last seven 
columns, whose value is written down at once as (s — z')' 


(y— y). 

The unique solution of this system appears by observing 
that the first four equations demand that the solution SE a 
function only of 


enz, Yey-—y, Z=:-—7, Tst—-t; 
the last three equations become 


Ze 9 7 OP dp Ze — 
ar” Yo az-^7ay" 9 I Tax”) 


X 
which require that e be of the form 
2?’+-7?+2+T7T; 


that is, the function 
V-a FU- yY FEFE (8 


is an absolute invariant under the most general transforma- 
ton of the group (8). This function is said to define the 
distance between the two points (x, y, 2, t), (x, y, z, Y). 
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5. Consider now the linear element manifoldness 


z+ü+a —=0, 
Een (5) 
atnite = 


It is proposed to find the variations experienced by l, m, n, 
a, b, o, under the operations (8). This determination is 
readily effected in the following manner: 

The total variations of (5) give 


(æ +t + a)j=0, d(ytmi+b)=0, Ketnt+o)=0. (6) 


In (6) are substitued successively the increments assigned 
to z, y, z, tby the transformations (3). ‘A comparison of 
the resulting equations with the equations (5) gives equa- 
tions for the variations of l, m, n, a, b, c, The results are 
tabulated below : 


Transfor- 
mation. al dm en da’ db de 
p 0 0 0 —1 0 0 
q 0 0 0 0 —1 0 
T 0 0 0 0 0 —1 
8 0 0 0 —l —m —n 
xg—yp —m l 0 —b a 0 
yr—zg —n m 0 —c b 
zs— ip P+1 im In al am an 
zp—zr n 0 —l o 0 —a 
tr—z —mn —mn —(l+n)  —e —em —en 
ys—tq lm 1+m° mn bl bm bn 


Two linear manifoldnesses (J, m, n, a, b, c), (l/ m, ai, 
a', b', d) possess invariants under the preceding transforma- 
one These appear as solutions of the simultaneous 
system composed of the ten equations 





ar SF dm + Sant SF 0042 2 ab + ot Pay + 


-=0, 


. formed by assigning successively to the variations the values 


given in the above table. This system has two independent 
solutions. These are analogous in form to the expression 
for‘ the distance between two straight*lines in ordinary 
space. There exists however another unique invariant of 
the two linear manifoldnesses, namely 
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de 9o ‚99 , 99 
"3p am + ™ On Om = à 
dP pP, ER OR, 
Lo aos ad 
Oe e ,99 A 
a STEE 0, 





(P+ 5$ S+ Im À Zi E + (41) 99. ar 


+ tm 2 + “a j 





9g à 99 KEE 
may + Cm +1) + moe ? qm ar 
+ (m” o 0, 
in SF Op 9o 


nd d tn! IP 
+ mn = m tO tiz T In oF + min oe 


"m 


which possesses a solution since the determinant of the 


coefficients is zero. 
From the first three equations it is seen that ¢ is a func- 


tion of 
P+mtn, tm? tn", W + mm + mm; 
calling these respectively u, v, and w, the last three equa- 
tions become 
a5 ary SÉ Tc ryw oe = 0, 


wo ^v SF + (m+ mu di 


Inu’ = + Zug 4^ 99 ST (n+ nyw 2€. = 0, 


where 
w=u+i, v=v+il, w-—w-41, 


and, as should be the case, the determinant of the coeffi- 
cients is zero. From any one of the three we have 
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dw ,dv dw, 
PAT ARTE 


2 


uy 





that is, the solution ¢ is of the form 


or 
(W + mm’ + nn’ +1)" 
(P+ m? 4. n! 4-1) +m +n" +1) 


and the invariant 0 is defined to be the angle between the 
two linear manifoldnesses. 

The fundamental notions of distance and direction are 
thus introduced by the invariants (4) and (7), the former 
relative to two elements of the space, the latter relative to 
two simplest manifoldnesses composed of a simply infinite 
number of these elements. All the derived notions of 
geometry may then be developed by as simple extensions of 
these two primary notions from three dimenstons to four 
dimensions as occur when passing from the plane to ordi- 
nary space. 

6. A curve in a flat space of four dimensions is said to 
have triple curvature when not every five consecutive points 
of it lie in a euclidean space of three dimensions. Such a 
curve possesses not only rectilinear tangents, and oscu- 
lating planes, but also osculating spaces of three dimen- 
sions ; by the latter is meant the limiting position of a se- 
cant three-dimensional space >,, MM MT Hi" as the three 
points W, M", M” approach coincidence with M. At 
every point M of the curve we have to consider a tetra- 
rectangular tetraeder which has as edges the tangent, the 
principal normal, the principal binormal, and the trinormal. 
By the principal normal is meant the only one of the c! 
normals at every point which lies in the osculating plane; 
by the principal binormal is meant the only one of the 
o" binormals at every point which lies in the osculating 
space; the trinormal is the only binormal perpendicular to 
the osculating space. 7 

Taking the origin of the coördinate system at a point M 
movable along the curve, assume the tangent as z-axis, the 
trinormal as y-axis, the principal binormal as z-axis, and 
the principal normal as taxis. Let dp, Ad, dy be the re- 
spective angles between two consecutive tangents, two ad- 
jacent principal binormals, and two adjacent trinormals, 
when the origin is shifted from M to a neighboring point 
M on the curve. The quadrangle of the direction cosines 
of the new axes referred to the old becomes 





= cog 6, (T) 
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x y 2 i 





z'|1 0 D dy 
y10 1 d; 0 (11) 
z] 0 -d 1 dé 
dde 0 —dy i 


The limits of the ratios of de, 29, 2; to MM’ as M ap- 
proaches M méasure the curvatures of the curve at M; the. 
first limit is called the flexion, the second the torsion, and 
the third the curvature; or perhaps more simply; the first, 
second, and third curvatures. Then if we put : 


dà = pde = rds = rdy, 


the numbers p, r, 7, the reciprocals of the curvatures, meas: 
ure three lengths which are called the radii of the respeé- 
tive curvatures. , : 

The array (11) shows that in order to discuss the curve 
in the domain of any of its points it is sufficient to know 
thé functions p, d, 7 ; that is, it is sufficient to give p, t, r 
as functions of s. Threé equations, the so-called intrinsic 
equations : 


SCP, 7, 7,5) —0, fip T, r, 8) —0, Áo, ty) 8) = 0 


which determine the radii of curvature as functions of s, de- 
termine at the same time the forms of those arcs of the 
curve which lie between points at which the tangent may 
become indeterminate ; they do not fix the position of these 
branches in space. : 

7. The method of the intrinsic analysis employed so suc- 
cessfully by Professor E. Cesàro in his Lezioni di geometria 
intrinseca and developed by him for curves and surfaces in 
Spaces of many dimensions may be exhibited for curves of 
triple curvature in detail in the following manner. 

Let P be a point in space referred to M as origin and 
generally movable with M; let its coördinates be x(s), y(s) 
2(3), t(3). Let DN be the point of the trajectory of P corre- 
sponding to M’; its coordinates referred to the axes at Mare 
z+ x, y + dy, z + ës t+ dt; its coordinates referred to the 
axes at Mf’ are x + dz, y + dy, z + dz,t+dt; finally let u, v, 
w, p be the coordinates of Jf referred to M. Then project- 
ing M'P' on the axes at M, we have by virtue of the array 
(11): 
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æ + ðs = u + © + dy — (t +dt) de, 

y + òy = v + y + dy — (z + de) dy, 

z + ðz = wd z + de + (y + dy) dz — (td dy, 
t+ 2t = p + t+ dt + (x+ da) de + (2+ da) dy. 


Excluding from further consideration here those curves 
for which it is not legitimate to assume that the limit of the 
ratio of the arc to the arc is unity, we have from the defini- 
tion of the tangent as the limiting position of a secant 


Kë Mou M. E 
eh £a ts 0, 


and the formule (12) give Cesàro's fundamental relations 


(13) 


The formulæ (12) are also applicable to the cosines a, f, 
y, e that define any direction, provided that u, v, w, p are 
zero, and the corresponding fundamental formulæ for this 
direction are found by replacing x, y, z, t in (18) respec- 
tively by a, A, y, e. 

From (13) the necessary and sufficient conditions for the 
immobility of a point are 


de t dy ad t y dt zopy 
Do p 0 ds» dst mv di 8 e (14) 
8. The above fundamental formule'may be employed to 
show that every trio of intrinsic equations determines a 
curve uniquely, at least between convenient limits of sin a 
range where the curvatures are finite and continuous func- 
tions of the arc. In fact there exists, by the theory of 
systems of linear differential equations, one and but one 
quatrain of functions z(8), y(s), z(s). t(8) satisfying the 
simultaneous system (14), and reducing to a, b, c, e for s = 0. 
These functions x, y, z, t are evidently the coördinates with 
regard to the tetraeder of origin M of that point whose coórdi- 
nates with regard to the tetraeder of origin O are a, b, c, *. 
As remarked above, the necessary and sufficient con- 
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ditions for the invariability of the direction (a, f, y, ©) are 
de e df d de 
T T B + e a y. 


dsp ds r de or't ? d o c (15) 
if (a, B, y, e,) and (a', P’, y', e’) are any two solutions of this 
system it follows from the equations of the system that 


À (aa! + BP E pr!) = 0, + S (P HP EP te) =O, 


d 
GOH ++) = 03 
that is 
Saa’, Sa’, Sa’? 


are integrals of (15). 
Hence if there be determined four systems of functions 
contained in the first of the following arrays 


a hAnna 1000 
a, Pa Ya © 0 1 0 0 
ds Bs fs 8 , 0 0 1 0 
o f, py. 5 0001 


in such & manner that they satisfy (15) and take the cor- 
responding values in the second array for s — 0, we have 


Sas —0, (i; Sag =l, (6—2; 

, that is, the determinant represented by the first array is 
orthogonal. The elements of this determinant are the di- 
rection cosines of axes of origin O with respect to those of 
origin M, since they give the directions of the former for 


s= 0, and satisfy the conditions (15) for the invariability 
of those directions. Then in all cases 


z= % + aa, + ba, + ca, + ea, y = Y + of, + bÊ, + eB, + eB, 
=a, + ay, + by, + ey, ge t= fk as, + bs, + ee, + es, ; 


for each value of s the constants a, b, c, e, can be determined 
in such manner that they represent the coördinates of Jf 
with respect to axes of origin O; for this purpose itis suffi- 
cient to put z, y, e, t equal to zero in the preceding equa- 
tions and solve for a, beer 


a= — (o mtf trot eb), b= — (auo d- Po tr + sh), 


16 
C= — (agro Pujol rot eh), C= — (ato Bo + Y nH eh). SS 
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Thus the curve defined'by & trio of intrinsic equations is 
uniquely determined ; by varying s the coordinates (a, b, c, 
6) of all of its points with regard to a system of immovable 
axes are known. 

9. It may be observed in conclusion that the whole theory 
of curves of triple curvature may be deduced by differentia- 
‘tion and elimination by means of the fundamental invari- 
ance conditions (14) and (15). 

Differentiating (16) we have 


da dz, db dc de 
ao — 8 (ne rato n qm a pT TAS 
also 

d'a e 

de p DH 


These formule lead to the following expressions for the cur- 
vatures as functions of there s: for the first curvature, or 
flexion, which measures the rapidity with which the curve 
deviates from being a straight line, 


à- CS] (2) (2) + G9) 


for the second curvature, or torsion, which expresses the 
rapidity with which the curve deviates from being a plane 
curve, 


se) a(S) — (ety }— {ote ee 
RTE | 


finally for the third curvature, which measures the rapidity 
of deviation from a curve of double curvature, 


1 dAY dB dC)! dEY 

pola) Hla) Hla) HG) 

where A= A/D, B= B/D, C= C/D, E-E'[D, 
PHA" + B?’ + C + En, 
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A', B', ©, E' being the minors corresponding to a, b, c, ein 
the Wronskian 


W= |, db de 


de 
de de del 
The above values for the curvatures are derived directly by 
Pirondini in Batiaglini’s Journal for 1890. 


PRINCETON, NEW JERSEY. 


NOTES. 


Tue closing (October) number of Volume I of the Trans- 
actions of the AMERIOAN MATHEMATICAL Socrery contains 
the following papers: ‘‘On surfaces enveloped by spheres 
belonging to a linear spherical complex,” by P. F. Santa ; 
“í On certain relations among the theta constants," by J. I. 
HuronrNsoN ; ‘On groups which have the same group of 
isomorphisms,” by G. A. Mirar ; ‘‘ Die Hesse’sche und die 
Cayley’sche Curve," by P. Gerpan; ‘‘ Application of a 
method of D'Alembert to the proof of Sturm’s theorem of 
comparison," by M. Béonzr; ‘‘ Two plane movements gen- 
erating quartic scrolls,” by E. M. Braxe ; ‘ The invariant 
theory of the inversion group: geometry upon & quadric 
surface," by E. KAsSNER ; ‘‘ A simple proof of the fundamen- 
tal Canchy-Goursat theorem.” by E. H. Moore ; '' Notes 
and errata: Volume I.” 


Tas mathematical section of the British association for 
the advancement of science held its meeting at Bradford, 
September 10, 1900, with Major P. A. MacMahon, F.R.S. 
as presiding officer, and Mr. E. T. Whittaker, secretary. 
The following papers were read : 

(1) Miss F. Harpoastte: Report (preliminary) on the 
present state of the theory of point groups. 

(2) Mayor P. A. MaoManon: ‘ A property of the char- 
acteristic symbolic determinant of any n quantics in n vari- 
ables.’’ 

(3) PROFESSOR Cyparissos STEPHANOS : ‘Sur les rela- 
tions entre la géométrie projective et la mécanique.”’ 

(4) Mr. H. B. CarsLaw: ‘The use of multiple space in 
applied mathematics.’’ 

(5) Mason P. A. MacManon: ‘The asyzygetic and 
perpetuant covariants of systems of binary quantics.”’ 
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(6) Leon, Got, ALLAN Cunninanam: ‘Determination 
of successive high primes." 

(7) Mr. A. B. Basser: “A quintie curve cannot have 
more than fifteen real points of inflexion.’’ 

(8) Mayor P. A. MaoManon: ‘On the symbolism ap- 
propriate to the study of orthogonal and Boolian invariant 
systems which appertain to binary and other quantics.’’ 

(9) Dr. J. Wins: "On the construction of magic 
squares.’ 

(10) Prorrssor J. D. EVERETT: ‘On a central-difference 
interpolation formula.’’ 

(11) Prorzssor Everett : “On Newton's contributions 
to central-difference interpolation." 

The committee appointed in 1888 to calculate tables of 
certain mathematical functions presented a report of their 
year’s progress. The work on which they have for some 
time been engaged, namely, the preparation of a new 
‘í Canon Arithmeticus,’ is now almost completed. The 
calculations were made by Lieut.-Col. ALLAN CUNNINGHAM. 


For volumes IV. and V; of the Encyclopædia of the 
mathematical sciences, edited by H. BuRKHARDT, and W. 
Fe. MEYER (see BULLETIN, 2d series, volume 3, p. 826 ; vol- 
ume 4, p. 32; volume 5, pp. 109, 151, 202, 266) ; the fol- 
lowing list of collaborators and subjects is announced : 

Volume IV: Mechanics.—A. Introduction: 1. The 
principles of rational mechanics, A. Voss, of Würzburg.— 
B. Mechanics of Points and Rigid Systems: I. Geometric 
foundation and development of concrete modes of represen- 
tation: 2. Theory of systems of vectors and screws, H. E. 
TIMERDING, of Strassburg ; 3, Geometry of masses, G. Jung, 
of Milan; 4. Kinematics, A. SogoExrLIESS, of Königsberg ; 
5. Elementary statics, including graphical statics, L. HEN- 
NEBERG, of Darmstadt; 6. Elementary kinetics, J. PETER- 
SEN, of Copenhagen. II. General analytical treatment of 
arbitrary systems with finite degrees of freedom: 7. Gen- 
eral developments, P. StÄcker, of Kiel ; 8. Complete treat- 
ment of special cases, P. SrÀckEL of Kiel; 9. Mathematical 
treatment of the problem of n bodies, E. T. WHITTAKER. of 
Cambridge, Eng. III. Applications, with consideration 
of disturbing influences: 10. Mechanics of the simplest 
kinds of physical apparatus and of experiments, PE. FURT- 
WÄNGLER, of Potsdam ; 11. Kinetic problems of machines, 
K. Hxuw, of Berlin; 12. Ballistics, C. CRANZ, of Stuttgart ; 
13. Sports, G. T. WALKER, of Cambridge, Eng.—C. Me- 
chanics of Deformable Bodies. I. Analytical geometrical 
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aids: 14. Vector analysis, M. Apranaa, of Göttingen. 
II. Hydrodynamics: 15. Physical foundation, A. E. H. 
Love, of Oxford; 16. Theoretical developments, A. E. H. 
Love, of Oxford ; 17. Hydraulics, part one: Flow of water 
in pipes, canals, etc., E. Panaprni, of Milan; 18. Hy- 
draulics, part two: Motors and pumps, M. GRÜBLER, of 
Charlottenburg ; 19. Motion of ships, A. KrıLorr, of St. 
Petersburg; 20. Aerodynamics, S. FINSTERWALDER, of 
Munich. III. Theory of elasticity : 21. Physical founda- 
tion, A. SowxERFELD, of Aachen; 22. Theoretical treat. 
ment of statical problems, O. TEDONE, of Genoa ; 23. Statics 
of building construction, E. Ovazza, of Palermo; 24. 
Vibrations, in particular acoustics, H. LA», of Manchester, 
Eng.; 25. Theory of measuring apparatus based upon elas- 
tic effects, Pu. FURTWÄNGLER, of Potsdam.—D. Mechanics 
of Systems Consisting of very Numerous Discrete Particles : 
26. The application of the theory of probabilities, L. Borrz- 
MANN, of Leipsic. 

Volume V: Physics.—A. Introduction: 1. Measures 
and measurement, C. Runes, of Hanover; 2. General 
properties of bodies, Gravity, J. ZENNECK, of Strassburg.— 
B. Thermodynamics: 3. General foundations of thermo- 
dynamics, Q. H. Bryan, of Upper Bangor, Wales; 4. Spec- 
jal substances and conditions, H. KAMERLINGH-ONNES, of 
Leiden, and J. Korrewes, of Amsterdam; 5. Dissipation 
of energy, including conduction of heat, E. W. Hosson, of 
Cambridge, Eng.; 6. Technical theory of heat, H. LORENZ, 
of Halle, and E. Rokr, of Gottingen.—C. Molecular 
Physies: 7. Fundamental notions concerning atoms and 
molecules; a. Introductory remarks on the atomic theory, 
L. BornrzwANN, of Leipsic; b. The mathematical founda- 
tions of chemistry, W. MEYERHOFFER, of Berlin; 8. Crys- 
tallography ; a. Theory of symmetry and structure, A. 
ScoHOENFLIEsS and O. Mtaan, of Königsberg ; b. Computa- 
tion and drawing of crystals, Tu. LrxBisOH, of Gottingen ; 
9. Kinetic theory of gases, L. BoLTzMANN, of Leipsic; 10. ` 
Capillarity and cohesion, H. Mınkowsk1, of Zurich; 11. 
Physical chemistry and electrochemistry, J. H. Van’r 
‘Horr, of Berlin.—D. Electricity and Optics: Physical 
foundations of the theory of electricity. 12. Action at a 
distance, laws governing elements, R. Rerrr, of Stuttgart ; 
13. Action of a field, Maxwell’s theory and allied topics, 
H. A. Lorentz, of Leiden; 14. Further developments of 
Maxwell's theory, Electron-theory, H. A. LORENTZ, of 
Leiden.—Speciul mathematical developments in the theory 
of electricity. 15. Electrostatics and magnetostatics, H. M. 
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MAODONALD, of Cambridge, Eng.; 16. Relations between 
electricity and elastic deformation, F. Pooxkıs, of Heidel- 
berg; 17. Stationary and slowly changing fields (electric 
currents, induction, and electrodynamics in the narrower 
sense), A. TAUBER, of, Vienna; 18. Relations of the elec- 
tric current to heat and magnetism, H. DIESSELHORST, of , 
Berlin ; 19. Rapidly changing fields, M. ABranam, of Göt- 
tingen ; 20. Technical electricity, To. Dxscourzs, of Göt- 
tingen.—Physical foundations of optics. 21. Older theories, 
A. WANGERIn, of Halle; 22. Electromagnetic theory of 
light, W. Wien, of Würzburg; 23. The part played by 
molecular physics and the electron-theory in optics, W. 
Wien, of Wurzburg.—Special mathematical developments 
in optics. 24. Ray treatment of optics and optical instru- 
ments, 8. FINSTERWALDER, of Munich; 25. Wave treat- 
ment of optics (interference and refraction), K. STREHL, of 
Erlangen; 26. Optics of crystals, F. Pooxxrs, of Heidel- 
berg.—E. Conclusion: 27. General physical notions and 
methods, A. SowERFELD, of Aachen, and J. LARMOR, of 
Cambridge, Eng. s 


CAMBRIDGE Univerarry.— Advanced mathematical courses 
for the current academic year are announced as follows: . 

Michaelmas term. 1900 :—By Professor Sir G. G. STOKES : 
Hydrodynamics, three hours.—By Professor A. R. FORSYTH: 
Abel’s theorem and abelian functions, three hours; In- 
variants and covariants, two hours.—By Professor G. H. 
Darwin: Lunar theory, three hours.—By Mr. R. PEN- 
DLEBURY: Theory of equations, three hours.—By Dr. E. 
W. Hosson: Spherical and cylindrical harmonics, three 
hours.—By Mr. J. Larmor: Electricity and magnetism, 
three hours.—By Mr. H. F. BAKER: Continuous groups, 
three hours.—By. Mr. H. M. MaopoNarp: Waves (espec- 
ially waves of light), three hours.—By Mr. H. W. Rıon- 
MOND : Plane analytical geometry, three hours.—By Mr. G. 
T. WALKER : The electro-magnetic field, three hours.—By 
Mr. E. T. WHITTAKER : The problem of three bodies, three 
hours.—By Mr. J. H. Gracw: Invariants and geometrical 
applications, three hours. 

Lent term, 1901 :—By Professor Sir G. G. STOKES : Phys- 
ical optics, three hours.—By Professor A. R. FORSYTH : 
Invariants and covariants (symbolical methods), three 
hours.—Fourier’s and other expansion theorems, two 
hours.—By Professor Sir R. S. Barr: Planetary theory, 
three hours.—By Mr. R. PENDLEBURY : Theory of num- 
bers, three hours.—By Dr. E. W. Hosson : Vibrations and 
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sound, three hours.—By Mr. J. Larmor: Electricity and 
magnetism (continued, more advanced), three hours.—By 
Mr. H. F. Baren: Discontinuous groups, three hours.—By 
Mr. H. M. Macponatp : Elasticity, three hours.—By Dr. J. 
W. L. Grauer: Elliptic functions, three hours.—By Mr. 
A. Berry : Elliptic functions, three hours.—By Mr. G. T. 
WALKER : Physical optics, three hours. —By Mr. G. T. BEN- 
NETT: Linear and quadratic complexes, three hours.—By 
Mr. E. T. WHITTAKER: Linear differential equations of 
the second order. 


Easter term, 1901 :—By Professor Q. H. DAnwrw: Figure 
of the earth and precession, three hours.—By Mr. W. L. 
. Morxison : Theory of potential and electrostatics.—By 
Mr. A. N. WnuirEEEAD : Non-euclidean geometry.—By Mr. 
G. T. WALKER : Rigid dynamics, three hours.—By Mr. DA, 
Brosrwicw : Algebra of matrices and bilinear forms. 
Long vacation, 1901:—By Professor Sir R. S. Barr: 
Theory of screws, two hours. - 


Tur several universities below offer during the winter 
semester 1900-1901 courses in mathematics as follows : 


UNIVERSITY OF SrRAssBURG.—By Professor T. REYE: 
Geometry of position, three hours; Analytical mechanics, 
two hours; Seminar, two hours.—By Professor H. WEBER: 
Elliptic functions, four hours ; Selected chapters of higher 
algebra, two hours ; Seminar in coöperation with Dr. WELL- 
STEIN.—By Professor G. Rots: Algebraic analysis and de- 
terminants, three hours; Analytical geometry of space, two 
hours; Ordinary differential equations, two hours.—By 
Professor A. KRAZER: Infinitesimal calculus, four hours; 
Plane analytical geometry, three houfs; Seminar, two 
hours.—By Dr. H. E. TrareERDING : Introduction to higher - 
analysis, two hours; Elasticity and rigidity, one hour.— 
By Dr. J. WELLSTEI : Descriptive geometry I. two hours, 
with exercises; Seminar, with Professor WEBER. 


University or TÜBINGEN.—By Professor A. v. BRILL: 
Introduction to higher mathematics, four hours; On non- 
rigid systems and the mechanics of Hertz, three hours ; 
Seminar, two hours.—By Professor H. Stau: Higher 
algebra, three hours; application of the theory of func- 
tions, four hours; Seminar, two hours.—By Professor L. 
Maurer: Higher analysis II, two hours, with exercises, 
one hour; Spherical trigonometry, one hour, with exer- 
cises, one hour; Theory of numbers, two hours. 


UNIVERSITY or WünzBuRG.—By Professor F. Prra: 
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Differential calculus, four hours, with exercises, two- hours ; 

Higher theory of functions, four hours ; Seminar in higher 

mathematics, two hours.—By Professor A. Voss: Introduc- 

tion to the theory of differential equations, four hours; 

Application of the infinitesimal calculus to the theory of: 
curves and surfaces, four hours; Seminar, in analytical 
and synthetical geometry of conics, two hours. = 


UNIVERSITY OF Vienna.—By Professor J. v. ESOHERIOH : 
Definite integrals and differential equations, five hours ; 
Proseminar, one hour ;. Seminar, two hours.—By Professor 
L. QEGENBAUER: Algebra III, two hours; Theory of 
numbers, three hours; Proseminar, one hour; Seminar, 
two hours.—By Professor F. Mertens: Elements of in- 
finitesimal calculus for students of all faculties, with exer- 
cises, five hours; Proseminar, one hour; Seminar, two 
hours.—By Professor G. Korn : Introduction to synthetic 
geometry, four hours, with exercises, one hour; Algebraic 
plane curves, one hour. —By Dr. V. Sersawr : Mathematics 
of insurance, two' courses of three and four hours, re- 
spectively.—By Dr. A. TauBER: Analytical mechanics, 
three hours; Mathematies of insurance, four hours, with 
exercises, two hours.—By Dr. E. BrAsoHkE: Introduction 
to mathematical statistics, three hours.—By Dr. K. Zsrc- 
MONDY : Surfaces of second order, one hour.—By Dr. R. D. 
v. STERNEOK : Differential geometry, three hours. 


UNIVERSITY or Ztrion.—By Professor H. BURKHARDT: 
Infinitesimal calculus, four hours ; Differential equations, 
four hours; Seminar, two hours.—By Professor A. WEILER : 
Analytical geometry, with exercises, four hours ; Descriptive 
geometry, with exercises, four hours; Synthetic geometry, 
two hours; Mathematical geography, two hours.—By Dr. 
F. Knarr: Modern synthetic geometry, four hours; An- 
alytical geometry, two hours; Analytical mechanics, four 
hours; Exercises in higher mathematics, two hours.—By 
Dr. E. GUBLER : Theory and resolution of Higher equations, 
with exercises, three hours; Methods of mathematical in- 
struction in secondary schools, two hours ; Spherical trigo- 
nometry, one hour. -` 


THE Gottingen Academy .of Sciences has awarded 800 
marks to Professor F. Kreın for his work on the Mathe- 
matical Encyclopædia. 


Proressor W. Dyox has been appointed director of the 
Technical High School in Munich for the next three years. - 


De. J. B. Faveut, recently assistant professor of. mathe- 
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matics in the University of Indiana, has been appointed 
professor of mathematics in the Northern Michigan State 
Normal School, Marquette, Mich. 


De. D. F. CAMPBELL, of the Lawrence Scientific School, 
Harvard University, has been appointed instructor in 
mathematics in the Armour Institute of Technology, Chi- 
cago, Ill. 

Dr. G. A. Briss has been appointed instructor in math- 
ematics at the University of Minnesota. 

Mr. W. B. Fon» has been appointed instructor in mathe- 
matics in the University of Michigan. 

Paorzssog F. H. Loup has resumed his duties at Colo- 
rado College after two years’ leave of absence. 

Prorzssor E. J. TowNsEND has returned to his position 
at the University of Illinois after two years of study at the 
University of Gottingen. 

PROFESSOR I. Strrivenam has returned to the University 
of California, after a year of travel in Europe. 

Proressor B. O. PxrmoE, of Harvard University, has 
been granted a year’s leave of absence. 

Prorzssor 8. J. Brown, astronomical director of the 
Naval Observatory, has been appointed superintendent of 
the Nautical Almanac, to succeed Professor H. T. Topp, 
who was retired by age on August 25th. 

Paorzssog R. E. ALLARDIOE, of Leland Stanford Uni- 
versity, is spending & year abroad on leave of absence. 


NEW PUBLICATIONS. 


L HIGHER MATHEMATICS. 


Abhandlung über eine besondere Klasse algebraisch 

Be Gleichungen. (18%9.) Herausgegeben von A. Loewy. 
Leipzig, Engelmann, 1900. 12mo. 50 pp (Ostwald’s Klassiker 
der exakten Wissenschaften, No. 111.) Cloth. M. 0.90 


BEER (F.). Kriterien für die Irrazionalitat von Funktionalwerten. 
(Diss.) Göttingen, 1899. 8vo. 61 pp. 

BEINHORN (J.). Zur Theorie der quadratischen Formen. (Diss. ) 
Marburg, 1900. Geo, 42 pp. 


BINDER (J. K.). Ueber eine gewisse Abbildung zweier Rotationshyper- 
boloide auf einander. (Diss.) Leipzig, 1900. Geo, 81 pp. 4 
plates. 
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Boram (K ). Zur Integration partieller Differentialsysteme. (Habili- 
tationsschrift.) Leipzig, Teubner, 1900. 8vo. 55 pp. M. 1.80 


BoRNEMANN (G.). Analytische Studien. (Progr.) Chemnitz, 1899. 
4to. 28 pp. 


BURONI (8.). See LAVAGGI. 


CAUOHY (A. L.). Abhandlung über bestimmte Integrale zwischen 
imaginaren Grenzen.- (1825.) Herausgegeben von P. Stickel. 
Leipzig, Engelmann, 1900. 12mo. 80 pp (Ostwald’s Klassiker 
der exakten Wissenschaften, No. 112.) Cloth. M. 1 25 


See LAGRANGE. 


ENGEL (F.). Sophus Lie. Ausführliches Verzeichnis seiner Schriften. 
Mit dem Bildnis Sophus Lies in Heliogravüre. Leipzig, Teubner, 
1900. 8vo. 42 pp. M. 2.00 


FABBBI (E.). Il teorema dell’integrale di Cauchy; contributo alla 
storia critica dell'analisi. Bologna, Zamorani e Albertazzi, 1900. 
8vo 71 pp. 


FLEOHSENHAAR (A.). Ueber Multiplizitit von Gleichungen. (Die) 
Giessen, 1899. 8vo. 27 pp. 


GUTZMER (A.), Havok (G.), HENSEL (K.), HEUX (K.). See JAHRES- 
BERICHT. 


JAKRESBERIOHT der Deutschen Mathematiker-Vereinigung. Vol. 8, 
Heft 2, enthaltend : Die Entwickelung der Lehre von den Punkt- 
mannigfaltigkeiten. Bericht, erstattet der Deutschen Mathematiker- 
Vereinigung von A. Schoenflies. Herausgegeben im Auftrage des 
Vorstandes von G. Hauck und A. Gutzmer. Leipzig, Teubner, 1900. 
8vo. 4+6-+-251 pp. 


Vol. 9, Heft 2, enthaltend : Die kinetischen Probleme der 
wissenschaftlichen Technik. Bericht, erstattet der Deutschen Ma- 
thematiker-Vereinigung von K. Heun. Herausgegeben im Auftrage 
des Vorstandes von K. Hensel und A. Gutzmer. Leipzig, Teubner, 
1900. 8vo. 6-+ 123 pp. 


KLEIBER (J.). Ueber die Priminvarianten quadratischer Formen beliebig 
hoher Stufe. (Progr.) München, 1900. 8vo. 68 pp. 


KowALEWSKI(G.). See LAGRANGE. 


LAGRANGE und CAUCHY. Zwei Abhandlungen zur Theorie der par- 
ziellen Differenzialgleichungen erster Ordnung. (1772 und 1819.) 
Herausgegeben von G. Kowalewski. Leipzig, Engelmann, 1900. 
12mo. 54 pp. (Ostwald’s Klassiker der exakten Wissenschaften, 
No. 113.) Cloth. My 1.00 


LAVAGGrI. Caloolo infinitesimale ; lezioni [dettate nell'anno] 1899- 
1900 nella r. università di Parma, compilate per cura di S. Buroni. 
Parma, Zafferri, 1900. 8vo. Pp. 433-660. 


LEITZMANN (H.). See PasoAr (E.). 
Livy (L.). Bee RoUOHÉ (E.). 
Lorwy (A.). See ABEL (N. H.). 


MEINEL (K.). Ueber Potenzlinien und Potenzkreise, das Apollonische 
Taktionsproblem und die Malfattische Aufgabe. (Progr.) Furth, 
1900. 8vo. 33 pp., 3 plates. 








` 
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PABCAL (E.). Repertorium der höheren Mathematik (Definitionen, 
Formeln, Theoreme, Literatur). Autorisirte deutsche Ausgabe nach 
einer neuen Bearbeitung des Originals von A. Sohepp. In 2 Teilen: 
Analysis und Geometrie. Teil I: Analysis. Leipzig, Teubner, 
1900. Bea 12+ 638 pp. Cloth. M. 10.00 


Die Determinanten. Eine Darstellung ihrer Theorie und An- 
wendungen mit Rucksicht auf die Gesamtheit der neueren Forschun- 
gen. Deutsch von H. Leitzmann. ‘Leipzig, Teubner, 1900. 8vo. 
16 + 266 pp. M. 10.00 

RouoHé (E ) et Lévy (L.) Analyse infinitésimale, à l'usage des in- 
génieurs. Vol. 1: Caleul différentiel. Paris, Gauthier-Villars, 
1900. 8vo. 8+559 pp. (Encyclopédie industrielle.) 


ScHEPP (A.). See PASCAL (E.). 


SCHERRER (O.) Ueber Kegelschnitte im Raume. (Progr.) Frauen- 
feld, 1900. 4to. 35 pp. 

SCHILLING (F.). Ueber die Nomographie von M. d’Ocagne. Eine 
Einführung in dieses Gebiet. Leipzig, Teubner, 1900. 8vo. 47 pp. 

M. 2.00 

Scuampt (R.). Beitrige zum Gesetze der kleinen Zahlen. (Diss.) 
Göttingen, 1900. Geo, 56 pp. E ` 

SOHOENFLIES (A.). See JAHRESBERICHT. 

STÄCKEL (P.). See Cavony (A L.). 

SUTER (H.). Die Mathematiker und Astronomen der Araber und ihre 
Werke. Leipzig, Teubner, 1900. 8vo. 94-278 pp. (Abhand- 
lungen,zur Geschichte der mathematischen Wissenschaften, Heft 
10.) ' M. 14.00 


Teror (H.). Ueber die }(p—1)gliedrigen Gaussischen Perioden in 
der Lehre von der Kreisteilung und ihre Beziehungen zu anderen 
Teilen der höheren Arithmetik. (Diss) Kiel, 1900. 8vo. 45 pp. 

Witske (K.). Zur Kreisteilung. (Progr.) Bromberg, 1899. 8vo. 
25 pp. 

. Zur Lehre von der Siebenteilung ganzer Zahlen. (Progr.) 

Bromberg, 1897. 8vo. 25 pp. 








“Ir. ELEMENTARY MATHEMATICS. 


' Boraoano (G.) See Soampa (V. G.). 


C. (D.). Exercices d’algèbre mis à la portée des jeunes élèves. Livre 
ge l'élève. 3e édition. Paris, André [1900]. 12mo. 69 pp. 


Livre du maître. Paris, André [1900]. 12mo. 44 pp. 


EGGERT (O.). Was muss man von der elementaren Geometrie wissen ? 
Allgemein verstandliche Einfuhrung. Berlin, Steinitz, 1900. 8vo. 
88 pp. M. 1.00 


Ermo (C. A d’). Corso completo di aritmetica razionale ad uso delle 
scuole elementari. Parte II, per Ja classe seconda. Sanremo, Bian- 
chen, 1900. 16mo. 31 pp. Fr. 0.25 


FAIFOFER (A.). Elementi di trigonometria piana e tavole logaritmico- 
trigonometriche ad uso dei licei 12a edizione. Venezia, Tipogra- 
fia Emiliana, 1900. 12mo. 92+68 pp. Fr. 2.00 
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HOČEVAR (F.). Geometrische Uebungsaufgaben fur das Obergymna- 
sium. Heft 2: Trigonometrie und analytische Geometrie. 3te Auf- 
lage. Wien und Prag, Tempsky, 1900. 8vo. 46 pp. Cloth. M. 0.80 


HuGoup (Mlle. M.). Arithmétique pour les écoles de filles (cours 
moyen). Arithmétique ; système métrique ; géométrie (875 exer- 
cıces eb problèmes). Paris, Colin, 1900. 12mo. 175 pp. (Cours 
-Berthe Leroux. ) 


Lonpon University matiiculation model answers : mathematics. Papers 
from June, 1893, to June, 1900. Answers by tutors of University 
Correspondence College. London, Clive, 1900. 12mo. 194 pp. 
(University tutorial series. ) 9s. 


MoGinnis (M. A.) The universal solution for numerical and literal 
equations by which the roots of equations of all degrees can be ex- 
pressed in terms of their coefficients. Kansas City, Mo., Mathemat- 
ical Book Co., 1900. 12mo. 104195 pp. Cloth. $1.25 


ManxNani(C.). Bulle figure simili e particolarmente sui poligoni piani 
sımili. Camerino, Borgarelli, 1900. 8vo. 25 pp. 


Mouxte’s Geometrische Formenlehre und Anfangsgründe der Geometrie 
fur Realschulen, bearbeitet von J. Spielmann. 18te Auflage der 
*'Anfangsgrunde der Geometrie. Wien und Prag, Tempsky, 1900. 
8vo. 4--158 pp. Cloth. M. 2.10 


Rosoi (F.) Grundlagen der Geometrie. (Progr.) Heidelberg, 1899. 
to. 5 pp. 


ROLLNER. Ueber Aehnlichkeit und Symmetrie als grundlegende Prin- 
zipien der Geometrie nebst elementaren Regeln zur unmittelbaren 
Raumkonstruktion. Fortsetzung und Schluss. (Progr.) Romer- 
stadt, 1900. 8vo. 28 pp. 


Roun (K.) Die Entwicklung der Raumanschauung im Unterricht. 
Festrede. (Progr.) Dresden, Dressel, 1900. 4to. 7 pp. M. 0.80 


Soarpa (V. G.) e BonaoaNo (G.). Lezioni di aritmetica, geometria e 
sistema metrico decimale per il corso elementare superiore, approvato 
come libro di testo dal ministero per la pubblica istruzione il 25 set- 
tembre, 1897. "in edizione. Torino, Paravia, 1900. 16mo. 120 pp. 

( Fr. 0.70 


SOHALLY (O.). Einiges zur methodischen Behandlung der Operationen 
der beiden ersten Stufen und der durch diese notwendig gemachten 
Erweiterungen des naturlichen Zahlengebietes. (Progr.) Aussig, 
1900. 8vo. 11 pp. 


SCHRODER (T.). Auflosungen von Aufgaben aus der ebenen Geometrie 
(Progr.) Nürnberg, Schrag, 1900. Svo. 28 pp. M: 0.60 


Scorrr (G ). Elementi di geometria ad uso dei corsi complementari, 
secondo gli ultimi programmi governativi. Torino, Tipografia Sale- 
siana, 1900. 16mo. 136 pp. Fr. 1.00 


SMITH (C.). Elementary algebra for the use of preparatory schools, re- 
vised and adapted to American schools by I. Stringham. New York, 
Macmillan, 1900. 12mo. 2d briefer edition, 11 + 438 pp.; 2d com- 
plete edition, 12 + 672 pp. Cloth. $1 20 


SPIELMANN (J.). See MoonrK. 
SrRINGHANM (I). SeeSarru (C.). b 
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THIEME (H.). Die Umgestaltung der Elementargeometrie. (Progr. ) 
Posen, 1900. 4to. 40 pp. 


ToBEL (E. von). Geometrie für Sekundarschulen. 2te Auflage. Zürich, 


Füssli, 1900. 8vo. 126 pp. Boards. M. 1.30 
VERDELLI (E.). Lezioni di aritmetica razionale. Piacenza, Tipografia 
Piacentina, 1900 16mo. 119 pp. Fr. 1.50 
VoLpi (R.). Introduzione allo studio dell’algebra. Modena, Rossi, 1900. 
8vo. 60 pp. 


WERNECKE (H.). Arithmetische Reihen (Progr.) Berlin, 1900. 4to. 

35 pp. 
III. APPLIED MATHEMATICS. 

BARTL(J.). Die Berechnung der Zentrifugalregulatoren. Leipzig, 
Felix, 1900. 8vo. 8-88 pp. M. 3.50 

BeaGI (E.). See VEcouI (V.). 

BIRKENMAJER (L. A.). See BRUDZEWO (A. DE). 

BLAOHE. Bee DUSUEL. 

BoHLMANN (G.). See KLEIN (F.). 

BRILLOUIN (M.). See MÉMOIRES. 


BRUDZEWO (A. de). Commentariolum super theorias novas planetarum 
Georgii Purbachii in studio Cracoviensi diligenter corrogatum anno 
1482. Post editionem principem Mediolanensem a. 1495 ad fldem 
codicum prsesertim antiquissimorum denuo edendum curavit L. A. 
Birkenmajer. Cracovis, 1900. 8vo. 66 +169 pp. M. 5.00 


BURONI (8.). See CARDANI (P.). 


CARDANI (P.). . Fisica matematica ; lezioni [dettate nell'anno scolastico] 
1899-1900 nella r. università di Parma e compilate per cura di S. 
Buroni. Parma, Zafferri, 1900. Geo, Pp. 129-240. 


CREPAZ oan Proprietà meccaniche dell'etere distribuito nei cristalli. 
(Progr.) Triest, 1900. 8vo. 37 pp. 


Descoupres (T.). See KLEIN (F.). 


DUSUEL, LEGIGAN et BLACHE, Etude sur la mesure des hauteurs (büti- 
ments, arbres, meules, eto.) accessibles ou inaccessibles, Problèmes 
pratiques d’altimétrie, snivis de la description de quelques instru- 
ments spéciaux (dendromètres et graphoverticimètres), à l'usage des 
conducteurs de travaux, entrepreneurs, métreurs, eto. Amiens, Im- 
primerie picarde, 1900. 8vo. 63 pp. Fr. 1.50 


FERBEL. Seo MÉMOIRES. 
GAHL(R.). Studien zur Theorie der Dampfdrucke. (Diss.) Gottin- 
gen, 1900. 8vo. 39 pp. 


GOLDSCHEIDER (F.). Ueber die Gauss’sche Osterformel, IL (Progr.) 
Berlin, 1899. 4to. 30 pp. 


GWYTHER (R. Pl The classes of progressive long waves. ran 
Magazine, August, 1900, pp. 213-216.) 8vo. 


Anappendix tothe paper on the classes of progressivelong waves. 
(Philosophical Magazine, September, 1900, pp. 308-312.) 8vo. 


D 
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. The general motion of long waves, with an examination of the 
direot reflection of the solitary wave. (Philosophical Magazine, Sep- 
tember, 1900, pp. 349-352.) 8vo. 


HADLEY, HALLEY, HELMHOLTZ. See MÉMOIRES. 


HERBERTSON (A. J.). The monthly rainfall over the land surface of 
the globe. (Diss) Freiburg [1900]. Geo, 60 pp, 1 plate. 


HOLLARD (A.). La théorie des ions ot l'électrolyse. Paris, Carré et 
Naud, 1900. Geo, 167 pp. (Bibliothèque de la Revue générale des 
sciences. ) : 


Jona (J.). Die Elemente der Versicherungstheorie in synthetisoher 
Behandlung. (Progr.) Pilsen, 1900. 8vo. 16 pp. 


KLEIN (F.) und RrgcKE (E.). Ueber angewandte Mathematik und 
Physik in ihrer Bedeutung fur den Unterricht an den hoheren 
Schulen. Nebst Erlauterung der bezuglichen Göttinger Universi- 
tätseinrichtungen. Vorträge, gehalten in Gottingen, Ostern 1900, 
bei Gelegenheit des Ferienkurses für Oberlehrer der Mathematik 
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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


A REGULAR meeting of the AMERICAN MATHEMATICAL So- 
OIETY was held in New York City on Saturday, October 27, 
1900, extending through the usual morning and afternoon 
sessions. Thirty-two persons were in attendance, includ- 
ing the following twenty-five members of the Society : 

Professor E. W. Brown, Professor F. N. Cole, Dr. J. 
W. Davis, Dr. W. 8. Dennett, Professor T. S. Fiske, Mr. A. 
B. Gale, Miss Ida Griffiths, Miss Carrie Hammerslough, Dr. 
A. A. Himowich, Professor Harold Jacoby, Mr. S. A. J offe, 
Dr. Edward Kasner, Mr. C. J. Keyser, Dr. G. H. Ling, 
Dr. Emory McClintock, Dr. G. A. Miller, Professor R. W. 
Prentiss, Dr. P. L. Saurel, Professor P. F. Smith, Professor 
J. H. Van Amringe, Professor E. B. Van Vleck, Professor 
J. M. Van Vleck, Professor L. A. Wait, Miss E. C. Wil- 
liams, Professor R. S. Woodward. 

Professor Thomas S. Fiske, Vice-President of the So- 
ciety, occupied the chair. The Council announced the elec- 
tion of the following persons to membership in the Society : 
Professor G. L. Brown, South Dakota Agricultural College, 
' Brookings, So. Dak. ; Mr. C. H. Davis, New York, N. Y.; 
Dr. D. N. Lehmer, University of California, Berkeley, 
Cal. ; Miss Ida M. Schottenfels, Chicago, Ill.’; Professor F. 
D. Sherman, Columbia University, New York, N. Y.; Mr. 
Burke Smith, Northwestern University, Evanston, Ill. 
Twenty-five applications for membership were received. 

It was decided to hold the next summer meeting and col- 
loquium of the Society at Cornell University. A committee, 
consisting of Professors W. F. Osgood, James Pierpont, J. 
H. Tanner, and H. S. White, was appointed to cooperate 
with the Secretary in making the necessary arrangements. 
The conditions are favorable for extending the colloquium 
through a period of two or more weeks. 

The following papers were read at this meeting : 

(1) Professor Maxie BÖCHER : ‘On linear dependence 
of functions of one variable.” 

(2) Professor DA em HILBERT : “ Ueber Flächen von con- 
stanter Gauss’cher Krümmung." 

(3) Professor E. O. Loverr: ‘Three notes on the geo- 
metry of contact transformations." 

(4) Dr. G. A. MILLER : ‘On a theorem in substitutions.” 

(5) Mr. H. W. Kuan: “Several theorems on imprimitive 
groups." : 
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(6) Professor S. L. PExrIELD ; ‘The solution of spher- 
ical triangles by graphical methods, with exhibition of 
scales and protractors.’’ 

(7) Miss I. M. SonorTenreLs : ‘‘On a set of definitional 
functional properties for the analytical function : 


jaja 


T 





(8) Professor P. F. Suara: ‘Geometry within a linear 
spherical complex." 

(9) Dr. E. J. WILOZYNSKI : í Invariants of systems of 
linear differential equations." 

Professor Hilbert’s paper was presented to the Society 
through Professor E. H. Moore, Mr. Kuhn's through Dr. 
G. A. Miller, and Miss Schottenfels’s through the Secre- 

. Professor Penfield was introduced by Professor P. F. 
Smith. In the absence of the authors, Mr. Kuhn's paper 
was read by Dr. Miller, and the papers of Professor Bócher, 
Professor Hilbert, Professor Lovett, Miss Schottenfels, and 
Dr. Wilczynski were read by title. : 

Professor Bécher’s paper appears in the present number 
of the BunLETIN. Abstracts of the remaining, papers are 
given below. 


Professor Hilbert’s paper will appear in an early number 
of the Transactions. Following Beltrami, it is known that 
a piece free of singularities of a surface of negative con- 
stant curvature makes real in the domain of ordinary 
euclidean space & piece of a Lobachevsky (non-euclidean ) 
plane, the straight lines of the Lobachevsky plane corre- 
sponding to the geodetic lines of the surface of negative 
constant curvature and the distances and angles in the 
plane being the real distances,and angles on the surface. 
Of the known surfaces of negative constant curvature there 
is none which in all its extent is continuous and has a con- 
tinuously varying tangent plane ; on the contrary all such 
known surfaces have singular lines beyond which a con- 
tinuation of the surface with preservation of the properties 
just mentioned is impossible. The first part of this mem- 
oir concludes with the theorem that there exists no surface 
of negative constant curvature which in all its extent is 
continuous and has a continuously varying tangent plane, 
and hence that the complete Lobachevsky plane cannot by 
the method of Beltrami be realized in ordinary euclidean 


space. 
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The principal theorem of the second part is this: On 
any simlpy or multiply connected closed region entirely in 
the finite and free of singularities lying on an analytic sur- 
face of positive constant curvature + 1 the greater of the 
two principal radii of curvature of the surface at the vari- 
ous points of the region takes its maximum value ata point 
of a boundary, and at an interior point only if the surface 
is a part of the sphere of radius 1. From this follows im- 
mediately a new proof of the theorem proved by Liebmann 
( Gottinger Nachrichten, 1899) that the sphere of radius 1 is 
the only closed analytic surface free of singularities and of 
positive constant curvature +1. 


Professor Lovett’s paper consists of three notes. The 
first is a collection of original problems relative to the con- 
tact transformations between the principle elements of ordi- 
nary space, namely points, planes, straight lines, and spheres, 
and has been sent to the Annals of Mathematics for publica- 
tion. 

The second constructs the invariants of an n dimensional 
space as was done for four dimensional space in a recent 
number of the BurerTix. It has been offered to the Amer- 
ican Journal of Mathematics. 

The third determines all contact transformations between 
singular manifoldnesses of surface elements and employs 
the results to effect the integration of the equations defin- 
ing certain other categories of transformations, A surface 
element is the ensemble of a point and a plane through it, 
the dimensions of the plane being infinitesimal. Two sur- 
face elements are said to be associated when the point of 
each lies in the plane of the other to terms of the first 
order. An element manifoldness of surface elements is an 
aggregate such that every element of the aggregate is 
associated with its infinitely near neighboring element. 
These notions of surface element and element manifold- 
ness were introduced by Lie. Now among these element 
manifoldnesses there exist certain ones which enjoy the 
property that every element of the aggregate is associated 
not only with ite nearest neighbor but'also with every other 
element of the family. Such element manifoldnesges might 
be called singular. There are but three varieties of such 
manifoldnesses, namely, the aggregates of all the surface 
elements of a point, of all those appertaining to a straight 
line, and of all the elements belonging to aplane. If it be 
proposed then to determine all the contact transformations 
which change singular element manifoldnesses into such, 
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the following cases call for further examination : 1° those 
which change point into point; 2° those which change 
point into point and plane into plane; 3? those which 
change point into plane and plane into point; 4° those 
which change straight line into straight line; 5° those 
which change plane into plane. The first three categories 
are well known to consist respectively of the infinite group 
of all extended point ‘transformations, of the finite group 
of all projective transformations, and of all dualistic trans- 
formations. The fourth category is equally well known 
to consist of the second and third categories, a result 
which yields itself immediately from the above defini- 
tion of singular element manifoldness. The fifth category 
. which does not seem to have been constructed is readily de- 
signed geometrically from the products DPD, where D is 
the general dualistic transformation and P is an arbitrary 
point transformation. 


Dr. Miller's paper is in abstract as follows: Let 8, e, be 
any two substitutions which involve the same n letters, and 
let G,, G be the groups which are composed of all the syb- 
stitutions in these ^ letters that are commutative with 
&, 8, respectively. The necessary and sufficient condition 
that G, G, represent the same substitution group is that 
&, 3, are similar. All the substitutions of degree m that are 
commutative with s, form a group. When m — n +b and 
this group involves all the letters of s, it is the direct pro- 
duct of G, and the symmetric group of degree b. Two dis- 
similar substitutions of degree n give rise to two distinct 
groups of degree m. Hence every substitution 8, gives rise 
to an infinite number of substitution groups, each of which 
is distinct from the infinite number of groups that are ob- 
tained by the same process from any substitution that is not 
similar to e, ` | f 


Mr. Kuhn's paper relates to imprimitive groups that con- . 
tain more than one set of systems of imprimitivity. Let G 
denote any regular group. It is proved that the number of 
sets of systems of imprimitivity that can be found for G is 
equal to the number of its subgroups (not including iden- 
tity). The cyclical group of order p° is therefore the only 
regular group that contains just one set of systems of im- 
primitivity. Any set of systems that corresponds to a sub- 
group that contains no invariant subgroup of G besides 
identity is permuted by the substitutions of G according to 
a transitive group that is simply isomorphic to @; any 
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other set is permuted according to a transitive group that 
has a (1, a) isomorphism to G, a being greater than unity. 

Let G' denote any imprimitive group that has more than 
one set of systems of imprimitivity. When the substitu- 
. tions of G' permute all its sets of systems according to 
primitive groups and when none of the heads is identity, 
then 

(1) No two of the heads of G' can contain a common 
substitution besides identity, and hence 

(2) Each substitution of any other given head is com- 
mutative to each substitution of any other head. 

(3) Each head contains at least one substitution whose 
degree equals the degree of G', and 

(4) Each head is formed by establishing a simple iso- 
morphism among its transitive constituents. 


After a brief statement of the principles of the stereo- 
graphic projection Professor Penfield exhibited a number of 
devices for plotting. One of these consisted of sheets upon 
which were printed & graduated circle of 14 cm. diameter 
and four scales, as follows: No. 1, giving the radii of stere- 
ographically projected arcs of great circles. No. 2, giving 
the radii of stereographically projected arcs of vertical 
small circles. No. 3, giving the degrees of a vertical circle 
stereographically projected upon a diameter. No. 4, giving 
the radius of the circle divided into one hundred parts. 
Other devices consisted of two protractors, one having 
along its base line a scale giving the degrees of a circle 
stereographically projected, the other used in measuring 
and for that purpose printed on transparent celluloid, giv- 
ing the arcs of vertical small circles stereographically pro- 
-jected. There were also exhibited devices of a similar 
nature, but made up on a large scale for blackboard demon- 
strations. N 

Rightand oblique angled triangles were solved graphically 
on the blackboard, and the graphical solution of similar 
problems carefully executed on the printed sheets were ex- 
hibited, indicating that within a circle of 14 cm. diameter 
computations could be made with an average error not ex- 
ceeding seven minutes. 

There were also exhibited a patented arm protractor for 
drawing and measuring plane angles, and goniometers es- 
pecially devised for measuring crystals. 

Special emphasis was laid upon the importance of graph- 
ical methods for making the studies of plane and spherical 
trigonometry and geometry more real to students, as a 
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means of checking numerical calculations, and as a rapid 
method for obtaining approximate results. 


The subject of Miss Schottenfels’s paper was suggested 
by the investigation of Professor E. H. Moore for the func- 


tion SE n the Annals of Mathematics, volume 9, January, 


1895. A set of definitional functional properties are ob- 
tained for the function f(z) = um 


there is one and only one naon f(z) possessing these 
properties. The external exponential factor is then de- 
termined in the expression of the function as a Weierstras- 
sian infinite product of primary factors. 


, and it is shown that 





Professor Smith's paper takes up the relation of the ge- 
ometry of reciprocal radii to the geometry within a spher- 
ical complex, as determined by the single isomorphism of 
the corresponding groups, viz., these groups are trans- 
formed into each other by contact transformation, whose 
properties were defined and studied by the author in the 
paper published in the Transactions, October, 1900, ** On sur- 
faces enveloped by spheres belonging to a linear spherical 
complex.’’ 


In & paper, soon to be published in the American Jour- 
nal of Mathematics, Dr. Wilczynski has shown that the most 
general point transformation which converts a general sys- 
tem of n linear homogeneous differential equations into an- 
other of the same form and order is 


(1) =E) n—XaGn ^ 6-125, 


where f(£) and a,(#) are arbitrary functions of £. 

Funetions of the coefficients and of their derivatives 
which have the same value for the original as for the trans- 
formed system are called invariants. Covariants are such 
invariant functions involving also y,, +, Yas y/, c, y", etc. 

Equations (1) define an infinite group @ in then + 1 
variables z, Y, =, y, A subgroup of this is that for which 
x remains unchanged and only y, =, y, are transformed. 
Functions of the coefficients invariant under this subgroup 
are called seminvariants. These can be found by setting up, 
by the method of infinitesimal transformations, the partial 
differential equations which they satisfy. The invariants 
are functions of the seminvariants. 
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| The actual computation of the seminvariants and in- 
variants is carried out only for a system of two equations 
each of the second order, i. e., for the system 


(2) Hp + Pats’ + Wi + at =9, GS, 2), 
but the methods employed admit of generalization. 
If we put 


thy = Pu — 49, + Pu! + Pi Pay 
th, = 2p, — 49,4 + Bal Pu + Pa), 
Un = 2p, — 4d, + Bal Pu t+ Pa); 
Un = 2pn' — 4ga + pu! + Pis Da: 


(3) 


then two seminvariants are 
(4) I= t+ tn, J= Ulla — thrin. 


Four quantities v, are now formed, cogredient with the 
quantities u, Viz., 


Vu = Zu + Putt — Paths, 
Va = 2t + (Pn — Po) tsa — Pulun — Um); 
Va = Zuy— (Pu — Pr) un + Pultu — Un), 
Vay = Da — Dustin + Paths 

and a new independent seminvariant is 


(5) 


(6) K= yy — Viva. 


A third set of quantities w, is formed from v, and p,, in 
exactly the same way as v, from u, and p, in (6), i. e., 


Wy = 2v! + Pisa — Para 
ebe., etc. ; 


and since the v,’s were cogredient with the ws, so are the ` 
w,s. Then 


(7) 


(8) L = WyWy — Muta 


is à new seminvariant. 

All seminvariants are functions of J, J, K, L, and their 
derivatives. 

Some of the invariants are 


=I 4] , 
= 2I(DP— 4J) +5 (K — P?) -A(K —9J" + IP”). 
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etc., these being of weight 4 and 6 respectively. 

If the system of equations (2) is equivalent to a single 
linear differential equation of the second order, all of the 
invariants vanish, and conversely. 

Any system of form (2) can be transformed into another 
for which p, — 0. This is called the semicanonical form of 
the’ system. The subgroup G' of G which leaves this 
form unchanged is examined. But we can fulfill the fur- 
ther condition q, + Qn — 0, and a system for which both 
Pa = 0 and q,+ qu = 0, is said to be in the canonical form. 
The subgroup G" of G' which leaves this unchanged is a 
finite group of very simple form, and has some additional 
invariants of the form called quadri-derivatives by Forsyth. 

Only a few simple results about covariants are mentioned. 
This and further generalizations are left for a future paper. 

F. N. Corr. 


COLUMBIA UNIVERSITY. 


ON LINEAR DEPENDENCE OF FUNCTIONS OF 
ONE VARIABLE. 


BY PROFESSOR MAXIME BÖOHERE 


It is ordinarily stated that the identical vanishing of the 
determinant 


is a sufficient * condition for the linear dependence of the 
functions u(x),u,(x),,u,(x). This is perfectly true if the 

"ws are analytic functions of the complex variable x. This 
condition is however no longer sufficient 1f we are dealing with - 
functions of a real variable, even though these functions pos- 
sess derivatives of all orders for every real value of z The 
truth of this statement will be seen from the example of two 
functions u, and u, defined as follows: 


A (0) | E s 
u, = { 0 (t= 0) 
0 (z —0) Qe (m0) 


* It is of course a necessary condition provided the ws have derivatives 
of the first n — 1 orders. 


u= 
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Similar examples for a larger number of functions can 
readily be built. 

The following theorem however is true: 

Jf u, uy, u, are single valued functions of the real variable 
x defined at every point of a certain interval and having at every 
point of this interval derivatives of the first n — 1 orders, and tf i 
is possible to strike out the last row and one of the columns of the 
determinant D in such a way that there is no point of the interval 
in question at which the remaining determinant and its derivative 
both vanish, then if D vanishes at every point of the interval, the 
functions w, u, +, u, will be linearly dependent throughout this 
interval. 

This theorem can be readily proved by a slight extension 
of the method given for instance by Heffter in his book on 
linear differential equations p. 233. 

Ens, GERMANY, 

September 15, 1900. 


[Note added November 8, 1900 : I have just found in Pas- 
cal’s book on determinants a reference to three papers by 
Peano (Mathesis, vol. 9 (1889), p. 75 and p. 110; Rend. d. 
Accad. d. Lincei, ser. 5, vol. 6 (1897), 1? sem., p. 418), in 
which the question which I have here considered is taken 
up. My result is however different from Peano’s, which 
states that the identical vanishing of D is a sufficient con- 
dition for linear dependence, provided there is no point at 
which the first minors corresponding to the elements of the 
last column all vanish. ] 


REPORT ON THE GROUPS OF AN INFINITE 
ORDER. 


BY DR. G. A. MILLER. 


(Read before Section A of the American Association for the Advance- 
ment of Science, New York, June 28, 1900.) 


‘Various terms have been employed to designate the 
smallest elements of which any abstract group is composed. 
Cayley has called them symbols,* or symbols of operation. 
Dyck and many others have called them operations] or 
operators. Frobenius and others have called them ele- 
ments.{ “In what follows we shall employ the last one of 

*Cayley, Phil. Magazine, vol. 7 (1854), p. 41. 


T Dyok, Math. Annalen, vol. 20 (1882), p. 1. 
{ Frobenius, Crelle, vol. 86 (1879), p. 218. 
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these terms. According to the early definitions of an ab- 
stract group a set of distinct elements becomes a group with 
respect to a given law of combination when it has the prop- 
erty that no new element is obtained by combining the ele- 
ments of the set in every possible manner according to this 
Jaw of combination.* In recent years the following ad- 
ditional conditions have been imposed : 

(1) The elements must be associative when combined ac- 
cording to the given law. (2) From either of the two equa- 
tions 3,8, = 8,'8,, 8,9, = 8,5, it follows that s, = 6, (3) If any 
two of the elements of the equation 35, = a, are in the given 
set there is one and only one element in the set which may 
be used for the third. This definition is much more explicit 
than Cayley’s dictum +} ‘‘a group is defined by the law of 
combination of its symbols,’’ since it is easy to give definite 
laws of combination of a set of distinct elements which do 
not form a group. Every particular group is, however, 
defined by the special laws of combination of its symbols— 
by its own multiplication table. 

One of the best known examples of a group of an indefi- 
nitely large order is furnished by the totality of finite in- 
tegers when they are combined by addition. If we denote 
by s~* the inverse of e, it is clear that the negative expo- 
nents of elements may be used to indicate subtraction and 
that the identical element is = 0, when the elements of 
a group are combined by addition. In general, if s repre- 
sents any integer, the exponent of s will indicate the num- 
ber of times this number is to be added or subtracted. The 
given group of indefinitely large order is evidently generated 
by s —1 as well as by 3,=3,'=—1, but by no other 
one of its elements. While ¢(m) of the elements of any 
cyclical group of a given finite order m are generators of 
the group we have here a cyclical group of an indefinitely 
large order which contains only two generating elements. 
All the multiples of any integer whose absolute value exceeds 
unity constitute a subgroup of this group and each one of 
these subgroups is of an indefinitely large order and involves 
only two elements that generate it. . 

In order to obtain a subgroup of a finite order m we 
may take the complete series of smallest positive residues 
mod. m (0, 1,2, 3, =, m—1). When we add any two numbers 
of this series and use the smallest positive residue in place 
of the sum we evidently obtain some number of this series. 

* Cayley, loc. cit.; Lie, Le centenaire de l’École normale, 1895, p. 486 ; 


Klein, Vorlesungen über das Ikosaeder, 1884, p. 5. 
T Cayley, Amer. Jour. of Math., vol. 1 (1878), p. Bl. 
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As the other group conditions are satisfied we have here a 
cyclical group of order m which is generated by any one of 
the e(m) numbers that are not greater than m and prime to 
it. Hence we observe that the finite integers, when com- 
bined by addition, furnish very elementary examples of 
groups of any given finite orders as well as of groups.of in- 
definitely large orders. 

Since x cannot be an integer in such an equation as 
8x = 19, it follows that the integers do not constitute a 
group with respect to multiplication.* The finite commen- 
surable numbers which exceed zero, on the contrary, con- 
stitute such a group. Those which are less than zero do not 
constitute & group; but, together with those that exceed zero, 
they clearly constitute a group with respect to the given 
operation. This group of infinite order is included in the 
one formed by all the real numbers with the exception of 0 
and o. The latter group is, in turn, included in the abelian 
group formed by multiplying together all the complex num- 
bers whose absolute value is neither 0 nor œ. The finite 
commensurable numbers, including 0, evidently constitute 
a group of infinite order when they are combined by addi- 
tion and this group is included in the one formed by all the 
real finite numbers. The totality of complex numbers of 
finite absolute value constitute a group, with respect to ad- 
dition, of which the preceding is a subgroup. 

Although all the integers do not form a group with re- 
spect to multiplication, yet it is clear that all the powers of 
any finite integer, with the exception of 0 and 1, constitute 
& group of an indefinitely large order with respect to this 
operation. In order to obtain a group of a finite order, by 
multiplying integers together we may take the e(m) positive 
numbers which are less than m and prime to it and replace 
their products by the least positive residues mod. m. We 
thus obtain a very important class of abelian groups which 
has been studied recently by Weber and others. t 

While the fundamental operations addition, multiplica- 
tion, and their inverses furnish such lucid examples of 
groups of an infinite as well as of a finite order, yet it is not 
customary to claim that the theory of groups is as old as 
these elementary operations. At least one group property 
of these operators must have been observed very early; 
viz., that the successive application of two elements is equiv- 
alent to the single application of some one of them. While 

* Weber, Lehrbuch der Algebra, 1899, p. 4; of. ibid., 1896, p. 54. 


T Weber, Lehrbuch der Algebra, 1899, p. 60. Cf. Burnside, Theory of 
groups of a finite order, 1897, p 239. 
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this concept is of great theoretic interest yet it did not 
enter explicitly into the early use of these fundamental 
operations and hence it may perhaps be said to have played 
a secondary réle in the developments along this line. 

The concept of group of an infinite order appears in many 
other early developments but the earliest extensive paper in 
which this concept occupies a very prominent place seems 
to be the ‘‘ Mémoire sur les groupes de mouvements," by 
Jordan, which was published in the Annali di M ica, 
vol. 2 (1868).* No general definition of a group occurs in 
this memoir but on page 181 & ‘ définition caractéristique 
d’un groupe de mouvements”? is given, which is in accord 
with the present definition. An abstract of this memoir was 
published somewhat earlier in the Paris Comptes rendus, vol. 
65 (1867). In the beginning of the memoir Jordan points 
out that the determination of all the groups of movements 
is equivalent to the determination of all the possible systems 
of molecules which can be superposed in different positions. 

Bravais had studied particular cases of thig question at a 
much earlier date from the latter point of view,f and ap- 
plied his results in the study of the structure of crystals. 
Since Jordan’s memoir was inspired by the work of Bravais 
it might perhaps be said that the theory of groups of an in- 
finite order has its source in the theory of the structure of 
crystals. However, the group concept does not occupy as 
prominent a place in the works of Bravais as in the mentioned 
memoir of Jordan. We proceed to give an elementary ex- 
position of the first part of this memoir with a view to giv- 
ing an accurate idea of its contents. After some prelimi- 
nary remarks and a brief study of the composition of 
movements the author proceeds to determine all the groups 
of translations in the following manner : 

The lengths and the directions of all the translations of 
the group are represented by line segments starting from a 
general point P. It is first assumed that all of these seg- 
ments are-of finite lengths and the length of the shortest 
segment L, (or one of the shortest segments, if there is more 
than one of minimum length) is represented by L The 
line through J, is taken for the z-axis. An indefinite num- 
ber of segments of length / are laid off on the z-axis starting 
from P. The point P can evidently be transformed into 








* Cf. Frioke und Klein, Automorphe Functionen, vol. I , 1897, p. 12. 
Klein seems to have been the first to make prominent use of the concept 
of discontinuous groups of an infinite order in function theory; cf. Dyok, 
Math Annalen, vol. 20 (1882), p. 2, footnote. 

t Bravais, Liouville’s Journal, vol. 14 (1849), p. 167. 
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any one of these points of division on the z-axis by means 
of some translation of the group. If P could be translated 
into any other point on the z-axis, its distance from P would 
be ml -E v, m being an integer and 0<r=1/2. If we com- 
bine this translation with the translation through — ml, 
which is also in the group, we obtain a translation whose 
length cannot exceed //2. As this is contrary to the hypo- 
thesis, it follows that the points of division can be trans- 
formed into none of the points on the z-axis except points 
of division, by all the translations of the group. 

After proving that all the translations parallel to the 
z-axis are generated by a single translation the author pro- 
ceeds to determine all the possible translations in the plane 
and proves that all of these are generated by two trans- 
lations which make a finite angle with each other. This is 
done as follows: Among the given line segments starting 
from P we take one L, whose extremity is at a minimum dis- 
tance from the x-axis and represent this distance by ô. The 
first object is to prove that à must be finite. We may as- 
sume that thé projection « of L, upon the «x-axis does not 
exceed +! since the group involves translations of length | 
parallel to the z-axis. Since the length of L, cannot be less 
than L we have 


EE ra |? +8, or tse. 


On the line through Z, an indefinite number of segments of 
the same length as J, are laid off, starting from P. Through 
the points of division lines are drawn parallel to the z-axis 
and through the given points of division of the x-axis lines 
parallel to L, are drawn. The plane is thus divided into 
parallelograms, as is usually done in the study of doubly 
periodic functions. It is then proved that the vertices of 
these parallelograms can be transformed only among them- 
selves by all the translations of the group and hence there 
is no finite translation in the plane determined by L, and 
L, except those which are generated by the translations rep- 
resented by the segments L, and L,. From this it follows 
that there are two and only two groups of translations, involving 
only finite translations, in a given plane. In one of these groups 
all the translations are parallel to a given line ; in the other 
they are generated by two translations making a finite angle 
with each other. 

If a group contains any finite translations in addition to 
those given above they cannot lie in the plane determined 
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by L, and L, We choose one of them, having a minimum 
projection f upon the normal to the given plane, and rep- 
resent it by L, The length of # may be proved to be finite 
by the following method. The projection of Z, upon the 
given plane may be assumed to lie in any one of the four 
paralelograms which have P fora common vertex. This 
parallelogram is so chosen that the distance from the z-axis 
to the terminus of the given projection is Z2/2. Since L, 
cannot terminate closer to the z-axis than Z, it follows that 


à = aye or pzs 
= 4’ >A H 


Space is now divided into parallelepipeds whose vertices 
are the points into which P may be translated by all the 
operators of the group generated by the translations repre- 
sented by L, L, L, It is readily proved that a vertex of 
such a parallelepiped cannot be transformed into any point 
except a vertex by means of the translations of the group. 
This is therefore the largest group composed entirely of 
finite translations in ordinary space and the two groups 
mentioned above are subgroups of this one. Every point of 
space which is not a vertex of the given system of parallel- 
epipeds will clearly be transformed into a vertex of a similar 
system of parallelepipeds by the translations of this group. 

There are six groups of translations that involve indefi- 
nitely small translations. The first of these is generated 
by a single infinitesimal translation, the second by an infi- 
nitesimal and a finite translation not in the same direction, 
the third by an infinitesimal and two finite translations the 
three translations being not co-planar, the fourth is gene- 
rated by two infinitesimal translations not in the same 
direction, the fifth by two infinitesimal and one finite trans- 
lation not in the same plane, and the sixth by three infini- 
tesimal translations not in the same plane. The last of these 
groups includes all the others as subgroups and each one of 
these nine groups is of an infinite order. 7 

After the groups which involve only translations have 
been determined the author proceeds to the groups which 
are composed of rotations only. Here the matter becomes 
somewhat more difficult. The first step is to prove that all 
the axes of rotation must go through the same point. This 
is done as follows: Let R,, R, be two such rotations. Their 
combination E, R, = R, is a new rotation around some axis 
A,  Letzbe apointon A, R, will bring x to some new 
point x,. Hence the axis of E, must lie on the plane per- 
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pendicular to the segment joining z and v, at its middle 
point. Since R, must transform x, into x its axis must lie 
in the same plane. Hence the axes of any two rotations 
must go through the same point. Since this point is trans- 
formed into itself by the two rotations R,, E, it must also 
lie on A. As A, passes through the point x, which is 
not in the plane of the axes of R, and R,, the three axes of 
rotation cannot lie in the same plane. Since any other 
axis of rotation has to meet each of these three lines it must 
go through their common point, as the lines are not in the 
same plane. This proves that all the axes of a group com- 
posed entirely of rotations must be concurrent. 

It is not difficult to see that there are at least eight 
groups which are composed of rotations only. The first 
is generated by the rotation through an angle 2r/n, n being 
any integer. The second is generated by rotating through 
an infinitesimal angle. The third and fourth are generated 
by adding to each of the preceding a rotation through 180° 
around an axis perpendicular to the given one. The fifth, 
sixth and seventh are the well known rotations which 
transform the regular tetrahedron, the cube, and the 
regular icosahedron * into themselves. These groups are 
respectively of order 12, 24, and 60, and may be repre- 
sented as the alternating group of four letters, the sym- 
metric group of four letters, and the alternating group of 
five letters respectively. The eighth is composed of all the 
possible rotations around a point. The proof that there is 
no, other group of rotations is somewhat lengthy, and we 
shall not enter upon it. 

The greater part of the memoir under consideration is 
devoted to groups which involve both rotations and transla- 
tions. ‘These have recently been studied by Schonflies, who 
published his results in two well-known memoirs.7 It may 
be remarked that Jordan’s memoir is not entirely free from 
errors. Sohnckè seems to have been the first to observe. 
that an important class of groups was overlooked in the 
memoirs mentioned.f The determination of all the con- 
tinuous groups of euclidean and non-euclidean movements 
in a space of three dimensions was first published by Lie. 

Although groups of an infinite order were studied before 
Lie and Klein began to publish on this subject, yet they 
were the first to bring them prominently before the pub- 





*Cf Klein, Vorlesungen uber das Tkosaeder, pp. 1-19. 

T Math. Annalen, vol., 28, pp. 319-342 ; vol. 29, pp. 50-80 ; of. Schón- 
flies, Chicago Mathematical Congress Papers, 1896,. p. 341. 

À Theorie der Krystallstruktur, 1879, p. 26. 
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lic.* Their investigations along this line are so far reaching 
and 80 numerous as to deserve a report by themselves. Hap- 
pily the German Mathematical Association has arranged for 
a report on Lie’s work, which is expected to be presented at 
the meeting of next year (1901). The report is to be pre- 
pared by Engel assisted by Scheffers, Schur, and Kowalewski 
—men who are in the best possible position to prepare an 
extensive and reliable report in reference to the work of this 
great. Norwegian mathematician. In view of this fact we 
shall not consider the works of Lie and his followers in the - 
present report. 

In 1882 two remarkable memoirs, dealing with groups of 
an infinite order, appeared. One of these was published by 
Dyck in the Mathematische Annalen, volume 20, and the other 
by Poincaré in the Acta Mathematica,.volume 1. These 
articles have received so much attention that it seems un- 
necessary to give an outline of them. Burnside has de- 
voted Chapter XII. of his Theory of groups of a finite order 
(1897) to an exposition of Dyck’s memoirs, while many 
parts of Poincaré’s memoir are elucidated in the work on 
Automorphic Functions by Fricke and Klein, which also 
appeared in 1897. , 

This last work makes a clear distinction between continu- 
ous groups and groups which contain infinitesimal transfor- 
mations. Itis easy to prove that a continuous group al- 
ways involves infinitesimal transformations, for if T is any 
transformation of the group and 7' the transformation ob- 
iained by using parameters which differ by an infinitesimal 
from those of T then 7" T~ is infinitesimal. However the 
existence of infinitesimal transformations does not prove the 
group continuous. ‘Attention is called t. to the fact that in 
Lie-Engel’s work on Transformationsgruppen and in Poin- 
caré’s memoir not sufficient emphasis is laid upon this 
distinction. The work of Fricke and Klein on the group- 








' sc, Klein, Erlangen Programme (1872), BULLETIN, vol. 2 (1893), p. 
215. Lie’s contributions are systematically treated in the three volumes 
of his Theorie der Transformationsgruppen (1888-93); Differential- 
gleichungen (1891); Continuierliche Gruppen (1893); Berührungstrans- 
formationen, vol. 1 (1896); Klein’s Einleitung in die hohere Geometrie 
(18931; eto. A considerable part of Klein’s work along this line is con- 
tained in the two volumes of his Modulfunctionen (1890-92), and 1n the 
Automorphe Functionen, vol. 1 (1897). Numerous publications by Picard 
and Poincaré have also contributed very much towards the general in- 
terest in this subject Picard was the first to develop the theory of linear 
differential equations parallel with the Galois theory of algebraic equa- 
tions. Vessiot, Drach, and others have perfected this theory in certain 
directions. 
T Page 65. 
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theoretic foundation of automorphic functions is doubtless 
the best work on discontinuous groups of an infinite order 
that has yet been published. The direct object of this work 
is the investigation of the groups of linear substitutions in 
one variable which do not contain any infinitesimal substi- 
tution. 

While in Lie’s theory the parameters of the product of 
two transformations are functions of the parameters only of 
these transformations, Halphen has considered groups in 
which these parameters are functions both of the variables 
and of the parameters of the two transformations that are 
multiplied together. Lie pronounced this group concept 
trivial and said that it had not found any application.* He 
expressed the opinion that the definition of group of trans- 
formations had perhaps reached a definite form, but that it 
was not certain that the general notion of group had as yet 
assumed such a form.+ 

Study and Engel seem to have discovered independently f 
that the special linear homogeneous group of the plane con- 
tains transformations which are not generated by any in- 
finitesimal transformations of the group, as was apparently 
assumed by Lie.§ Such transformations have been called 
singular transformations and they have received considerable 
attention in recent years. The two memoirs by Engel 
have been followed by numerous other memcirs especially 
by, Taber, || who established the existence of singular trans- 
formations in the group of orthogonal substitutions in n 
variables, n > 3, and also in the group of linear automophic 
transformations of a general bilinear form. He has also de- 
termined many properties of groups that contain such trans- 
formations. : 

One of his studente, Mr. Rettger, has recently investi- 
gated 4] the two and three parameter subgroups of the gen- 
eral projective group in two variables and of the general 
linear homogeneous group in three variables with regard to 
singular transformations, and proved that singular trans- 





*Theorie der Transformationsgruppen, vol. 3 (1893), p. 19; of. 
Amer. Jour. of Math.. vol. 11 (1889), p. 182. 

T Le centenaire de D Ecole normale, 1896, p. 488. 

iEngel, Lepriger Berichte, vol. 44 (1892), pp. 277-296 and vol. 45 
(1893), pp. 659-696 ; of. BULLETIN, vol. 3 (1893), p. 66. 

2 Cf. Taber, BULLETIN, vol. 6 (1900), p. 199. 

|| Taber, Amer. Jour. of Math , vol. 16, p. 130; Proc. of the Lond. Mat. 
Soc., vol. 26 (1895), p. 364; Math. Annalen, vol. 46, p 561; BULLETIN, 
vol. S (1900), p. 199. Numerous other references are contained in these 
articles. 

T Rettger, Amer. Jour. of Math., vol. 22 (1900), p. 60. 
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formations occur among the transformations of many of 
these groups. A list of such subgroups is given at the end 
of the article. Many of the results of this article are con- 
tained in an earlier note by the same author in the Proceed- 
ings of the American Academy, vol. 33 (1898), p. 493. 

Besides the groups which are explicitly of an infinite order 
there is a large class of groups whose orders depend upon 
one or more parameters, which are generally assumed to be 
finite but may also be regarded as infinitely large. To this 
class belong the symmetric and the alternating groups of 
degree n,* the cyclical groups of order n, the metacyclic and 
the semi-metacylic groups, of orders p( p—1) and $p( p—1) 
respectively, etc. Such groups are, however, generally 
classed with the groups of a finite order. We observed 
above that Burnside devoted a small part of his theory of 
groups of finite order to the study of groups of an infinite 
order. In the second volume of Weber’s Algebra these 
groups receive much more attention. Considerable portions 
of the chapters on linear groups are devoted to considera- 
tions which explicitly relate to groups of an infinite order. 
The object seems to be to devote some space to discussions 
in which the order is not restricted and then to proceed to 
the special cases where the order is finite. 

The theory of groups of an infinite order is closely re- 
lated to that of a finite order and the development of the 
former has been greatly influenced by the latter. The 
latter, in turn, has contributed very much towards the 
interest and importance of the former, and, in several in- 
stances, it has led to important new developments in this 
theory ; e. g., Maillet has shown t how the concept of param- 
eter groups, as used by Lie, can be employed in the theory of 
substitution groups and has made use of this concept to obtain 
several general theorems on simply isomorphic groups. In 
a recent article,t Loewy has established the fundamental 
theorem that a linear substitution group of infinite order 
which contains at least one substitution whose characteris- 
tic equation has no equal roots, must always contain a sub- 
stitution whose order exceeds any given number. The 
presence of such & substitution is therefore a necessary and 
sufficient condition that the order of a linear group is in- 
finite. 

CoRNELL UNIVERSITY, 

June, 1900. 





* Dyck, Math. Annalen, vol. 22 (1883). p. 72. 
+ Maillet, Ann. di Matematica, vol 23 (1895), p. 199. 
t Loewy, Math. Annalen, vol. 63 (1900), p. 225. 
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THE STRENGTH OF MATERIALS. 


The Strength of Materials. By J. A. Ewme, M.A., B.Sc., 
F.R.S., M.Inst.C.E. Professor of Mechanism and Ap- 
pled Mechanics in the University of Cambridge, Fellow of 
King’s College, Cambridge. Cambridge, The University 
Press, 1899. Pp. vü-xii + 1-246, with 150 illustrations 
in the text. - 


Taıs work is intended to supply to students ‘in modern 
schools of Engineering" a ‘knowledge of the Strength of 
Materials and of its application in design * * * which to be 
effective must be supplemented by laboratory and drawing- 
office work.’’ It is desirable that the mathematical elas- 
tician should learn what light modern experimental research 
throws on the validity of the hypotheses at the basis of the 
mathematical theory, and also that he should know what 
parts of his subject possess most interest for his more prac- 
tical contemporaries. On the other hand, it is conceivable 
that the practical man may derive some advantage from 
realizing how the mathematical treatment which passes cur- 
rent in everyday life strikes the mathematician. This re- 
view thus naturally divides itself into two principal parts, 
the first dealing with the more experimental portions of the 
book, the second with the mathematical methods. A pre- 
liminary description of the contents of the book will facili- 
tate comprehension. 

After a brief preface and a table of contents, pp. vii—xii, 
chaps. I and II, pp. 1-23, define stress and strain, ex- 
plain their simpler common types, and treat of the ordinary 
moduli, or elastic constants, for isotropic material. Chap. 
III, pp. 24-58, treats of ultimate strength and non-elastic 
strain, dealing mainly with simple tension and compression, 
describes the phenomena presented during the loading of 
steel and iron up to rupture, and discusses experiments on 
the effects of rest or of heating after over-straining. It also 
gives an account of Wohler’s experiments on the ‘‘ weaken- 
ing’’ of material under very frequent repetitions of loading 
and unloading. Chap. IV, pp. 59-95, describes—with ex- 
cellent illustrations—a number of testing machines and 
instruments for measuring extensions and compressions, 
discusses some methods of determining the modulus of 
rigidity and gives some numerical results. 

Chaps. V, VI, and VII, pp. 96-153, deal mainly with the 
application of the ordinary Bernoulli-Euler mathematical 
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theory to beams. Analytical methods are generally followed, 
but the ordinary graphic methods are also illustrated. 
Chap. VIII, pp. 154-170, treating of ‘frames,’ may be 
regarded as part of a text book on ordinary statics. Chap. 
IX, pp. 171-186, treats of struts and columns, first on 
Euler's mathematical theory, and then from the more em- 
pirical, standpoint of Gordon or Rankine's formula. Chap. 
X, pp. 187-203, is denominated ‘‘Torsion of Shafts.’ 
It is however not confined to this, but touches upon the 
theory of spiral springs and the ‘“ whirling” of rotating 
shafts. Chap. XI, pp. 204-217, treats of shells and thick 
cylinders under pressure, with a discussion of rotating rings 
and thin discs. Chap. XII, pp. 218-237, is devoted to 
* Hanging Chains and Arched Ribs,” including parabolic 
chains, the common catenary, etc. An appendix, pp. 239— 
242, gives numerical data as to strengths and densities of 
ordinary building materials ; and an index occupies pp. 243— 
246. 

Experiment.—The fundamental fact underlying the ordi. 
nary mathematical theory, and therefore all ordinary girder 
theory, whether its outward form be graphical or analytical, 
is Hooke’s law that stress is proportional to strain, or—as 
Professor Pearson puts it—that the stress-strain relation is 
linear. On this point we are told (Art. 15) ‘ A material is 
elastic * * * if the strain disappears when the stress is re- 
moved. Strain which persists after the stress * * * is re- 
moved is called permanent set. * * * Actual materials are 
in general nearly perfectly elastic with regard to small 
stresses * * * if the applied stress is less than a certain 
limit, the strain * * * disappears wholly or almost wholly 
when the stress is removed. * * * The limits of stress within 
which strain is wholly or almost wholly elastic are called 
limite of elasticity * * * (Art. 16) Within the limits of 
elasticity the strain * * * is proportional to the stress." 
Later we have the following statement (Art. 32): “ Within 
these limits (of elasticity) we may without seriousinaccuracy 
take the strain as * * * proportional to the stress and as 
disappearing when the stress is removed. Strictly speaking, 
absolute proportionality of strain to stress is never found, 
and probably there is no stress, however small, that does 
not produce some permanent effect. There is always some 
slight hysteresis or lagging in the relation of strain to stress. 
* * * Butin general this imperfection of elasticity is so slight 
that * * * up to a certain limit, which isin general pretty 
well defined, Hooke’s Law may be taken as substantially 
accurate.’’ 
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À student when reading Art. 15 would be apt to conclude 
that the only two things known to exist are elastic strain dis- 
appearing simultaneously with the removal of the stress, 
and set persisting permanently. In Act. 32 he seems, how- 
ever, expected to distinguish between set and hysteresis (a 
term which seems equivalent to ‘‘ Elastische Nachwirkung ’’ 
or what Pearson calls ‘‘ Elastic after-strain’’). It is to be 
regretted that the author does not bring out more clearly 
the theoretical distinction between set which persists and 
strain which gradually disappears, especially as the practi- 
cal discrimination between them is so difficult. 

Another question is whether the author is well advised 
in assuming—as he seems tacitly to do—that failure of 
Hooke’s law necessarily implies the existence of hysteresis, 
or set, and conversely. It is at least conceivable that ma- 
terials exist in which the relation between stress and elastic 
strain is not linear. Experiments by Hodgkinson, Kupffer, 
and others have sometimes been supposed to show that cast 
iron is such a material. Our author refers to Hodgkinson’s 
experiments (Art. 38), but not in such a way as to show 
whether he is aware of theinterpretation put upon them by 
others (see Todhunter and Pearson's “ History of Elastic- 
ity " Vol. 1, Note D, p. 891; Vol. 2, Art. 793, ete.). The 
subject seems one which might repay experimental re-inves- 
tigation with modern appliances. 

The next question that calls for consideration is that 
which gives its name to the book. In Art. 33 we are told 
‘The load which suffices to cause rupture measures the 
ultimate strength of the piece." At this stage, however, a 
, difficulty comes in. Engineering calculations are almost all 
ultimately based on Hooke’s law. But when the stress is 
carried beyond the elastic limit: the departure from the law 
begins to be serious, and with the approach of rupture the 
law is often a travesty of the facts. If then calculation 
supplies values for the stresses or strains, at any point of a 
structure, such as answer to the breaking load, the only 
legitimate conclusion is that the physical basis for the calcu- 
lation is not satisfactory. It would certainly be prudent in 
such a case to conclude that the load contemplated is exces- 
‘sive, or badly distributed ; but how excessive it may be, or 
what would happen if it were applied, lies outside the range 
of the ordinary theory. From the theoretical standpoint 
the most logical course would seem to be to consider not the 
breaking load but that answering to the elastic limit. Ac- 
cording to our author, the elastic limit is usually pretty 
clearly defined in most building materials ; and, supposing 
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this to be true, there would not appear to be serious objec- 
tion on the practical side to focussing attention on it rather 
than on the breaking load. It appears, however, to be the 
invariable or almost invariable custom amongst practical 
men to make use ostensibly of the breaking load modified 
by so-called “factors of safety.”’ After giving the defi- 
nition 

factor of safety = (ultimate strength) + (extreme working 

stress), 


our author adds (Art. 34): “ The rational use of a factor of 
safety * * * results * * * in preventing waste of material 
locally by making the margin of strength equal for all parts.’’ 
Perhaps a more logical way of presenting the facts would 
be to say that what the engineer puts before him is the 
“extreme working stress’? which he gets by dividing his 
ultimate strength, i. e., breaking load, by a certain number 
which he calls a factor of safety. Supposing the working 
stress thus arrived at not to strain the material beyond the 
elastic limit, there is no objection on mathematical grounds 
to calculations in which it plays a part. 

There still, however, remains a difficulty ; for how are 
we to determine the factor of safety? On this point we are 
told in Art. 34: “ The choice of a factor * * * depends on 
many considerations, such as the probable accuracy of the . 
estimated loads and also that of the theory * * * the possible 
effects of bad workmanship, * * * the variability or uni- 
formity of the load. * * * The factor * * * also serves to 
provide for * * * incidental shocks. * kt The factor * * * 
is rarely less than 3, it is very commonly 4 or 5, and it is 
sometimes as much (in machines) as 10 or 12.” The factor 
of safety covers, in short, uncertainty in the material, un- 
foreseen contingencies from loading or weather, and gaps in 
the engineer’s physical or mathematical knowledge. So long 
as all these sources of uncertainty are lumped together, ‘a 
rational use of a factor of safety’’ seems rather much to 
hope for. One of the things most likely to narrow the 
range of uncertainties is & knowledge of what really 
determines the changes that take place in the material as 
the load is raised. ‘There are various theories bearing on 
this point. The three principal believe that in isotropic 
materials the crux is: (1) the maximum principal stress, 
(2) the maximum stress-difference (or difference between the 
greatest and least principal stresses), (3) the greatest 
principal strain. Of these theories the first—employed by 
Lamé and others—is now hardly supported by any the- 


Se 


1900. ] THE STRENGTH OF MATERIALS. 185 


oretical elastician ; the second—suggested by Tresca’s ex- 
periments on the flow of metals—has been used by Prof. G. 
H. Darwin and others; the third was that advocated by 
St. Venant. Our author refers explicitly to no theory. 
In dealing with ultimate strengths he invariably speaks 
of the stress, and his language in many places (e. g., Art. 8 
where he says ‘‘ the greatest principal stress measures the 
greatest intensity which the material has to bear ’’) certainly 
suggests that he supports the first or greatest stress theory 
of rupture. In general, however, he really avoids com- 
mitting himself. When a piece of given material, of given 
size and shape, is loaded in a particular way, so long as 
Hooke's-law holds, doubling the load doubles alike every 
stress and strain ; thus the condition of the material can be 
defined by specifying the magnitude of any one convenient 
stress or strain. In such a case the laying down a limiting 
stress does not commit one to any theory of rupture. If, for 
instance, we take a uniform bar under simple tension S, the 
greatest stress and the maximum stress-difference are both 
S, and the greatest strain is S/.E, where E is a constant for 
the material (Young’s modulus). Thus we may specify 
that the working stress shall not exceed $, and yet believe 
that the critical thing is that the maximum stress-difference 
shall not exceed S, or the greatest strain shall not exceed 


JE. Our author refers to separate limiting stresses for 
simple tension, simple compression, and shearing ; and if 
the simple states were those that always existed, one might 
get along fairly comfortably without any theory of rupture. 
As matters actually stand, however, empiricism is under the 
disadvantage that absolutely simple tension, compression, or 
shearing are rather ideal states, and are only approximated 
to even in the testing machine. In some of the problems 
treated in this book the stress system. is not simple, and, as 
we shall see later, the conclusions drawn as to the strength 
are not always reliable unless the maximum stress theory 
be really true. 

Nature of material.—In Arts. 17 to 19, Young’s and the 
rigidity moduli are defined in a way applicable only to iso- 
tropic materials, while isotropy is first mentioned, and then 
only incidentally, in Art. 20. In Art. 26, where the stress- 
strain relations are formulated, it is indeed mentioned that 
isotropy is assumed, but nothing is said as to the general 
form of the relations in non-isotropic materials. In Art. 38 
there are fuller references to differences’ between isotropic 
and non-isotropic materials, but only from the point of view 
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of ultimate strength. The same article tells us that wrought 
iron is not isotropic, and data confirming this statement 
appear in Table IIT, p. 241. Yetin Table IV, p. 241, there 
appear values of Young's and the rigidity moduli for 
wrought iron, as if it were isotropic, and we even have a 
Young's modulus given for ‘‘ timber ’’ without any specifi- 
cation of direction. Al the mathematical calculations in 
the book, which depend in any way on the precise form of 
the stress-strain relations, tacitly assume isotropy ; and no 
attempt is made to ascertain what modification is necessary 
to render the results applicable to non-isotropic material. 
This assumption of isotropy is by no ıneans peculiar to 
the present work. Rankine and St. Venant indeed in 
various writings intended for practical men treated non- 
isotropy in considerable detail, but we know of no recent 
English practical writer who has followed this example. It 
is very possibly undesirable that elementary books should 
go into much detail in this matter, but greater prominence 
should be given to the limitations involved by the assump- 
tion of isotropy, whose occurrence is after all probably the 
exception rather than the rule. d 

Mathematical treatment.—The author puts stresses in the fore- 
front. Supposing the three principal stress directions to 
coincide with the rectangular axes, then the strain "e, is 
made up partly of the direct strain which (the stress) p 
produces in its own direction, and partly of the lateral 
strains produced by p and p," (p. 21). In this way 
Young’s modulus and Poisson’s ratio at once come to the 
front as elastic constants. The general properties of strain, 
the relations of strain to displacement, the surface stress 
equations and the ordinary body stress differential equations 
are not considered. When the basis provided proves too 
narrow, as it sometimes does—e. g., in Arts. 143 and 147—, 
the author makes such supplementary assumptions as he 
finds necessary. This seems a trifle hard on the con- 
scientious student whose knowledge of elasticity is con- 
fined to this book. The proof of the “ equality of shearing 
stress in two directions" in Art. 12 is not rigid; the 
author makes no use of his hypothesis that the cube is in- 
definitely small, and in fact does not refer at all to bodily 
forces. The use of Lie for Poisson's ratio may lead to con- 
fusion, as that quantity is represented by ¢ in Thomson 
and Tait's Natural Philosophy and in Love’s Treatise on 
Elasticity. Again in Art. 147, 1/0 is replaced by: 4 — used 
to represent the rigidity by St. Venant, Pearson, Love, etc. 
—the rigidity itself being denoted by C. In discussing the 
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determination of the rigidity in Article 72, is used for the 
twisting couple for unit angle of twist. The differencé be- 
tween static and kinetic moduli is presumably an unneces- 
sary refinement in engineering, so that the absence of refer- 
ence to the subject in Arts. 71 and 72 is hardly surprising, 
but in Art. 73 the discussion of Maxwell’s method of de- 
termining the rigidity might well have called attention to 
the fact that it keeps the tension of the wire unaltered and 
eliminates the moments of inertia of the shifted masses 
round their own axes of figure. 

Before entering on a discussion of beam problems in 
Chap. V, the author describes ‘uniformly distributed 
stress,” which means stress the same in intensity and direc- 
tion at every point of a plane surface, and “ uniformly 
varying stress’’ in which the stresses are parallel, but vary 
as the distance from some line (a “neutral axis’’) in the 
plane to which they are perpendicular. He adds (Art. 79) : 
‘Uniformly varying stress is practically important because 
lb occurs * * * in a bent beam, in a tie-rod when subjected to 
a non-axial pull, and in a long strut or column." In short 
the author assumes the ordinary Bernoulli-Euler theory for. 
beams‘ whether locally or generally loaded. He considers 
first the stresses alone, explaining several graphic methods. 
He then proceeds to determine the ''slopes" and “deflec- 
tions’’ in beams, on the assumption that ‘‘ The strain on 
any imaginary filament taken along the length of the beam 
is sensibly the same as if that filament were directly com- 

‘pressed or extended by itself’? (Art 97). Supposing z 
measured parallel to the length of the beam, and denoting 
the slope by i, the deflection: by u, and the radius of 
curvature of the central axis by R, the author (Art. 
99) deduces 1/R = di/dx = d'u/dz?, whence i= /'(1/R)dz, 
u= S ide. Having expressed 1/R in terms of the bending 
couple by the Bernoulli-Euler method, he thus arrives by 
one step at i and by a second step at u. In introducing the 
formula 1/R = d*u/dz* the author specifies that the deflection 
is assumed very small, but he does not explain that this 
means that (du/dx)* is neglected as compared to unity. 

The strained form of a bent beam is illustrated by Fig. 
84, Art. 102. This would have been clearer if the excess 
of width at the top had been more exaggerated (cf. 
Thomson and Tait’s Natural Philosophy, Art. 716). Also 
when the author says: “ The lateral strain being 1/6 of the 
longitudinal strain, the anticlastic or transverse curvature 
* * * is 1/0 of the longitudinal," one cannot but fear that 
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the student will obtain an erroneous idea both of what is 
meant by ‘‘anticlastic curvature” and of what actually 
takes place. The conclusions in the end of Art. 102 as to 
the bending of a ‘‘ wide flat strip’’ seem hardly in accord- 
ance with Pearson and Filon's resulte ( Quarterly Journal of 
Pure and Applied Mathematics, Vol. 31, p. 66, especially 
Arts. 52 et seq.). The author’s treatment of the, ordinary 
first approximation results for beams has much tò com- 
mend it, especially for students weak at mathematical 
analysis. When, however, he tries to improve on the first 
approximation results, he is less satisfactory. Thus in 
Art. 95 when deducing the distribution of shearing stress 
over the section of a beam, and in Art. 105, when 
applying the results so obtained to the calculation of the 
‘additional deflection due to shearing," he tacitly as- 
sumes that the shearing stress is the same at every point of 
a narrow strip perpendicular to the plane of bending. We 
are not aware that this has been proved in any particular 
case ; it is not in accordance with the solution obtained by 
St. Venant for beams under terminal shearing force (Tod- 
hunter and Pearson’s History, Vol. 2, Part I, p. 64), or 
with that found by Pearson and Filon for a heavy elliptic 
beam (1. c., pp. 88 and 98). Further the ‘‘correction’’ in Art. 
105 is of the same order of magnitude as the difference 
between the vertical displacements at different points of 
the cross section ; it was obtained by equating work done by 
stresses to work done by gravity on the load, while no ac- 
count was taken of what part of the central section the load 
was applied at. 

In dealing with such matters, & reviewer cannot but re- 
gret the great scarcity of references in the work to mathe- 
matical text books or papers. There are two or three 
references to Lord Kelvin and one to Pearson, in connec- 
tion with experimental work or definitions, while St. 
Venant is mentioned generally in connection with torsion; 
but to the text books of these authors, or to that of Love, 
ot to their mathematical papers, there seems no reference 
anywhere. Thus when the author reaches an unusual re- 
sult one is uncertain whether it has or has not any more 
substantial basis than the proof presented in the bgok. 
The average engineering student is perhaps unlikely to 
utilize references, but their presence would at least not 
harm him and should facilitate enlargement of ideas amongst 
the more competent. 

The treatment of ‘“‘ frames” in Chap. VIII is condensed, 
and various assumptions,—e. g., in Arts. 113, 116, 117, and 
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119—seem to require more explanation. The index tells us 
that the “ method of reciprocal figures! in Arts. 114 et seq. 
is due to Maxwell, but his name does not appear in the 
text. The subject of “redundant members” in frames is 
very lightly touched upon, and there is no reference to 
Macaulay’s recent extension of Maxwell’s method CPhilo- 
sophical Magazine, J&n., 1898, p. 42). 

The treatment of struts in Chap. IX is fairly full, but the 
explanation of Euler's method in Art. 122 might be im- 
proved. On p. 172 the curvature is taken as d’u/ dy? with- 
out restriction. The solution of course assumes that ( du/dy)* 
is negligible, and yet the conclusion is drawn: ''the same 
force will serve to keep the strut bent whether the curvature 
is small or not sosmall." Presumably in engineering prac- 
tice anything but small curvature is rare, but considerable 
elastic bending is easily introduced in thin rods, and a ref- 
erence to some more general treatment (e. g., Love’s Elas- 
ticity, Vol. 2, Arts. 227 et seq.) would appear desirable. 
The conclusion reached by the author (Art. 122) that the 
length of a segment of a bent strut may be any submultiple, 
even or odd, of the whole length, is correct, but it does not 
follow from his mathematics. His final equation justifies 
his conclusion (P/EI)*(L/2) = nz/2, only when n is an 
odd integer. The fact is that in originally assuming 
u = ucosi (P/ET )#y} the author excluded all cases in which 
the displacement u vanishes at the center of the rod (his 
origin). The illustration selected in Art. 126 of ''struts 
with lateral load! is rather curious. A bending moment 
whose true value is (WL/8){1 — (2x/L)'} is represented as 
( WL/8)cos(xz/ L), thus replacing the true differential equa- 
tion by one of the type 


(d'u[da) -- au + e cos bz = 0. 


A pure mathematician, it may be feared, would hardly ac- 
cept as adequate the explanations that ** a parabola * * * ig 
not far from coincidence with a curve of sines” and that 
1 — (2z|L) agrees in value with cos Call) both when 
z= Ô and when z = 1/2. It may be added—as a personal 
contribution from the reviewer—that while the solution of 
the true differential equation presents no real difficulty, the 
result does not lend itself to manipulation by quite elemen- 
tary methods. 

Chap. X calls for a few criticisms. Art. 127 assumes—as 
is indeed usual—that when a circular shaft of any length 
is twisted in any symmetrical way each element suffers a 
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displacement directly proportional to its distance from the 
axis. There are in reality any number of possible sym- 
metrical kinds of twisting, the species depending on the 
force system applied, and unless the length be great com- 
pared to the diameter there is no a priori reason to suppose 
that the stress and strain will even approximate to the ordi- 
nary simple law (see Cambridge Transactions, vol. 14, p. 365). . 
The crank shaft dealt with in Art. 131 is a case where the ap- 
plication of the Bernoulli-Euler method is somewhat specula- 
tive. The author seems here to hésitate between the greatest 
principal stress and the maximum shearing stress as the 
criterion for rupture, but his language is rather ambiguous. 
In Art. 183, dealing with torsion beyond the elastic limit, 
the author supposes that the twisting couple can be in- 
creased until practically the whole of the material—starting 
with the outer layers—passes beyond the elastic limit, and 
that the altered material possesses everywhere the same 
shearing stress q' ` he speaks of d as ‘‘ the ultimate shearing 
stress of the material." In Arts. 84 and 85 the author pre- 
sented a closely similar view in dealing with the bending of ` 
rectangular beams ; stating that the stress may approach a 
limiting condition in which there is a uniform longitudinal 
tension over one half the cross section and an equal com- 
pression over the other half. It would be desirable that 
the conditions should be clearly stated under which material 
may be expected to behave in the way assumed in these 
articles, and that there should be references to experiments 
on the subject. The point seems of importance in con- 
nection with theories of rupture. In Arts. 134 and 135 
dealing with spiral springs a reference to some more com- 
plete treatment of the subject would be particularly desir- 
able. When the author (p. 197) talks of resolving '' angles 
about the axes ox and oy to find the horizontal and vertical 
components of the angular displacement * * *’’ his mean- 
ing may be plain to the practical man, but it certainly is 
not 80 to one habituated to a different usage of mathematical 
terms. Art. 138 dealing with the whirling of shafts is more 
satisfactory, but it might be desirable to tell the student 
that the formala d'Aide = 4zm^wu[g, which is really as- 
sumed in the proof, is obtainable by ordinary statics. “It 
would also be well to refer to the possibility that the ma- 
terial may be strained beyond the elastic limit before 
‘whirling’? can come in (Proceedings of the Cambridge Philo- 
sophical Society, vol. 7, p. 283). : 

Chapter XI deals with several interesting problems, but 
the author is handicapped, as in Chapter X, by his avoid- 
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ance of the less elementary methods. The assumption 
that ‘‘ hoop stresses ” are the same at every point of the 
thickness of a thin shell—whether spherical, or cylindrical 
(of circular or elliptical section)—is a short way of reach- 
ing results, but it has the serious disadvantage of possess- 
ing limitations on which it throws no light. In the “oval 
section," Article 142, the hypothesis seems of doubtful 
validity under any conditions (cf. Todhunter and Pear- 
son’s History, Vol. 2, Part 1, Arts. 587-538). Articles 
148-4 treating of the thick circular cylinder are less ele- 
mentary and more satisfactory ; but the autkor has to in- 
troduce the supplementary assumption that the longitudinal 
strain is uniform, and he commits himself to the greatest 
stress theory of rupture. As this is a specially good ex- 
ample of the difficulty of getting along without some gen- 
eral theory of rupture, and also of the expediency of know-, 
ing what the true theory ig, the reviewer ventures on & 
slight addition to the text. The displacements u along the 
radius from the cylindrical axis, and w parallel to its length 
taken as the z-axis, are of the type (Proceedings of the Cam- 
bridge Philosophical Society, Vol. 7, p. 204) 


u= ar + D/r, w= Az, 


where A, a, D are constants determined from the surface 
conditions. Suppose these conditions to be uniform pres- 
sures p, and p, over the inner and outer cylindrical surfaces, 
whose radii are r, and r,, along with uniform tension P par- 
allel to the cylindrical axis (we may suppose P to represent 
the action of closed ends when such exists). Then denot- 
ing Young's modulus by E and Poisson’s ratio by n, we 
‘easily find 
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Art. 143 treats the case when P and p, vanish, for which 
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The corresponding principal stresses, in Todhunter and 
Pearson’s notation (the radial, the ‘‘ hoop,” and the longi- 
tudinal) are 


— Deitz = r)/Cr = zi j 
ep =pr Lada — 73 EET 


Everywhere pọ is the greatest stress, pp — T? the maxi- 
mum stress-difference, and u/r the greatest strain ; and all 
three quantities have their greatest values over the inner 
cylindrical surface, where 


es = pi + noa = DE 99 = rr = 2pa, /(r, = GH 
ten EE PEN LIN 


Now suppose, as in Art. 143, that f is the largest safe 
tension in & long bar of the material ; then fis a superior 


limit: on the greatest stress theory t to ee, on the maximum 


stress difference theory to oe tr, and on the greatest 
strain theory to E(u/r). Thus if the limiting values 
allowed by the three theories to the internal pressure be 
respectively nl, p," and p/", we have 


=fr; = nose rè); ne fry =. lt dét 
pio fer? =r [in n! s nh 
and 80 p, =P (ty + r3) Qr; 
p= pl + {1 + ali ni}. 


As rj >r’, clearly p; is always larger than p,” or a: o 
the greatest stress theory—of which alone our author faces 
cognizamce—allows & greater internal pressure than either 
of the other two theories would consider safe. In & very 
thin shell pi, p’, and p!” approach equality ; but in a very 
thick shell we have ultimately p,"= p//2, p/! — p/ /( + 3). 

“The use of initial internal stress in strengthening a thick 
tube’’ (Art. 145) represents à case where a good deal may 
depend on the theory of rupture adopted. Art. 146 assumes 
the stress in a revolving ring to be uniform over the cross 
section. Presumably this is approximately true when the 
diameter of the cross section is small compared to the aper- 
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ture of the ring, but not otherwise, and the conclusions 
arrived at should be correspondingly restricted. 

Art. 147 dealing with the ‘‘ stress in a revolving disc"! is 
perhaps the nearest approach in the book to the use of the 
strict mathematical theory. In drawing conclusions as to 
the fastest safe speed of rotation the author again confines 
himself to the greatest stress theory. It happens, however, 
that all three rupture theories mentioned above allow the 
same limiting velocity in the case of a disc with a hole. In 
the disc without a hole the greatest stress and maximum 
stress difference theories likewise agree, but the greatest 
strain theory allows a velocity greater than that allowed by 
the other two theories in theratiol: Vi — xn. The problem 
of the rotating disc has had a somewhat curious history, an 
account of which—with a more complete treatment of the 
problem—will be found in the Proceedings of the Cambridge 
Philosophical Society, Vol. 7, p. 201. 

Uniis.—Those who regard the retention of British units 
as a sign post on the road to destruction will regard the 
author as situated far on the downward track. There seems 
no reference to the C. G. 8. system except in footnotes on 
pp. 3 and 53, which give the relation between tons or lbs» 
per square inch and kilogrammes per sq. cm. The tables 
of strength and of elastic moduli at the end use ‘‘ tons per . 
sq. inch," whilst the table of the ‘ approximate weights of 
materials?" uses ‘‘lbs. per cubic foot. In Art. 130 work 
is measured in ‘‘inch-pounds’’ per minute. In the text the 
author speaks of tons or lbs. per sq. inch (not ton weights 
etc.), and his attitude towards ‘“g’’ when he has to use it 
is apt to be reserved (see Art. 72). Our own view is that 
so long as it is sufficiently clear what is meant, the termi- 
nology employed in referring to the unit of stress is of 
secondary importance. So long as “ factors of safety " are 
as elastic (in the usual Senge) as at present, it does not 
much matter whether the standard ton resides in London or 
New York. © 

This review has been written under the belief that what 
the readers of the BULLETIN are accustomed to is a critical 
examination of books, and not the kind of general apprecia- 
tion that is so easy to write and so pleasant (for the author’s 
uncritical friends) to read. Lest, however, the BULLETIN 
may occasionally fall into the hands of uncritical persons, 
it may be well to state explicitly that in many respects 
Professor Ewing’s book is an excellent one, especially as an 
introduction to the subject. In general, itis clearly written 
and well arranged, and bears evidence of the author’s ex- 
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perience as a teacher. My criticisms largely arise from the 
fact that the author seldom indicates the limitations and un- 
certainties in the mathematical methods adopted, or sup- 
plies references whence his readers might obtain the knowl- 
-edge which the book does not itself supply. Even in the 
parts of the work dealing with experimental results one is 
rather struck by the paucity of references to recent work 
done outside the author’s laboratory. The insertion of long 
lists of authorities in an elementary book may savor of 
ostentation, but the author goes too far in the opposite 
direction. ` 

The book seems carefully printed. Of the few errata I' 
have noticed the following are the chief not already referred 
to :—p. 84, 1.19, for ‘‘then’’ read ‘‘ there"; p. 101, last line, 
for “negative” read ''positive?'; p. 108, lines 22 and 23, 
interchange ‘‘upper’’ and ‘‘lower’’ (?); p. 111, 1. 6 from 
foot, insert ‘‘greatest’’ before “stress”; p. 117, case 4, 
the force F increases uniformly (algebraically) from one end 
to the other; p. 126, the conclusion that shearing stress is 
greatest at the neutral axis would follow from proof given 
only if breadth € constant; p. 135, in lines 9 and 10 of Art. 
102, interchange ‘‘ above” and ‘‘ below’’; p. 158, 1. 2 below 
fig. 101, for 188 read 116; p. 186, 1. 3 from foot, for “ M" 
read "MI: p. 207, ‘‘¢’’ is omitted in denominators of 
formule for fand f' in Art. 142; p. 208, “0” should be 
shown in Fig. 136 ; p. 227, 1. 10, for dM/da read dM,/da. 

CHARLES CHREX. 
RICHMOND, SURREY, 
July 2, 1900. 


SCHEFFERS’ DIFFERENTIAL GEOMETRY. 


Anwendung der Differential- und Integralrechnung auf Geo- 
metrie. By Dr. GEORG SCHEFFERS, Professor in the Darm- 
stadt Polytechnic School. Erster Band: Einführung in | 
die Theorie der Curven in der Ebene und im Raum. Leipzig, 
Veit and Co., 1901. 


Te author of this work has already proved his capacity 
for writing text-books in a clear and readable manner, in 
the three volumes of Lie’s works which he edited. The 
present volume is arranged and written in the same attrac- 
tive and on the whole satisfactory style—for which the 
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author is to be particularly congratulated, inasmuch as the 
work is intended for students who wish to obtain a bird’s- 
eye view of the vast subject of the applications of the in- 
finitesimal calculus to geometry—a subject which is touched 
upon, more or less, by nearly every writer of mathematical 
text-books or papers, and which for that reason is almost 
inaccessible as & whole to the average student. 

There is a remarkable dearth of books on this subject in 
the English language—practically the only sources of in- 
formation for the beginner being Salmon’s classical (but an- 
tiquated) works, and the various larger text-books on the 
calculus. Important portions of the subject are treated by 
all the French authors who edit a Cours d'analyse—Houél, 
Jordan, Picard, Laurent, etc.; but these works fail to be 
adapted to the wants of the beginner either from being too 
much condensed—as those of Jordan and Picard—or from 
being too diffuse, as that of Laurent. In German, the ele- 
mentary text-books are Hoppe and Joachimsthal—neither 
of which appeals to the beginner on account of peculiarities 
of arrangement; while Stahl-Kommerell is much too brief 
and Bianchi too difficult for one who has only had a course 
in elementary calculus. 

A great mathematical discovery is nearly always the out- 
growth of a need, felt by mathematicians in general rather 
than by a single investigator, for the advance represented 
by the discovery; so that a work which coôrdinates and 
presents in a readable form the principal branches of a 
many-sided subject paves the way, at least, for a notable 
advance in the science. In this sense, Professor Scheffers 
deserves the thanks, both of the students of mathematics, 
for whom the work is especially intended, and of mathe- 
maticians in general. 

The volume which has just appeared, and which we shall 
examine briefly, contains the first grand division of the 
author’s subject: the theory of curves—plane curves, and 
space curves with their accompanying developables. The 
second division, which will appear within a year, will con- 
tain the general theory of surfaces. 

The subjects considered in Part I. of the present volume 
are largely those given in any complete work on the calcu- 
lus—the theory of contact of plane curves, curvature, evo- 
lute and involute, ete. Itis perhaps regrettable that practi- 
cally nothing is done towards the discussion of asymptotes 
(as is done, for example, in Houël’s Calcul infinitésimal, 
volume 2), and the treatment of singular points is very 
meager. 


€ 
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Some sections of this part, however, treat of subjects not 
usually given in the current text-books, and they deserve 
special notice. In §2 the writer explains what is meant by 
a movement in the plane, by showing that it is immaterial 
whether the operations represented by the familiar equations 

: g = x Cos a — y sin a + a, 
: (1) 
y = x gin a + y cog a + b, 


be interpreted, 1°, as a change in the position of the co- 
ordinate axes with reference to the geometrical figure under 
consideration, or 2°, as & change of the position of the 
figure with reference to the (unchanged) axes. This in- 
troduces the reader at once, and in the most natural man- 
ner, to the conception of a transformation of the points of 
the plane. In §8 certain differential invariants of a plane 
curve are defined and deduced by means of the definition 
of a movement contained in §2. Any function of 


d d^ 
v, Y, E Zei > 


which remains unchanged, when the curve y = f(z) is sub- 
jected to the movements (1), is called a differential invar- 
iant of the curve with regard to those movements.* All 
possible differential invariants (in this sense) are shown—in 
an entirely elementary manner and without reference to the 
theory of transformation groups—to be functions of the 
magnitudes 
dr dr 
T dr’ dir’ Ua (2) 


where r and r are radius of curvature and angle of contin- 
gence, respectively. 

The results of this section are applied in $ 9 to establish 
the necessary and sufficient conditions that two plane curves 
shall be congruent. For since the differential invariants 
(2) are unchanged by a movement (1), itis clear that two 
curves can be congruent only when their differential in- 
variants have the same values at corresponding points. Itis 





* The conception ‘‘ differential invariant is contained implicitly in all 
the older works on differential equations. Cayley, in his Theory of In- 
. variants, and Halphen, in his ‘ Thèse sur les invariants différentiels "' 
(1878), established certain classes of differential invariants; but the 
general theory of differential invariants is due to Lie ( Ver hand. der Gesell. 
der Wiss. zu Christiania, Febr., 1875, also 1882-3; Archiv for Math., 
1882-3 ; Math. Annalen, vol. 24). 
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clear that dr/dr is some function of t; so that if dr/dr = w(r) 
along the one curve, the necessary and sufficient condition 
for. congruence may be seen to be that dr/dr must be the 
same function of r along the other curve.* 

All properties of a given curve therefore which are inde- 
pendent of the position of the coordinate axes, find their 
complete expression in the equation dr/dr = w(t); there- 
fore nothing is more natural than to introduce dr/dr = w(r) 
as the intrinsic, or natural, equation to & curve.f 

In § 11 it is shown that the differential invariants (2) 
represent, geometrically, the radii of curvature of the evo- 
lute, or of the evolute of the evolute, ---, of the given curve, 
as readily appears. 

The $$ 14-20 of Part.I. are taken up with a brief outline 
of the theory of ordinary differential equations in the plane: 
and the introduction of the conceptions curvilinear coórdi- 
' nates, curve-nets, etc. It is very fortunate for the beginner 
that the author treats the subject of parametric (curvi- 
linear) coórdinates in the plane very fully and clearly— 
carefully deducing the conditions that two curve families 
shall form an orthogonal system, an isometric system, eto., 


in the plane—as most of these results can be extended at" 


. once to curve families on a surface. It is just these sec- 
tions of Part I. which will be most useful and most interest- 
ing to the beginner—as those subjects are not systematically 
treated in the current text-books, at least until the difficult 
general theory of surfaces is studied. Of especial interest 
are the paragraphs giving Lie’s geometrical interpretation 
of an integrating factor, the finding of all transformations 
which leave areas invariant, the finding of all conform trans- 
formations, and the discussion of Lie’s method of integrat- 
ing two ordinary differential equations when a certain rela- 
tion between their integrating factors is known. 

Part IL of this volume scarcely demands & detailed dis- 
cussion here, as it consists mainly of an excellent exposi- 

_tion of the classical theory of the space-curve, introducing 
the reader to the conceptions osculating plane, contact, curva- 
ture, osoulating sphere, etc., together with the natural exten- 
sion to space of the developments in Part I. concerning 
movements, differential invariants, etc. 

In § 3, for instance, the writer explains how the (space) 
equations analogous to (1) define a movement, and proves 
incidentally Mozzi’s theorem that (in general) any move- 
ment in space can be replaced by a screw movement. 





* This criterion does not hold, for obvious reasons, for circles and mini- 
mal straight lines. 
T That this is equivalent to Whewell’s form s = f(r) is readily verified. 
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Then in § 12 all differential invariants of a space curve— 
with regard to the movements—are determined ; and they 
are shown to be functions of the radius of curvature r, the 
radius of torsion p, and the derivatives of these functions 
with respect to the arc length s. Thence are obtained the 
intrinsic (or natural) equations of space curves as the two 
independent equations which contain the differential in- 
variants of lowest orders of the curve. In the next sec- 
tion the author gives Lie’s method of reducing to the inte- 
gration of a Riccati equation the problem of finding the 
finite equations of a space curve from its given intrinsic 
equations. 

These sections, as well as § 18, 19 in which the curve is to 
be determined from the spherical indicatrix of its tangents, 
principal normals, or binormals, will offer considerable, but 
by no means insuperable, difficulties to the beginner. 

In order to complete the development of the theory of 
the space curve—in particular, the theory of the evolutes 
or involutes of a given. space curve—it is necessary to ex- 
amine the curve in connection with its accompanying de- 
velopable surfaces. The more important of these develop- 
ables are, respectively, the envelopes of the osculating planes 
and of the, normal planes of the curve. The author gives, 
therefore, in the first section of Part III. a brief discussion 
of the ruled surface, and, in particular, of the developable, 
deducing afterwards the theory of the evolutes and involutes 
of the space curve in his usual clear manner. 

All theorems which are proved with the arc length s 
chosen as the variable parameter of which x, y, and z are 
functions, fail of course for the special curves for which 3 
is everywhere zero. Hence the minimal curves (or min- 
imal straight lines) demand a special discussion, and the 
development of the theory of these curves according to 
Legendre, Enneper, Weierstrass, and Lie closes the volume. 

The type work of the book is excellent; very few mis- 
prints have been observed. It is furnished with an appen- 
dix containing several tables of useful formule, and with a 
good index. ‘The author has enriched the general theory of 
curves by several original developments—notably in the 
discussion of the trajectories of a curve family * in the 
plane, and in the integration of the intrinsic equations } of 
a space curve. The historical references, given whenever a 
new definition is introduced, will be of great value to the 


*G. Scheffers, Ber. der math.-phys. Klasse der kgl. Sachs. Gesell. der 
Wiss. eu Leipzig, October 24, 1898. 
T Same publication, January 8, 1900. 
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reader who wishes to penetrate deeper into this branch of 
the science. The figures in the text are drawn with great 
care, and the illustrative examples worked out fully and 
clearly. The reader of English text-books will miss the 
long lists of problems usually given at the ends of the chap- 
terg in such works; but we predict for the book a very use- , 
ful career in the lecture room, especially in the hands of an 
energetic teacher who can supply himself with an abundance 
of illustrative problems. 
J. M. PAGE. 


UNIVERSITY OF VIRGINIA, 
November 11, 1900. 


NOTES. 


A NEW edition of the Annual Register of the Society will 
be issued in January. *Forms for furnishing necessary in- 
formation have been sent to each member, and a prompt re- 
sponse will be of great assistance to the Secretary. 


Ar the annual general meeting of the London mathe- 
matical society held November 8, 1900, the following 
officers were elected : “Dr. E. W. Hoxson, president ; Lord 
Kxrvrw, Professor W. Burnsıpe, and Major P. A. Mao- 
Manon, vice-presidents ; Dr. J. LARMOR, treasurer; Mr. 
R. Tuoxer, and Professor A. E. H. Love, honorary secre- 
taries ; Mr. J. E. CAMPBELL, Lieut.-Col. A. C. CUNNING- 
HAM, Professor E. B. Error, Dr. J. W. L. GLAISHER, 
Professor M. J. M. Hur, Messrs. A. B. Kemere, H. M. Mao- 
DONALD, A. E. WESTERN and E. T. WurrTAKER, additional 
members of the council. The subject of Lorp KELVIN’ S 
address as retiring president of the society was ‘‘ The trans- 
mission of force through a solid.’’ 


Ar the anniversary meeting of the Royal Society of Lon- 
don, on November 30, Sir WaLa Huacrne was elected 
president. Among the new members of the council is Pro- 
fessor E. B. ELLIOTT. A Royal medal was presented to 
Major P. A. MacManon for his contribution to mathemat- 
ical science. 


Tue National academy of sciences held its autumn meet- 
ing at Brown University, Providence, R. I., on November 
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18. The following mathematical and physical papers were 
among those read : 

J. TROWBRIDGE : ‘Investigations of light and electricity 
with the aid of a battery of twenty thousand cells.’’ 

S. L. PENFIELD : ''Stereographie projection and some of 
its possibilities from a graphical standpoint." 

T. ©. MENDENHALL: ‘Note on the energy of recent 
earthquakes. "7 

H. A. Rowzanp: ‘On the explanation of inertia and 
gravitation by means of electrical phenomena." 

C. Barus: “On stability of vibration and on vanishing 
resonance." 


Tur Royal Academy of Belgium proposes the following 
prize questions for the year 1901 : 

1. Find the form of the principal terms introduced by the 
elasticity of the earth's shell into the formulas for the change 
of obliquity and of longitude. Value of the prize, 800 
francs. 

2. An important contribution i8 to be made to the theory 
of mixed forms in any number of series of variables, and the 
results are to be applied to the geometry of the correspond- 
ing space. Value of the prize, 600 francs. 

The memoirs may be written in French or Flemish, and 
should be sent before August 1, 1901, under the usual con- 
ditions as to anonymity to the permanent secretary of the 
academy in Brussels. 


Unrversiry OF Paris. The following courses in mathe- 
matics are among the announcements of the faculty of 
sciences for the academic year 1900-1901 :—First semester : 
—By Professor G. Darsoux : Fundamental principles of 
infinitesimal geometry especially with reference to the 
theory of triple systems of orthogonal surfaces, two hours. 
— By Professor E. Goursar: The operations of the differen- 
tial and integral calculus, and analytic functions, two 
hours.—By Professor P. ArreıL: The general laws of 
equilibrium and motion, two hours.—By Professor H. 
PorwcARÉ: The motions of celestial bodies about their 
centers of gravity, two hours.—By Professor BOUBSINESQ: 
‘On the internal friction of fluids, two hours.—By Profes- 
sor G. Kæx1@s : Kinematics of solid and deformable bodies, 
with application to the study of machines, two hours,—By 
Professor L. Rarry: Elements of analysis and mechanics, 
two hours.—By Dr. M. Anpoyer: General theory of 
planetary perturbations, one hour.—Conferences by Pro- 
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fessors Rarry, Hapamarp, and Puiseux, and Messrs. 
ANDOYER and BLuTEL.—The preliminary announcements 
for the second semester include courses by Professor E. 
PicARD on algebraic functions, by Professor E. GounsAT on 
differential equations, by Professor P. APPELL on analytical 
mechanics, by Professor G. Kanies on the study of ma- 
chines, and by Professor L. Rarry on the differential equa- 
tions of mechanics and physics. 


OXFORD University. Advanced mathematical courses 
for the Michaelmas term of the current academic year are 
announced as follows:—By Professor E. B. ELLIOTT: 
Theory of numbers, two hours; substitutions and resol- 
vente, one hour.— By Professor W. Esson: Analytic 
geometry of plane curves, two hours; synthetic geometry 
of plane curves, one hour.—By Professor A. E. H. Love: 
Gravitational attraction and theory of the potential, three 
hours; theory of sound, one hour.—By Mr. J. E. Camp- 
BELL: Differential equations, two hours.—By Mr. H. T. 
GERRANS : Three-dimensional rigid dynamics, two hours. 

CAMBRIDGE University. Mr. A. N. WHITEHEAD and Mr. 
A. Brerey are the examiners, and Mr. J. G. LEATHAM and 
Mr. J. H. Grace the moderators for Part I. of the mathe- 
matical tripos, 1901. Professor H. Lams, Mr. H. W. 
RıcamonD, Mr. H. F. Buren and Mr. H. M. MACDONALD 
are the examiners for Part II. of the same tripos. 


THE Smith’s prizes for 1900 have been granted to J. F. 
CAMERON for his essay: ‘‘The molecules as electric oscilla- 
tors,” and to R. W. H. T. Hupson for ‘‘ Differential equa- 
tions of the second order and their singular solutions." 
Mr. Hudson was senior wrangler and Mr. Cameron second 
wrangler in 1898. 


Tue library of the late Dr. M. C. VERLOREN VAN 
THEMAAT, containing a number of rare mathematical works, 
will be sold at auction by Frederick Muller and Company, 
Doelenstraat 10, Amsterdam, Holland, on December 18-19. 


In a pamphlet of forty-seven pages, Ueber die Nomo- 
graphie von M. d’Ocagne, Leipzig, Teubner, 1900, Pro- 
fessor F. SCHILLING presents the salient ideas of M. 
d’Ocagne’s book (reviewed in the BurrETIN, volume ð, p. 
362) under the conviction of ite great utility for all branches 
of applied mathematics. As this utility seems generally ad- 
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mitted, we may hope that a series of abaci for practical use 
will soon be accessible. 


Accorpine to Nature, Dr. CurLıs, professor of mathe- 
matics, at Hartley College, Southampton, has been appointed 
professor of mathematics at the Presidency College, Calcutta ; 
and Mr. J. F. Hunson, late lecturer in mathematics at 
Jesus College, Oxford, has been appointed professor of 
mathematics at Hartley College, Southampton. 


Proresgor FRANK Montee of Johns Hopkins University 
has recently been appointed editor of the American Journal 
of Mathematics. 


PRorzssoR A. Tresse has been appointed professor of 
mathematics at the collége Rollin, Paris. 


De. H. Lorenz, of Halle, has been made director of the 
physical and technical institute of the university of 
Gottingen. 

Prorsssor G. OLTRAMARE, the venerable dean of the 
faculty of sciences of the university of Geneva, has retired 
. from the chair of higher mathematics at the age of eighty- 
four, after a tenure of fifty-two years. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BoNOLA(R.). Sulla teoria delle parallele e sulla geometria non-Euolidea. 
Bologna, 1900. Geo, 80 pp., 2 plates. 


Bunoxi (8.). See Lavaca! (L ). 


Cantor (M.). Vorlesungen uber Geschichte der Mathematik. (In 3 
Banden.) ‘Vol. IIL: Von 1668-1758. Abteilung 1:. Von 1668-1699. 


[d 


2te Auflage. Leipzig, Teubner, 1900. 8vo. 261 pp. M. 6.60 
ERMAKOF(V.P.). Leoturesontheintegralealoulus. (Russian.) Parts 
land 2. Kıef, 1900. 8vo. 350 pp. R. 3.00 


FRENET (F.). Collection of problems in the infinitesimal calculus. 
Part2: Integral calculus; part 3: Miscellaneous problems and ap- 
pendix. Translated into Russian from the 5th French edition by A. 
P. Nenashef. (Russian.) Moscow, 1900. 8vo. 4+ 240 pp. 

; R. 2.50 
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FRIEDRICH (M.). Katechismus der analytischen Geometrie. 2te Auf- 
lage, durchgesehen und verbessert von E. Riedel. Leipzig, Weber, 
1900. 12mo. 8-217 pp. (Weber’s illustrirte Katechismen, No. 


116.) Cloth. M. 3.00 
HAGEN (J. G.). Synopsis der höheren Mathematik. Vol.3. Lieferung 
2. Berlin, Dames, 1900. 4to. M. 6.00 


HENKE (R.). See SCHLÖMILCH (O.). 


JAHRBUCH über die Fortschritte der Mathematik. Begrundet von C. 
Ohrtmann. Unter besonderer Mitwirkung von F. Muller, A. Wan- 
genn und G. Wallenberg herausgegeben von E. Lampe. Vol 29: 
Jahrgang 1898. (In 3 Heften.) Heft 2. Berlin, Reimer, 1900. 
8vo. Pp. 417-576. M. 5.00 


LAMPE (E.). See JAHRBUCH. 


LAYAGGI (L.). Caloolo infinitesimale. Lezioni [dettate nell’ anno] 
1899-1900 nella r. università di Parma, compilate per oura di S. 
Buroni. Disp. 71-102 (ultima). Parma, Zafferri, 1900.  8vo. 
Pp. 561-815. 


LÜBECK (O.). Algebraische Analysis. Unterweisungen und Beispiele. 
Strelitz, Hittenkofer, 1900. 8vo. 30 pp. (Unterriohtswerke fur 
Selbstunterricht und Bureaugebrauch, Methode Hittenkofer. de 

2.00 


MOLLER (F.). Mathematisches Vokabularium franzósisch-deutsch und 
deutsch-franzosisch, enthaltend die Kunstausdrücke aus der reinen 
und angewandten Mathematik. liste Halfte. Leipzig, Teubner, 
1900. Geo 9-+-132 pp. M. 8.00 


——. See JAHRBUCH. 

NENASHEF (A. P.). See FRENET (F.). 

Prensa (A.). Sull influenza di alcune singolarità di superficie sul genere 
numerico e sul bigenere P, con applicazioni alla determinazione di 
superficie razionali di quinto ordine. Mondovi, Vescovile, 1900. 
Bvo. 28 pp. 

PIZZARELLO (D.). Sulle funzioni trascendenti intere; memoria pre- 


sentata come tesi di laurea nella r. università di Roma il 14 novem- 
bre, 1899. Messina, Tipografia dell’ Epoca, 1900. Geo, "70 pp. 


RIEDEL (E.). See FRIEDRION (M.). 


SCHLÖMILCH (O.). Uebungsbuch zum Studium der höheren Analysis. 
Teil : Aufgaben aus der Integralrechnung. 4te Auflage, bearbeitet 
von R. Henke. Leipzig, Teubner, 1900. Geo 8-+ 448 pp. 

M. 900 


WALLENBERG (G.), WANGERIN (A.). See JAHBBUCH. 
WILOZYNSEI (E. J.). On continuous binary linearoid groups, and the 


corresponding differential equations and A funotions. (American 
Journal of Mathematics, Vol. 22, pp. 191-225.)  4to. 


—. An application of group theory to hydrodynamics. (Transactions 
of the American Mathematical Society, Vol. 1, pp. 339-352.) 4to. 


xs Poetry and mathematics. Berkeley, University Press, 1900. Bvo. 
6 pp. 
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IL ELEMENTARY MATHEMATICS. 


BAront (E.). Sui metodi elementari per la risoluzione dei problemi 
geometrici. Bologna, Zanichelli, 1900. 8vo. 23 pp. 


BERRY (T. W.) and VINE (G. F.). How to work deductions in Euolid. 
London, Simpkin, 1900. 12mo. 112 pp. 2 8. 


Dupuis (N. E Principles of elementary algebra. Revised and cor- 
on. 


reoted edi New York, Macmillan, 1900. 12mo. 7--336 pp. 
Cloth. : $1.10 
DURFEE (W. P.). Elements of plane trigonometry. Boston, Ginn, 
1900. 16mo. 6-105 pp. Cloth. $0.80 
FAUDELLA e PANTALEO. Aritmetica e geometria per la quarta classe 
elementare. Torino, Paravia, 1900. 16mo. 128 pp. Fr. 0.60 
——. Aritmetica e geometria per la quinta classe elementare. Torino, 
Paravia, 1900. 16mo. 99 pp. Fr. 0,60 


GAZZANIGA (E. P.). Aritmetica generale: divisioni ordinarie, speciali 
e mobili, conflgurazioni numeriche e numeri primi, divisioni e 
frazioni periodiche, nuovi studi e teoremi. Bergamo, Bolis, 1900. 
8vo. 4-+ 213 pp. Fr. 5.00 


GIORDANO (D.). Nozioni di aritmetica razionale, esposte per uso del 
ginnasio superiore. Ragusa inferiore, Criscione, 1900. 16mo. 
102 pp. . Fr. 1.00 


HOLZMANN (A.) und MassINGER (R.). Geometrische Anschauungs- 
lehre (in 3 Teilen) im Anschluss an den Lehrplan der badischen 
Realsohulanstalten. Teil I: Erster Abschnitt der ebenen Gebilde; 
Pensum der Klasse IV; 32 pp. Teil II: Zweiter Abschnitt der 
ebenen Gehilde; Pensum der Klasse V; 30 pp. 2te Auflage, 
Karlsruhe, Reiff, 1900. 8vo. Boards. M. 0.60 


JAUQUET (E.) et LAOLEF (A.). Cours d’arithmétique théorique et 

ratique, aveo de nombreux exercices, problèmes, eto., à l'usage des 

les normales d’instituteurs et d’institutrices, des écoles primaires 

supérieures, des écoles professionnelles et des candidats au brevet 
supérieur. Paris, Nathan, 1901. 18mo. 8+ 317 pp. 


Jurne (G.). Fünfstellige Logarithmentafeln für Schüler. Leipzig, 
Berger, 1900. 8vo. 144 pp. Cloth. M. 1.20 


KurNEWsSEKY (M.). See MÜLLER (H.). 

LAOLEF (A.). See JACQUET (E.). Dee 

LIOHTBLAU (W.) und WiESE (B.). Sammlung geometrischer Rechen- 
aufgaben, zum Gebrauch an Seminarien, sowie zum Selbstunterricht 


bestimmt und herausgegeben. 2te Auflage. Breslau, Hirt, 1900. 
8vo. 164 pp. t M. 1.76 


LIEBER (H.) und LÜHMANN (F. von). Leitfaden der Elementar-Ma- 
thematik. Neu herausgegeben von C. Musebeck. Teil I: Ausgabe 
B für Realgymnasien, Oberreal- und Realschulen. Planimetrie. 
Einfuhrung in die Trigonometrie und Stereometrie. (Lehraufgübe 
der Quarta bis Untersekunda.) Berlin, Simion, 1900. 8vo. 5-4 
109 pp. M. 1.60 


LÜHMANN (F. von). See LIEBER (H.). 
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MASSINGER (R.). See HOLZMANN (A.). 


MÜLLER (H.) und Kornewsky (M.). Sammlung von Aufgaben aus 
der Arithmetik, Trigonometrie und Stereometrie. Ausgabe A, für 
Gymnasien, Realgymnasien und Oberrealschulen. Teil I. Leipzig, 


Teubner, 1900. 8vo. 8-+-315 pp. Cloth. M. 2.80 
—. Ausgabe B, für Realschulen. Teil I. Leipzig, Teubner, 1900. 
8vo. 8-+ 289 pp. g M. 2.60 


MÜSEBEOR (C.). See LIEBER (H.). 


NuNzz (M. G.) Tratado completo de matematicas. Cuaderno 1: 
Operaciones fundamentales con numeros enteros. Madrid, 1900. 
4to. Pp. 1-82. Fr. 3.50 


PANTALEO. See FAUDELLA. 


PAYNE (E. L.). Principles and methods of college algebra. Empori 
Kan., M’Cord & M’Cord, 1900. 12mo. 56 pp. $0.25 

RIEDEL (E.). Katechismus der Planimetrie, mit einem Anhang über 
harmonische Teilung, Potenzlinien und das Beruhrungsproblem des 
Apollonius. Leipzig, Weber, 1900. 12mo. 10+ 346 pp. (We- 
ber’s illustrirte Katechismen, No. 225.) Cloth. M. 4.00 


SEREET (J. A.). Traité de trigonométrie. 8e édition. Paris, Gau- 
thier-Villars, 1900. 8vo. 10 + 336 pp. Fr. 4.00 


VINE (G. F.). See BERRY (T. W.). 
WIESE (B.). See LxogrBLAU (W.). 


| III. APPLIED MATHEMATICS. 


ADAMOZIK (J.). Compendium der Geodäsie. Wien, Deutioke, 1900. 
8ro. 8+ 515 pp. M. 10.00 


BURONI (8.). See CARDANI (P.). 


CALDARERA (F.). Corso di meccanica razionale. Vol. I: Cinematica. 
Palermo, 1900. 8vo. 329 pp. Fr. 12.50 


CARDANI (P.). Fisica matematica. Lezioni [dettate nell'anno scolas- 
tico] 1899-1900 nella r. università di Parma e compilate per cura di 
8. Buroni. Disp. 31-40 (ultima). Parma, Zafferri, 1900. 8vo. 
Pp 241-320. 


CASTLE (F.). Workshop mathematics. Part I. London and New 
York, Maomillan, 1900. 12mo. 8+ 154 pp. Cloth. $0.35 


———. PartIl. London and New York, Macmillan, 1900. 12mo. 9+ 
177 pp. Cloth. $0.35 


DÉCOMBE (L ). La célérité des ébranlements de l'éther. Evreux, Hér- 
issey, rs 16mo. 96 pp. (Scientia, physique mathématique, 
No 9. 


EarrAGE (W. T. A.). Elementary mechanics of solids. London and 
New York, Macmillan, 1900. 12mo. 338 pp. $0.60 


FóPPL (A.) Vorlesungen über die technische Mechanik. Vol. 2: 
Graphische Statik. Leipzig, Teubner, 1900. 8vo. 10-1-452 pp. 
Cloth. M. 10.00 
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FUHRMANN (A.). Anwendungen der Infinitesimalrechnung in den Na- 
turwıssenschaften, im Hochbau und in der Technik. Lehrbuch und 
Aufgabensammlung. (In 6 Teilen.) Teil I: Naturwissenschaft- 
liche Anwendungen der Differentialrechnung. 2te Auflage. Berlin, 


Ernst, 1900. Ben 18 -+ 239 pp. M. 6.00 
GUILHAUMON (J. B.). Résumé de théorie du navire 2e édition. 
Paris, Berger-Levrault, 1900. 8vo. 84 pp., 2 plates. Fr. 2.50 


HERMAN (R. A.). A treatise on geometrical optics. London, Clay, 
1900. 8vo. 354 pp. 108. 


HrRTZ (H.). Electric waves; researches on the propagation of electric 
action with finite velocity through space. Authorized English trans- 
lation by D. E. Jones, with a preface by Lord Kelvin. London, 
Macmillan, 1900. 8vo. 298 pp. 108. 


KELVIN. See HERTZ (H.). 
Jones (D. E.). See HERTZ (H.). 


LAUENSTEIN (R.). Die Festigkeitslehre. Elementares Lehrbuch far 
den Schul- und Selbstunterricht sowie zam Gebrauch in der Praxis, 
nebst einem Anhang enthaltend Tabellen der Potenzen, Wurzeln, 


Kreisumfange und Kreisinhalte. 6te Auflage. Stuttgart, Bergstras- 
ser, 1900. Bvo. 6-179 pp. M. 4.40 


Loney (S. I.). Elements of hydrostatics. London, Clay, 1900. 12mo. 
270 pp. (Pitt press mathematical series.). 4a. 6d. 


ROSENBERG (F.). First stage mechanics of solida. For the elementary 
examination of the Science and art department. 3d edition. Lon- 
don, Clive, 1900. 12mo. 320 pp. (Organized science series.) 28. 


SLATE (F.). The principles of mechanics. An elementary exposition 
for students of physics. Part 1. New York, The Macmillan Co., 
1800. 12mo. 104-299 pp. Cloth. $1.90 


. BTREISSLER (J.). Elemente der darstellenden Geometrio für Oberreal- 
schulen. 4te Auflage. Brünn, Winiker, 1900. 8vo. 44162 pp. 
4 plates. M. 2.60 


Viti (R.). Sulla teoria matematica della previdenza ; seconda conferenza 
tenuta il 17 marzo 1900 alla r. accademia dei ragionieri di Bologna. 
Roma, Giovanni, 1900. 8vo. 15 pp. 


WILLIAMSON (B. ) and TARLETON (F. A.). Elementary treatise on dy- 
namics containing applications to thermodynamics, with numerous 
examples. 3d revised and enlarged edition. London and New 
York, Longmans, Green & Co., 1900. 12mo. 16- 559 pp. um 

.50 


ZEUNER (G.). Technische Thermodynamik. 2te Auflage; zugleich 
Ate Auflage der "Grundzüge der mechanischen Warmetheorie.” 
Vol. I: Fundamentalsätze der Thermodynamik ; Lehre von den 
Gasen. Leipzig, Felix, 1900. 8vo. 16-+ 436 pp. M. 13.00 
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MATHEMATICS AT THE INTERNATIONAL CON- 
GRESS OF PHILOSOPHY, PARIS, 1900. 


Tre first international congress of philosophy was held 
at Paris, August 1-5, 1900, under the presidency of M. E. 
Bourroux, professor at the Sorbonne. The proceedings of 
the third section. devoted to logic and history of the sciences, 
are of especial- interest to mathematicians. The delibera- 
tions of this section were directed by Professor Joes 
Tannery. In his inaugural address as president of the 
section, after the usual felicitations and customary acknowl- 
edgments, Professor Tannery emphasized the union be- 
tween science and philosophy, a union which, he said, is 
better designated by the term unity. Any separation be- 
tween scientists and philosophers is only apparent. The 
savants of the present century have set most important re- 
sults before philosophers for speculation. Count the power- 
ful geniuses who from the beginning of the century to its 
end have attacked the notion of space; measure how much 
the critique of this notion hag done for the problem of 
knowledge. What illumination has been thrown upon the 
notion of function and, ascending farther, on the notion 
of number, by the revision of the principles of analysis! 
Will not the theory of ensembles show somewhat how 
we ought to think of infinity? Will not mathematical 
logic farnish us & sure instrument for the discernment and 
transformation of the data of intuition? Will not thé al- 
gebra of logic enable us to penetrate deeper into the mech- 
anism of deduction? Every hope seems legitimate, after 
what has been accomplished in the foundations of geometry. 
What surprisos may be in store for us in the study of the 
principles of mechanics! Before turning aside from the 
mathematical sciences, Professor Tannery called attention 
to the import for philosophy of those works which had been 
devoted to the evolution and history of these sciences. 

Among the papers which were presented: to this section 
the following deal more or less directly with questions math- 
ematical. They are given in the order of presentatjon. 
The résumés of the papers and the discussions occasioned 
by them are drawn from the number of the Revue de Métaphy- 
sique et de Morale, for September, 1900, which is specially 
devoted to the congress of philosophy. ` 

G. Varrar, ‘The classification of the sciences.’’ 

G Moon, ‘On the origins of the infinitesimal cal- 
culus.’’ 
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S. GÜNTHER, ‘ On the history of the origins of the new- 
tonian law of gravitation.” 

M. Cantor, (On the origins of the infinitesimal cal- 
culus.” . 

H. Pornoart, ‘‘ The principles of mechanics." 

B. RussELL, ‘The idea of order and absolute position in 
space and time." 

H. MaoCorr, ‘‘ Symbolic logic." 

Q. Peano, ‘‘ Mathematical definitions." 

C. Burauı-Forriı, ‘‘ The different logical methods for the 
definition of the real number.’’, 

A. Papoa, ‘‘ Essay at an algebraic theory of integral num- 
bers, with a logical introduction to any deductive theory 
whatever." 

M. Pıerı, ‘On geometry considered as a pure by logical 
system.’’ g 

P. Porersky, “The theory of logical equalities with 
three terms." 

E. ScHRODER, ‘‘ An extension of the idea of order." 

W. E. Jonsson, ‘The theory of logical equations." 

A. MAOFARLANE, ‘The ideas and principles of the geo- 
metric calculus.’’ 

A. Carios, “‘ The rôle of number in geometry. 

G. LeomaLas, ‘‘ The comparability of various spaces." 

J. HADAMARD, “ On induction in mathematics.’’ ‘ 

R. BrownLor, ‘‘ Exposition of the principles of me- 
chanics.’’ 

M. Le VERRIER, ‘‘ On the genesis and import of the‘prin- 
ciples of thermodynamics.”’ 

A. Vasen, ‘Principles of the calculus of probabil- 
ities." 


In his paper on the origins of the infinitesimal caleulus, 
M. G. MiLHAuUD commenced by seeking these origins in 
antiquity ; in the discovery of the incomimensurable mag- 
nitudes, which destroyed the atomism of the pythagoreans ; 
in the theory of ratios of Euclid, applied by Hippocrates to 
the quadrature of his lunes; finally, in the method of ex- 
haustion of Eudoxus employed by Archimedes for the quad- 
ratureoftheparabola. Passing to modern times, he discussed 
the method of indivisibles Cavalieri, as compared with the 
method of exhaustion of the ancients; then the problem 
of tangents and the methods proposed by Descartes and 
Roberval for solving it; finally, the problem of maxima 
and minima solved by Fermat. The paper concludes with 
. an account of the contributions of Huygens and Barrow, 
and their respective relations with Leibniz and Newton. 
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M. GüwTHER began his memoir on the origins of the new- 
tonian law of gravitation by reviewing the early conceptions 
of weight, notably the nominalistic conception of Aristotle, 
which he opposed to the animistic conception and to the 
atomistic conception. It was against the peripatetic theory 
of heaviness and lightness that all the modern reformers 
struggled : Copernicus was not altogether free from it ; it was 
Galileo who finally destroyed it. In the seventeenth cen- 
tury weight was conceived as a universal property of matter. 
Kepler conceived of gravitation as a magnetic attraction, 
and Roberval likened it to heat. On the other hand, Gas- 
sendi, Berigard, Digby, Hobbes, and Huygens attempted to 
explain it by corpuscular hypotheses. Up to this point only 
the law of masses was considered. The law of distances 
was formulated by Boulliau, but his explanation is bad; 
Borelli, on the contrary, correctly understood centripetal 
acceleration, but he did not find the formula. The author 
finds, in Leibniz’s theory of verticity a precursor of 
Faraday’s theory of lines of force. He comes finally to 
Hooke, the immediate predecessor of Newton, to whom the 
latter showed himself rather unfair. He concludes by de- 
claring that the success of the newtonian law resulted in the 
triumph of the theory of action at a distance, in which 
Leibniz saw the restauration of the doctrine of occult 
qualities, and eclipsed for a time the corpuscular and 
kinetic theories, which are however returning to favor in 
our days. 

M. Couturat added a historical note to M. Günther’s 
memoir. The latter credited the Dutch physicist Deusing 
with baving anticipated modern theories by distinguishing 
& potential effort from an actual force. M. Couturat re- 
marked that this distinction between potential and actual 
is fundamental in the physics and metaphysics of Aristotle 
from whom Deusing and modern physicists have appropri- 
ated these terms. 


The memoir of Professor M. Cantor on the origins of the 
infinitesimal calculus was read at a general session presided 
over by Professor H. Poincaré. The author recalled that 
the ancients had anticipated the integral calculus by their 
methods of quadrature and cubature. In the middle ages, 
Petrus de Dacia designated the continuous generation of 
magnitudes by the term ''fluere"' ; Bradwardine distin- 
guished two kinds of infinity; Nicole Oresme, from the 
consideration of latitudes and longitudes, discovered that 
the variation is zero at the points of maxima and minima. 


H 
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Kepler rediscovered this theorem ; he generalized the idea 
of Vieta that the circle is a polygon having an infinite 
number of sides infinitely small, and applied it to the quad- 
rature of the circle and the cubature of the sphere and sol- 
ids of revolution. Cavalieri conceived the method of indi- 
visibles, which permitted him to effect veritable integra- 
tions. Descartes found a general method, purely algebraic, 
for calculating the normal to a curve, and consequently its 
tangent. But it is Fermat, the greatest French mathema- 
tician of the seventeenth century, who really anticipated the 
infinitesimal calculus by his method of maxima and min- 
ima; he also invented a method of tangents superior to 
that of Descartes. Roberval found another solution of the 
problem of tangents by the composition of movements ; but 
if his method is ingenious, it is of little practical value, 
since at each application it demands a new exercise of in- 
genuity, and a good method ought to dispense with such 
demand once for all. After having spoken of Pascal’s 
Traité des sinus du quart de cercle, of which a figure sug- 
gested to Leibniz his differential calculus, the author ar- 
rived at Barrow, the tutor of Newton, from whom the lat- 
ter extorted the last of his Lectiones geometricae (1669), 
Leibniz invented his calculus October 29, 1675, a year 
before he saw the manuscript of Newton’s Analysis per 
aequationes. While the priority belongs to Newton, the 
originality of Leibniz is incontestable. Moreover, the 
latter developed his method logically, while Newton was 
changeable in his conceptions, using limiting ratios to mask 
his infinitesimals. Finally, Newton did wrong in holding 
secret that which Leibniz threw to the winds. 

In the discussion which followed the reading of M. Can- 
tor’s memoir, M. Milhaud remarked that M. Cantor had 
given the facility and generality of a method as the crite- 
rion of its value, and asked if Descartes, as the inventor 
of analytical geometry, ought not to be ranked above 
Fermat, whom Cantor had proclaimed to be the greatest 
French mathematician of the seventeenth century. M. 
. Cantor replied that Descartes, in his Geometry, had not 80 
much founded analytical geometry as the general theory 
of equations. Descartes is so little the inventor of analyt- 
ical geometry that we do not find in his work the equation 
of the straight line, while Fermat was familiar with it. 
Analytical geometry is much older than either of these two 
savants; if we ask who wrote the first treatise on ana- 
lytical geometry, it is De Witt. The superiority of Fer- 
ınat’s genius shines in the theory of numbers, which Des- 
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sumed by the principles of mechanics in M. Poincaré’s ex- 
position. They are conventions which experience can never 
bring to default: because as soon as any fact should con- 
‘tradict them we would always find, nolens volens, a means 
of adapting them to the new fact. For example, if in any 
case the principle of Kepler did not seem to be verified, 
we would explain the divergence by the existence of unsus- 
pected facts, such as electrical and magnetic phenomena, 
etc., which would be manifested and measured by this di- 
vergence, and which would be the object of a new science. 
Without disputing the justness of M. Poincaré’s conclu- 
sions, the speaker found them possessed of an exces- 
sive scepticism. The principles of mechanics are imposed 
by experience, they are the quintessence of innumerable 
experiences, crude or precise; and when they seem to be- 
come defective, the new facts that we are obliged to intro- 
duce to cover the deficiency assume of themselves a scien- 
tific character, that is to say, 8 submit themselves to the 
principle of causation ; in a word they appear as true phe- 
nomena, and not as phantasms or fictions. On the con- 
trary, to replace one of the principles by a different one is 
to be submerged by innumerable complications in the study 
of the most simple facts. For example, the law of gravita- 
tion is verified by a multitude of observations, but in other 
cases it appears at fault ; we explain this divergence by say- 
ing that the bodies in question are electrified, or magnetic, 
etc., and we measure these new phenomena precisely by the 
discrepancy between the true attraction or repulsion and 
the newtonian attraction. It would seem then that the law 
of Newton is only & convention that the facts never contra- 
dict, because when they seem to contradict it, we invent new 
facts to justify it. Still, who would dream of replacing New- 
ton’s law by the following convention: ‘‘ Two bodies repel 
each other proportionally to their distance and inversely as 
their masses,’’ correcting the divergence between this and 
experience by means of supplementary hypotheses? We 
feel that the law of Newton is a convention preferable to all 
others, because it is clearly imposed by the facts. Now the 
principles of mechanics are imposed by facts still more mani- 
festly than the law of Newton. To sum up, M. Painlevé 
conceives physical science as a method of successive ap- 
proximations, oriented initially by empiricism and guided 
by certain principles of experimental origin. The ‘‘con- 
vergence’’ of this method is not assured a priori, but well 
justified by its success, i. e., by the more and more natural 
and perfect accord between theory and reality. In seeking 
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the laws of nature, it is the divergence and increasing com- 
plications which give warning that we have lost our way. 

M. Poincaré replied that there was really no lack of ac- 
cord between M. Painlevé and himself. He himself recog- 
nized that science has always proceeded and will always pro- 
ceed by successive approximations. But he was anxious to 
point out the series of artifices, more or less conscious, by 
which the founders of mechanics had succeeded in trans- 
forming the first approximation, not into a provisional 
truth susceptible of correction, but into a definitive and 
rigorous truth ; and this to a great improvement in clearness 
of statement, and consequently to the benefit of science 
itself. 

M. Hadamard observed that if, with Kirchhoff, we assign 
as the object of mechanics, not the explanation of the phe- 
nomena of motion but merely their description in the simplest 
and most exact manner, the principles of this science, as we 
state them, are sufficiently justified. When we find facts 
in apparent contradiction with these principles we are per- 
fectly justified in making a new force intervene, which is 
always found to account very simply for the phenomena, in 
place of changing the general principles and thus involving 
ourselves in contradictions with the aggregate of other 
known facts. Besides, according to a remark of M. Duhem, 
it is not a single determinate hypothesis, but the ensemble 
of the hypotheses of mechanics, that we can attempt to 
verify experimentally. As to the definition of force, M. 
Hadamard thought that we ought not to be satisfied with 
defining force as the product of mass and acceleration, 
because’ we do not thereby recognize one of the essential 
characteristics of force, namely, that it should represent the 
action of one body on another. To take account of this 
characteristic it is absolutely necessary to adjoin the prin- 
ciple of the independence of forces to that of inertia; the 
former is formulated thus: When a body is in the presence 
of several others, the acceleration which it experiences is the 
geometric sum of several segments of which each depends 
only on the state of the body influenced and that of one of 
the influencing bodies. The notion of ‘‘ force exercised by 
one body on another,’’ as introduced by this principle, is, 
moreover, necessary to the enunciation of the principle of 
the equality of action and reaction in all its generality ; for 
by virtue of the definition of the internal forces of a system 
it can be applied to a non-isolated system. 

In reply, M. Poincaré agreed that the experimental sci- 
ences can never verify anything but an ensemble of hypoth- 
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ses. Every experiment furnishes us, 80 to speak, one equa- 
tion in a very great number of unknowns. Our science, 
still imperfect, does not give us asufficient number of equa- 
tions ; we have fewer than there are unknowns. We can 
count on new experiments to give us continually new equa- 
tions, which will diminish the indeterminacy of the prob- 
lem. But as regards the unknowns introduced by geo- 
metry (curvature of space) or by rational mechanics (its 
most general principles), there is something more. Not 
only does experience not give us enough equations to deter- 
mine them, but it is absurd and contradictory to suppose 
that it can ever give them; for the reason that these un- 
knowns enter into the experimental problems as auxiliary 
supererogatory variables. This explains why the hypotheses 
which one might make relative to these unknowns are neither 
true nor false. As to the principle of the independence of the 
effects of forces, M. Poincaré declared that it is not true. 
If a piece of iron be simultaneously subjected to the action 
of a magnet and another piece of iton, the effect experi- 
enced by it is not the geometric sum of those exerted upon 
it by the magnet and the second bit of iron separately. 
The principle can only be saved by a coup de pouce: we 
say that the second piece of iron is modified by the pres- 
ence of the magnet. i 

M. Padoa said that the distinction between axioms and 
definitions has only a logical and subjective value; in the 
real world there are only facts all given on the same plane. 
There are no ideas more simple or more evident than other 
ideas ; there are merely ideas not defined and propositions 
not demonstrated with respect to the logical system adopted. 
And this logical system can or cannot be verified by the 
facts, according to the interpretation given to the ideas not 
defined. In a word, M. Padoa maintains the mutual in- 

‘dependence of the logical and the real. 

M. Aars replied to M. Padoa to the effect that we en- 
counter facts in the subjective and psychic world as well as 
in the real world. He held, contrary to M. Poincaré, that 
the axioms of mechanics ought to aim at the existence of 
mechanics, and consequently should be capable of being 
true or false, just as any other proposition relative to any 
existence whatever. 

M. Poincaré replied that questions of existence of this 
nature seemed to him as devoid of meaning as those of 
the truth or objectivity of the principles of mechanics. 

M. Ribert also protested against M. Poincaré’s scepti- 
cism. He held that the laws of mechanics have an objective 


1901. ] THE PARIS CONGRESS OF PHILOSOPHY. . 165 


value, and that they are not creations of the human intellect. 
The world existed before humanity, and the world will ex- 
ist after it. It already obeyed, and it will continue to obey, 
the laws of mechanics. Hence science is true in the sense 
that it deals with real existences. 

M. Poincaré remarked that we raise here the question of 
the reality of the external world, which would be more in 
place in the first section (metaphysics). 


Mr. RusseLL read extracts from his memoir on the idea 
of order and absolute position in space and time. After 
having distinguished the absolute series, that is to say those 
whose elements are positions, from relative series, whose 
elements have positions by correlation with those of an abso- 
lute series, the author defines the absolute theory of time 
according to which an event is dated’ by its relation to the 
instant when it exists, and the relative theory according to 
which it is dated only by relations of simultaneity or succes- 
sion with other events." In order that the latter be tenable 
it is necessary that between two events, considered simply as 
qualities, there should exist a constant and determinate 
temporal relation, which is not the case. Similarly the 
simultaneity of several events can reduce to no property 
common to these events, unless it is the fact that they oc- 
cupy the same instant. It is necessary then to admit 
temporal positions as absolute. Similarly it is necessary to 
admit spatial positions as absolute and for the same reas- 
ons. The author discusses the arguments invoked by 
Leibniz and Lotze in support of the relative theory of space. 
This theory contends that the position of a point is only 
the ensemble of its distances to other points, which sup- 
poses that the only relation which can exist between two 
points is their distance. But-this is false; they have another 
relation which is the direction of the straight line (project- 
ive) which joins them. Without the latter there is no 
means of conceiving angle, which is a relation between two 
directions and not between two distances. The definition 
of a plane postulates a new fundamental relation (between 
three points). The author shows that the relative theory 
presents all the difficulties of the absolute theory, and re- 
duces the theory of relations of Lotze to an absurdity. He 
finds the absolute theory to' possess the advantages of logic, 
clearness and simplicity over the relative theory. 

M. Tarde opened the discussion of the paper by contest- 
ing the ‘analogy of space and time with respect to their 
relativity. It seems that space must be purely relative, 
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while time has something of the absolute. In space the 
.origin is arbitrary, in time it is not; the present instant 
differs qualitatively from the past, and still more from the : 
future. Hence to say that two bodies occupy (successively ) 
the same place has no meaning; while there is real mean- 
ing in saying that two events take place in the same time. 

Mr. Russell replied that M. Tarde’s distinction has only a 
psychologic interest but no logical value; to the conscious- 
ness time appears more real and more absolute than space ; 
but for the theory of knowledge, time and space are alto- 
gether analogous. 

M. Aars suggested that the question whether space and 
time are absolute or relative reduces to the question whether 
they are subjective or objective. Relation and relativity 
are purely subjective functions; if space and time are rela- 
tive they will be subjective, if absolute they will be objec- 
tive. 

Mr. Russell declared in reply that he was concerned merely 
with à question of logic or epistemology that had nothing to 
do with the metaphysical question of the objectivity of space 
or the psychological question of the origin of knowledge, a 
question anterior and superior to each of these. 


In a résumé of his memoir on symbolic logic and its ap- 
plications Mr. MAoCorr stated that the essential element of 
pure logic is the proposition. Propositions arrange them- 
selves into two classes: the true (7) and the false (+); orin 
fact into three classes: the variable (0), which can be true 
or false; the certain (e), which are always and necessarily 
true (probability 1), and the impossible (7), which are al- 
ways and necessarily false (probability 0). The symbol 4° 
signifies that the proposition A appertains to the class x; the 
symbol A”, equivalent to (.A°)’, signifies that the proposition 
A" belongs to the class y. For example A% states: “it is cer- 
tain that A is variable. The product A*B’ is the simultane- 
ous affirmation of the two propositions A* and Dr: the sum 
A* + P” is their alternative affirmation, namely, that one or 
the other is true. In general, the exponent r is suppressed 
and the exponent: is replaced by an accent (sign of nega- 
tion). We have the formule: 


(ABY— A-- B, (A+BY=AB, A(B4-0)—AB--A0, 
(Aa, (AFAN, (Ab AP ADS 
Å? = Ae An, Å" = An, Am = Ae, 
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The notation (4 : B) affirms that the proposition A im- 
plies the proposition B. It is equivalent to each of the as- 


sertions 
(AB), (A + By. 


The equality (A = B) is equivalent to the two inverse im- 
plications (A : B), (B : A). For simplicity, the implica- 
cation (A : B) is often written Áp. 

If we multiply the two certitudes 


(A + A’) (At + A? + Ar), 
we find the following alternative (certain) 
At+ AA? + A'A? + Arm At + AA* + A! 4 + An, 


whose four terms signify respectively : 1° that À is always 
true; 2° that A is sometimes true, but not always; 3° that 
A is sometimes false, but not always; 4° that A is always 
false. The author thus comes upon the four classic forms 
of propositions (A, LO E). 

The author defines and calculates on one hand the weak- 
est premise from which we can deduce a given proposition ; 
and on the other hand the strongest conclusion that can be 
drawn from à given proposition. 

He applies his symbolic logic to the calculus of probabil- 
ities. The symbol 4 represents the probability that A be 
true when B is true, that is to say the relative probability 


of A with respect to B. The symbol = represents the prob- 


ability of A with respect to the data of the problem (re- 
garded as certain), that is the absolute probability of A. 

If PE E we say that the probability of A is indepen- 
dent of B, since it does not change when we add B to the 
data of the problem. Consequently we take as measure of 
the dependence of A relative to B the difference 


It is proved that if A is independent of B, B is also i in- 
dependent of A. 

Compound probabilities are evaluated as Mate of 
simple probabilities by means of the following formule: 
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E € € € D 
A’ A A A 
de = 17 
If we put 
À B : : 
7796 > = b, ete., 
we have 
A o B A a b A 
B b'A D'A VP 
A, a, B A b A A A b A 
Ee E uel dede 
n cg gs p VE r y pn 


By means of these formule it is easy to pass from a problem 
in logic to one in probabilities. 

In the discussion occasioned by Mr. MacColl’s paper, 
M. Couturat remarked that the calculus of probabilities 
had inspired both the system of MacColl and that of Boole ; 
but the former, by his definition of the independence of 
two propositions, had been able to correct an error com- 
mitted by Boole in a problem of probabilities. But the 
origin of Mr. MacColl’s logie is found in a purely mathe- 
matical problem, namely, the calculation of the limits of a 
multiple integral when the order of the integrations is 
changed, a problem to which the last part of Mr. MacColl’s 
memoir is devoted. 


M. Peano read a memoir on mathematical definitions, in 
which he said that a definition is an equality whose first 
member contains the expression to be defined and the sec- 
ond member is composed of well-known terms. It sup- 
poses, then, a certain number of known terms which ought 
to be tabulated ; the value of a definition is essentially rela- 
tive to this table. M. Peano analyzed, by way of example, 
the first definitions of Legendre’s geometry and some of 
Euclid’s definitions. He shows that they define relatively 
simple and clear terms (line, point, straight line, surface) by 
means of terms which are less so (length, breadth, thick- 
ness, extremity, path, shortest), or a term (number) by a 
synonymous term (ensemble). He calls equalities of the 
form specified possible definitions. An idea will be defina- 
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ble or undefinable according to the order assigned to the 
ideas. It is convenient to arrange the ideas of a science in 
an order such that the number of primitive ideas relative 
to this order shall be as small as possible. 

A definition should be complete, that is, intelligible by 
itself; and homogeneous, that is, the two members should 
contain the same variable terms. Thus, the formula 


0—a—a 


is not a definition because we do not know what a is. The 
complete proposition: ‘‘ Let a be any number; then 0— a 
— a,” is not a definition because it is not homogeneous (the 
variable a enters into the second member but not into the 
first). It is necessary to write: ‘‘0= the constant value 
of the expression (a — a), whatever be the number a." In 
this proposition the letter a is an apparent variable, since 
the second member does not depend on its value. 

M. Peano criticised other non-homogeneous definitions 
by showing that we can draw false conclusions from them 
(for example, the definition of operations on fractions). 

M. J. Tannery remarked that if every definition is an 
equality, it is necessary to place the idea of equality in the 
table of undefined idens. 

M. Schroder thought that it is unnecessary to impose too 
restrictive conditions on definitions. For example, the zero 
(nothing) of logic can be defined by the formula 


0—aa, 


whatever be a, where a, is the negation of a, or not-a. 
M. J. Tannery took exception to the definition of the zero 
of arithmetic by the formula 


0=a—a, 


whatever be a. In this formula there enters the sign of 
subtraction. Now we can define subtraction only in the 
case of unequal numbers. In other words, we define 0 as 
the number which when added to a givesa as sum. But, 
by hypothesis, we know no such number: every number 
added to another number gives a sum different from each ` 
of them. Then this does not give the idea of zero, which 
seems to be a primitive and indefinable idea. 
M. Peano replied that the formula 


0—a-—a 
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does not constitute a definition, since it is not complete, it 
being necessary to add what ais. Nor is it homogeneous, 
the second member containing a term which does not enter 
the first. It is necessary then to say: ‘‘0 = the constant 
value of (a — a) whatever be a. The same observations 
apply, mutatis mutandis, to the analogous definition of the 
zero of logic. As to the equality definition, it is undoubt- 
edly among the primitive ideas; but it differs from special 
equalities, which can consequently be defined. ‘ 

M. Padoa emphasized a distinction between the formula 
““Q=@—a’’ and the formula ‘‘0 = the constant value of 
(a — a) whatever bea." The first supposes a mathemat- 
ical fact known, namely, that (a— a) is constant inde- 
pendently of a. The second, on the contrary, implies this 
fact and expresses no more than a purely logical fact: the 
equality of two constant values. 


: M. Couturat analyzed the memoir of M. BURALI-FORTI 
upon the different logical methods for the definition of & 
realnumber. The author distinguishes three kinds of defi- 
nitions: 1° the nominal definition, which consists of equa- 
ting the new sign (to be defined) to an expression composed 
of known signs ; 2° the definition by postulates, which con- 
sists in enumerating the fundamental relations verified by 
a group of primitive ideas; 3° the definition by abstrac- 
tion, which consists in defining a function f by saying in 
what cases we have fx = fy. 
These distinctions made, all the definitions given of an 
‚integral number enter into one of the three classes. The 
nominal definition of an integral number rests upon that of 
homogeneous magnitude. ‘‘ If + is a binary similar opera- 
tion, we say that u is a class homogeneous with respect to 
“+ if, cand y being any elements of u, x + y isa determinate 
element of u.” “Letu be a homogeneous class with re- 
spect to +. We call zero the element x of u such that, 
whatever element of uy may be, we have always 


ytos y." 


"We define then the ensemble N, of positive integers and 
zero as a class'of operations. Let rbe any magnitude of 
the class u. We define the class of magnitudes JV,z (multi- 
ples of x) by the following properties : 

1° Nu is homogeneous with respect to + ; 

2° 0 and z are elements of Na: 

3° Every Ma which is not equal to zero is of the form 
y+ x, y being an Ny. We can then define nominally the 


H 
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zero of arithmetic and the notion of successive integers, 
whence are deduced the five characteristic properties of 
integral numbers. 

The definition by postulates (Peano-Dedekind) consists 
in putting these five properties as postulates. The defini- 
tion by abstraction (G. Cantor) consists in defining the car- 
- dinal number by the conditions of equality between two car- 
dinal numbers. 

The memoir terminates with nominal definitions of ra- 
' tional numbers and real numbers. | 


M. Panos presented the principal ideas of his introduction 
to any deductive theory. Every deductive theory rests 
upon a system of undefined symbols and a system of im- 
proved principles. The logical value of the deduction is 
independent of the meaning of these symbols; the system 
of ideas that we make correspond to them is only an inter- 
pretation. The logical value of a theory, then, is absolutely 
independent of empirical and psychological data; and, 
though the concrete interpretation is useful, it is sometimes 
dangerous in that it covers up gaps in the reasoning. The 
undefined symbols may have several interpretations which 
verify the undemonstrated principles ; these interpretations 
are logically equivalent (e. g., the principle of duality in 
projective geometry). 

The author defines, and gives the ordinary criterion for, 
an irreducible system of undemonstrated principles. He 
shows, moreover (and this is the personal contribution of 
the author to this theory), that the system of undefined 
symbols is irreducible with respect to the system of un- 
demonstrated propositions when it is not possible to deduce 
from the latter the symbolic definition of any of the unde- 
finedsymbols. To show this irreducibility it is sufficient to 
find an interpretation of the system of undefined symbols, 
such that they continue to verify the system of undemon- 
strated propositions when we change the sense of any one 
of them, and this for every one of the undefined symbols 
taken separately. These are the principles which M. Padoa 
applies to the theory of integral numbers (positive, negative 
and zero) founded upon three undefined symbols integer, suc- 
cessive to, symmetric of, and upon seven undemonstrated propo- 
sitions, including the principle of complete induction un- 
derstood in both senses. 


The memoir of M. Pırrı on geometry considered as a 
purely logical system was read in abstract by M. Couturat. 
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Geometry, stripped of every intuitive element, is an ideal 
and deductive science, which has as its object a certain or- 
der of logical relations. Like arithmetic it is becoming 
more and more abstract ; the idea of point or spatial ele- 
ment is generalized, as well as that of space. Notwith- 
standing its empirical origin and the pedagogical and prac- 
tical value of its applications, geometry is being little by 
little shorn of all geometric meaning in order to become 
a hypothetico-deductive system. Such a system ought to 
rest upon an aggregate of primitive propositions and primi- 
tive concepts (the latter have been much less studied than 
the former). M. Pasch has reduced the primitive concepts 
of geometry to four: point, plane, segment, and congru-, 
ence. M. Peano has reduced them to three: point, seg- 
ment, and movement. M. Pieri proposes to reduce them 
to two only : point and movement. He also attempts to re- 
strict the réle of movement, which he reduces to a relation 
between four points (congruence of the two couples AB, 
CD) and further to a relation between three (congruence 
of the two couples AB, AC). 

The choice of primitive ideas (which cannot be guided only 
by vague considerations of simplicity or of evidence) ought 
to, be regulated by the following criterion: every science 
being characterized by a maximum group of transforma- 
tions which do not alter the properties that it studies, the 
choice ought to be so made that the primitive ideas should 
be invariants with respect to this group. As examples of 
trespassers against this rule of logic the author cites the 
idea of length in analysis situs, that of a half-ray in pro- 
jective geometry, and even the general ideas of line, 
surface, solid, and space in elementary geometry. The 
memoir terminates with the enumeration of twenty postu- 
lates which serve as a logical basis for geometry and which 
define successively, by means of the idea of movement, the 
straight line, plane, perpendicularity, and finally segment. 


Asan introduction to M. Porersxy’s memoir on the theory 
of logical equalities having three terms M. Couturat gave 
.an outline of the principles of Schroder’s logical calculus. 

The fundamental relation of the algebra of logic is the 
relation of inclusion. We reduce the concepts to their ex- 
tension, that is, to classes or aggregates of corresponding 
objects; a is said to be in b and we write 

a<b 

if the ensemble ais contained in the ensemble b. It is the 
translation of the universal affirmative proposition ‘‘all a 
is b.” 
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Similarly, propositions are reduced to their extension or to 
their domain of validity, that is, to the ensemble of in- 
stances or cages where each of them is true. If a and b 
represent propositions, (a < b) signifies ‘‘every time that a 
is true. b is true," or ‘if a is true, bis true," or finally 
‘a implies b.” 

. Thus every formula of the algebra of logic is susceptible 
of two interpretations, one in concepts and the other in 
propositions. At bottom this algebra is simply the calculus 
of ensembles, what Leibniz would call the theory of the con- 
taining and the contained. To this fundamental relation 
of inclusion we join that of equality, which is defined for- 


mally thus 
| (a — b) — (a <b) (ba), 


that is, every equality is equivalent to two inverse inclu- 
sions having the same members. 
Two undemonstrated principles are admitted: 1° the 
principle of identity 
aca; 


2° the principle of the syllogism 
(a<b)(b<c) <(a<e). 


Logical addition and multiplication are formally defined 
by the following expressions : 


(a< e)(b « e) = (a+b <o), 
(e< a)(e <b) = (o < ab), 


whence we conclude that (a + b) is the ensemble of ele- 
ments which contains the two classes a and b united, and 
that ab is the ensemble of elements common to two classes 
aand b. We define two special classes, the class 1, which 
contains all the others; the class 0, which is contained in 
all the others, and consequently contains itself no element. 
Finally negation is defined by the formulae 


aa,=0, a+a =], 


of which the first translates the principle of contradiction, 
and the second the principle of excluded middle; which 
proves, in passing, that these two principles are ‘indepen- 
dent of the principle of identity (a — a). 

The algebra of logic tends to transform the inclusions 
(which transcribe the verbal propositions directly) into 


È 
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equalities (more manageable for the calculus). To this end 
serve the two formule (known to Leibniz) 


(a <b) = (a = ab), 
(a<b)= (ab, = 0). 


The second permits also of transforming any equality into 
an equality whose second member is zero : 


(a = b) = (ab, + a,b = 0). 


Every system of premises can be reduced to a single 
equality with second member zero, which will be the equa- 
tion of the problem. This equation can be solved with re- 
spect to one of the variables, it matters not which. With 
regard to the unknown x it has the form 


(ac + bx, = 0) = (ax = 0) (bz, = 0). 
But 
(ax = 0) = (<a), 
(bz, = 0) = (b < x). 
Therefore 
(az + bz, = 0) = (b< t < a). 


The equation is equivalent then to a double inclusion: x 
contains b and is contained in a... Such is the solution of 
the problem with respect to x. 

In his memoir on the theory of logical equalities having 
three terms, M. Poretsky employs an original method of 
which the following are the principles. 

The double inclusion 


e b<r<a 
he expresses by the equality 
z= ax + bz, 
which is in fact equivalent to the two equalities 
(z = az) = (2 « a), 
(bz, = 0) = (b <2). 
The system of M. Poretsky rests upon another equivalence 
(a= ab, + a,b) = (b = 0), 
paradoxical enough because the first member contains a let- 
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ter a which the second does not. Hence a is absolutely in- 
determinate in this formula. Any equality 


A=B 
is equivalent to each of the following equalities : 
(AB, + AB=0)=(N—0), 
(AB + A,B, =1) = UN, — 1). 


M. Poretsky calls N the complete logical zero and N the 
complete logical whole of the problem represented by the 
equality (A =B). Consequently being given any class U, 
: the equality in question becomes 


(A= B) = (U= UN, + UN) =(N=0). 


This is the law of forms of logical equalities, that is to say, 
the rule which shows how to find all the equalities equiva- 
lent to a given equality. ` 

M. Poretsky employs for this purpose an exhaustive 
method, which consists in forming all the possible classes of 
discourse of n letters. Being given n simple classes a, b, 
e, d, =, we can form with them 2* elements (constituents of 
Boole) which the author calls the minima of discourse. To 
obtain all possible classes it is sufficient to form the additive 
combinations of the 2* elements of which the number is 2”, 
including 0 and 1. If we take for U each oi these classes, 
we obtain 2” different forms for each equality. 

Any equality whatever consists in equating to zero the 
sum of m elements, that is, in annulling them separately. 
It is equivalent then to m elementary equalities, and to all 
their combinations 2" in number, including the equality in 
the m elements themselves and the identity 0 = 0. This is 
the law of consequences. 

On the other hand, any equality in m elements can be 
considered as the consequence of an equality containing at 
least these m elements (with others). Hence all the possible 
causes of the given equality are obtained by joining to it all 
the combinations of the 2" — m other elements, of which the 
number is 2*—". This is the number of different causes of 
the equality, including the equality itself and the absurdity 
1=0. This is the law of causes. 

M. Poretsky sums up the law of forms, the law of conse- 
quences, and the law of causes in a single table which in- 
cludes the 2” classes of discourse, from which may be written, 
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by gimple inspection without calculation, all the forms, 
re and causes of the equality to which the table 
refers. 

M. Couturat remarked in concluding his abstract that M. 
Peano was the first to determine the number of propositions 
that can be affirmed relative to n simple classes. As we 
have seen, the number of independent propositions is 27 — 1, 
excluding the absurdity 1 — 0. But we can affirm the al- 
ternative of any number of these propositions; there are 
88 many alternatives as there are additive combinations 
possible among these propositions, that is, 


porn, 


excluding again the absurdity 0 — 1. 

For n = 2, we find the number 32,767, or 32,766 if with 
M. Peano we exclude the insignificant identity 1 — 1. 
Thus, with two terms a and b and their negations, we can 
construct 32,766 different judgments. We thus see the 
richness and complexity of the combinations permitted by 
the algebra of logic. 


M. ScHRODER gave a rapid summary of the principles of 
the algebra of relations before presenting his memoir,on an 
extension of the idea of number. The algebra of relations 
is the logic of relative terms, while the classic logic treats 
only of absolute terms. ‘The proposed generalization of 
order he calls gradation. It consists in admitting several 
elements of the same rank. A gradation will be expressed 
by two relations; the one p responding to the double ques- 
tion ** What element precedes what element? ?’’ the other, 
y, responding to the double question ‘ What element is of 
the same rank as what element ? ??? 

The essential characteristics of a gradation are the follow- 
ing: 
do Given any two elements i, j, either + is inferior toj, or à 
is superior to j, or t is of the same rank 887; ; 

2? If iis inferior to j, it is not of the same rank ; 

3? On the same hypothesis, j is not inferior to 1 ; 

4° If iis of the same rank as À and h inferior to 5, then 
i is inferior to 7 ; 

5° If à is inferior to h and À inferior to j, then i is in- 
ferior to j. 

These five properties of any gradation can be expressed 
by the following formule : 
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L=ytete, elr+te)=0, (rtp); sep 


where ~ signifies the converse of a relation, and z;'z <2 
signifies that the precedent of a precedent is a precedent ; 
the first formula transcribes the property 1°; the second 
the properties 2° and 3° 


pr=0,  pp—0; 
and the third the properties 4° and 5°  . 
TP <P; Pi PIP 


From these formule we can deduce all the properties of 
two relations y and p: they are transitive, y is symmetric 
(y =r), and copulative (y; y=y). Every gradation fur- 
nishes thus a root of the equation 


os; =. 


To exhibit the logical importance of his researches M. 
Schröder remarked that we do not know whether we can 
affırm that every ensemble is capable of being arranged in 
a simple order, and that the solution of this fundamental 
question of order depends upon the algebra of relations. 

Mr. Macfarlane remarked relative to M. Schröder’s 
memoir the difference existing between the algebra of logic, 
where the relations = and < are transitive, and the algebra 
of relations in which transitive relations constitute only a 
particular case. The algebra of relations serves as a con- 
necting link between the symbolic logic and various branches 
of mathematics such as the calculus of operations and the 
geometrical calculus. 

M. Couturat added that the theory of substitutions is a 
special branch of the algebra of relations. The product of 
two substitutions is their relative product ; the inverse (47!) 


of a substitution is the converse (3); the identical substi- 
_ tution (1) is the identical relation 1. 


The memoir of Mr. Jonnson on the theory of logical equa- 
tions was presented in abstract by Mr. Russert. The au- 
thor proposes to solve symmetrically the general logical 
equation in n unknowns by means of n indeterminates. To 
this end he solves.not with respect to the unknowns (x, y, 2) 
themselves, but with respect to their constituents zyz, xyz, 


es, =. But the latter can be replaced by any divisors 
possessing the same properties, namely those of being mu- 
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tually exclusive and collectively exhaustive, that is, verify- 
ing the conditions 
el, Epp —0. 


The equations of logic are solved with respect to these di- 
visors p. In passing from this solution to the solution rela- 
tive to the unknowns zg, y, z, =, a dissymmetry is introduced 
which the author has attempted to remove. He expresses 
in conclusion his acknowledgments to the works of Schro- 
der and Whitehead on the algebra of logic. 


The paper of Mr. MACFARLANE on the ideas and principles 
of the geometric calculus is in abstract as follows: By 
geometric calculus he means that branch of algebra which 
is founded upon the properties of space of three dimensions. 
The researches of Hamilton ending in the invention of qua- 
ternions have their origin in Kant’s theory of knowledge ; 
proceeding from the idea that algebra is the science of pure 
time, he was finally led to the true spatial generalization of 
algebra. The algebra of quaternions bears the same logical 
relation to the algebra of complex quantities as does the lat- 
ter to ordinary algebra. The fundamental rules of qua- 
ternions and those of vector analysis can be harmonized by 
modifying those of the latter so as to render them associa- 
tive; the rules thus obtained form the special rules of re- 
duction of the geometric calculus. The geometric calculus 
has been extended in such a manner as to include the trigon - 
ometry of surfaces of the second order. The fundamental 
laws of algebra have no need of modification to be applic- 
able to plane algebra, that is to say, to the algebra of com- 
plex quantities; but modification is necessaty in order to be 
applicable to the algebra of space, since the axis of the plane 
is then variable. In the geometric calculus the principal 
theorems, such as the binomial theorem, exponential the- 
orem, and Taylor’s theorem, remain true, provided the rela- 
tive order of the vector symbols be preserved. The philo- 
sophical conclusion of the memoir is that the process by 
‘which the science of algebra has been extended is not an ar- 
bitrary convention, but a patient logical generalization tend- 
ing to a determinate end and appropriate to the object to be 
represented. 


M. Carınon read an account of his memoir on the rôle of 
number in geometry. Whatever may have been historically 
the geometric origin of this or that extension of number, 
the generalization of number ought and can be made inde- 
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pendently of any intuitive consideration. As soon as the 
numerical continuum is constituted, namely the ensemble 
of real numbers, it can serve to define the geometric con- 
tinuum. The line (continuous) is defined by establishing 
a one to one correspondence between the ensemble of reat 
numbers and a series of points; the surface by setting 
up such a correspondence between the ensemble of real 
numbers and a series of lines; the solid, by establish- 
ing an analogous correspondence between the ensemble 
of real numbers and a series of surfaces. Thus it is the 
numerical continuum, simpler and clearer, which generates 
the geometric continuum, and number is essential to the 
definition of all geometric magnitudes.  Projective geo- 
metry is independent only in appearance, for it implies & 
continuity which reduces in the final analysis to the nu- 
merical continuum. £ 

The following is a brief résumé of the memoir of M. 
L£oxALAs on the comparability of various spaces. There are 
those who deny to general geometry the right to consider of 
one or several spaces as contained in a space of four di- 
mensions, and to conceive of several coexistent spaces. 
Nor do they allow the identification of euclidean spheres and 
Riemannian planes or euclidean pseudo-spheres and Lo- 
bachevskian planes. M. Lechalas first set aside the purely 
verbal objections founded on the use of the word space to 
designate varieties included the one in the other. If, ina 
plane four-dimensional space, we consider a spherical space 
of three dimensions and a euclidean plane space of three 
dimensions passing through the center of the former, their 
intersection is a surface (two-dimensional variety) which 
possesses, in the euclidean space, all the properties of the 
euclidean sphere and in the spherical space, all the properties 
of the Riemannian plane. Why refuse to admit the identity 
of this euclidian sphere and this Riemannian plane, since 
they are the same figure? It is maintained that it possesses 
different properties in the two spaces. Unquestionably, as 
the circle (intersection of a plane and sphere) possesses dif- 
ferent properties on the two surfaces : in the plane it has but 
one center; on the sphere it has two; if the plane passes 
through the center of the sphere the circle will be a geodesic 
on the sphere without being a geodesic of the plane. But 
this does not prevent it from being the same figure in both 
cases. Besides the partisans of the incomparability of spaces 
are logically driven to maintain the indiscernibility of Rie- 
mannian spaces among themselves and of Lobachevskian 
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spaces among themselves, and consequently to admit only 
three types of spaces qualitatively heterogeneous and foreign 
to one another (euclidean, Riemannian, Lobachevskian). 
They thus suppress the continuity which binds these three 
spaces together, and which makes the euclidean geometry a 
limiting case of the other two ; they thus destroy the unity 
of general geometry and its philosophical character. 

In discussing the paper of M. Lechalas, M. Peano re- 
marked that we can establish for four-dimensional space 
propositions which are not valid for space of three dimen- 
sions. In fact they rest upon an additional postulate. To 
the three following postulates 

1°. If a is a point, there are other points than a ; 

2°. If Lis a straight line, there are points outside of l; 

3°. If z is a plane, there are points not in z ; 
we ought to add the postulate | 

4°. If Zis a space of three dimensions, there are points 
not in Z. 

It is easily seen that there are propositions which result 
from these four postulates taken together and which do not 
result from the firstthree. Conversely such a theorem as the 
` property of homological triangles is true for the plane and 
three dimensional space but does not hold for space of four 
dimensions, because it depends on the number of dimen- 
sions of the space. 

M. Hadamard expressed the opinion, in the discussion, 
that space of four dimensions is only an analytical ensemble; - 
and that general geometry is only a geometrical interpre- 
tation, though a legitimate one, of analytical facts and 
formuls. 

. ` Mr. Russell said that a plane space of two dimensions is not 

identical with a plane of a space of three dimensions ; the 
latter enjoys special properties which it possesses because 
situated in a space of higher dimensions. One of the proofs 
is that projective geometry even of the plane demands a 
space of three dimensions for its construction ; in fact, to 
prove that the construction of von Staudt’s quadrilateral is 
a univocal operation (with a unique result) it is necéssary to 
be able to effect itin two different planes. Besides, in order 
that the essential duality of projective geometry shall be 
complete, a space of at least three dimensions is necessary. 
There is then & specific difference (of nature, and not of 
degree) between spaces of two dimensions and those of three 
dimensions. ` 

Mr. Russell objected that M. Lechalas passes from the 
identity of the analytical properties of two spaces to the 


e 


1901. ] THE PARIS CONGRESS OF PHILOSOPHY. 181 


conclusion of their real identity. This is to ignore the dif- 
erence between analysis and geometry. From an analytical 

` point of view we'conceive whatever we wish : one only con- 
stracts algebra and has need to speak neither of points nor 
of figures. But to construct a geometry it is necessary to get 
8 space to which we can apply the analytical formule, and 
in this space planes and straight lines which correspond ac- 
tually to their projective definition (namely, of being deter- 

-mined by three or two points). We cannot apply the ab- 
stract projective geometry to any figure, for example, take 
for plane any surface whatever ; to take a sphere is to sup- 
pose the whole of the metrical geometry. To be sure, the 
geodesics on a sphere are determined by two points, but 
this presupposes that the sphere itself has been determined 
by its distance from an exterior center or by some other 
equivalent metrical property. The sphere then can never 
be likened to a plane, not even to a non-euclidean one. 


M. HADAMARD read a résumé of his memoir on induction 
in mathematics. The method of invention in mathematics 
is generalization. What is the value of this process? what 
is the probability of its success? The author thinks that it 
often fails; not only is there no reason why generalization 
should succeed, but there are often reasons for it not to suc- 
ceed. If a certain problem has been solved in a certain par- 
ticular case, this is generally due to the fact that this par- 
ticular case offers some special property that renders it 
simpler and easier to treat. We cannot extend this property 
to the general case to resolve it in an analogous manner. The 
recent progress of mathematics offers plenty of examples in 
support of this statement. The morescience advances, the 
more the part of chance in the discovery of truth diminishes ; 
the more, consequently, should induction and analogy be 
found misleading. Being given two analogous problems, 
one of which has been solved and the other not, there is oc- 
casion to think that the results found in the solution of the 
first are very different from those to be obtained in the so- 
lution of the second. 


The memoir of M. Browpror on the principles of me- 
chanics was read by M. Couturat. The author has fol- 
lowed Kirchhoff and Mach, and the object of his work is 
didactic rather than critical. He marks sharply the distinc- 
tion between ideal and fictitious mechanics and real and 
positive mechanics. The former supposes an ideal system of 
data (reféres) and an absolute clock. Admitting the notion 


+ 
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of material point, the principles of mechanics may be formu- 
lated as follows: | 1 

1°. A material point, supposed alone, can assume no ac- 
celeration. 

2°. Two material points determine on each other accelera- 
tions directed in opposite senses along the line joining them. 

3°. The ratio of the numerical values of the accelerations 
produced by two given material points A and B is constant. 

The latter principle permits of defining and measuring 
the mass of a material point by means of the following addi- 
tion: “X being any material point, the ratio of the mutual 
accelerations of A and B is equal to the ratio of the mutual 
accelerations of A and X divided by the ratio of the mu- 
tual accelerations of B and X. Whence the ratio of the 
masses of two material particles will be, by definition, the 
inverse of the ratio of their mutual accelerations.’’ 

4°. The acceleration induced in any material point M by 
an aggregate of several material particles S, S, 8”, = is ob- 
tained ‘by compounding, by the rule for the composition 
of vectors, the accelerations determined separately by 
S, S, S", =, when acting successively on M. The notion of 
force is useless, but, to abbreviate, we can define it as the 
product of the mass by the acceleration. 

Theoretical mechanics is to positive mechanics as a model 
to an actual construction. To apply the former to the latter 
we choose a system of data and a time-piece in such a manner 
as to obtain the most exact description possible of actual 
movements. This is, undoubtedly inexact; but if itis ap- 
proximately exact, it is simply because theoretical mechan- 
ics, fictitious and conventional as it is, was invented to be 
applied to reality. : 

In the discussion M. Kozlowski was of the opinion that 
the idea of force should not be banished from mechanics. 
Du Bois-Reymond has shown that impact is inconceivable, 
and that action at contact can be explained only by ac- 
tion at a distance. If science substitutes acceleration for 
force it is because it tends to replace muscular symbols by 
visual symbols. 

M. Bulliot would not agree to replace force by accelera- 
tion under the pretext that force is an obscure idea taken 
from our common experience. Why substitute for notions 
a little obscure but rich in content, others clear but bar- 
ren? Modern science through an excessive love of -log- 
ical clearness tends to lose all contact with reality to which 
it owes its origin. 

M. J. Tannery replied that if science replaces experi- 


a 
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mental notions and the confused data of sense by abstrac- 
tions, it is to satisfy a need of rigor and precision ; but it 
does not thereby lose all contact with reality, and applied 
science is benefited by the progress of pure science. 

M. Foveau de Courmelles did not admit the distinction 
between statical force and accelerating force: both corre- 
spond to the same psycho-physiological impression of effort. 

M. Vassilief confirmed the ideas of M. Kozlowski upon 
the difference between visual and muscular sensations. 
The privileged rôle of visual sensations in science is due to 
the fact that they are the only ones which are exactly meas- 
urable. The speaker recalled Lobachevsky’s definition of 
time: time is a motion suitable to measure other motions. 


In M. VassıLrEr’s memoir on the principles of the theory 
of probabilities he distinguishes three kinds of probabili- 
ties: 1° subjective probability, simple sentiment of expec- 
tation or hope; 2° mathematical probability, defined nu- 
merically as the ratio of the number of favorable cases to 
the number of possible cases; 3° objective or physical 
probability, which results from the observation of a very 
great number of experimental cases. We know that the 
last approaches mathematical probability as the number of 
observed cases increases. M. Vassilief asks whether there 
is not an analogous relation between subjective and mathe- 
matical probability. They do not seem to him to be pro- 
portional ; he believes rather that they obey Fechner’s law. 
In concluding he renders homage to the French philosopher 
, Cournot, who, in his opinion, has expressed most profound 
views on the theory of probabilities. 

In the discussion M. Couturat took exception to the 
value and sense of Fechner's law, and was of the opinion 
that subjective probability has no other measure than mathe- 
matical probability, and that, consequently, it is out of place 
to raise a question of proportionality between them., 

M. Dickstein cited the works of Goziewski (analyzed in 
the Jahrbuch uber die Fortschritte der Mathematik), and stated 
that M. Petzoldt ( Vierteljahrschrift für wissenschaftliche Philo- 
sophie) had attempted to apply the theory of probabilities to 
the principles of mechanics. 


E. O. Lovzrr. 
PRINCETON UNIVERSITY. 
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A DEMONSTRATION OF THE IMPOSSIBILITY OF 
A TRIPLY ASYMPTOTIC SYSTEM OF 
SURFACES. 


BY DR. L. P. EISENHART. 


(Read before the American Mathematical Society, December 28, 1900.) 


Consider in space any system whatever of curvilinear co- 
ordinates, p,, P, p, and let the Cartesian coördinates x, y, z 
of & point with respect to fixed rectangular axes be given in 
terms of the preceding by the equations 


(1) T = Jf Pay P3); y= DICH Pa 03), z= d'Lou Pa Ps) 


It is evident that the coefficients of the system of equa- 
tions 


370 90 do 90 
Op; = “1 3p, 2 “13 Sp, + “13 Bp,’ 
EN 90 90 90 
(2) Opt "nag t 1 Bp, t 935 
9'0 98 90 


90 
Opt Sp, + Fp, + a 


can be so determined that it will admit z, y, z, as particular 
simultaneous solutions. 

Any point (x, y, z) may be looked upon as the intersec- 
tion of three surfaces, one of each of the families for which 
_ Py Pa P BIG the respective parameters. 

Consider a surface of each family and the point defined by 
them. From the form of equations (2)* it is evident that 
the necessary and sufficient condition that the surfaces 
pı = const. and p,— const. cut out upon the surface p, = 
const. the asymptotic lines through the given point, is ex- 
pressed by 

Gu = 03, = 0. 


Since similar results are obtained for the other two sur- 
faces through the point, and in turn for every point and the 
surfaces determining it, it follows that the necessary and 
sufficient condition that the surfaces of a triple system Cut 
one another along asymptotic lines is that the coefficients 
of the equations (1) satisfy the condition 


* Bianchi, Lezioni, . 109. 
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(3) (js = An = 034 = Ogg = An = Oy, = D, 


The square of the linear element on the surface p, = 
const. through a given point may be written in the form 


(4) dë = Edp? + 2F dp dp, + Gdp,”, 
where 
E | | On Oz =) 
en Sa, ) 2 ` Op, Op, Me 9p, D 


and where, by hypothesis, the parametric lines are the 
asymptotic lines. 
bh t the Christoffel symbols formed with 


respect to (4) we have 
11 29 
a=} 2 y, TE t 
11 22 
Sa pmo 


that is,* the p, and p, lines are geodesics; but this is impos- 
sible, since they are asymptotic lines. Since similar results 
follow for surfaces p, = const. and p, = const., we have the 
theorem 

There is no triple system of surfaces cutting mutually in the 
asymptotic lines of these surfaces. 

This theorem leads to several interesting negations. 

Consider a triple system of surfaces cutting one another in 
a system of conjugate lines on each. Suppose now that we 
have another triply conjugate system of surfaces, which are 
such that to each point determined by three surfaces of the 
first system there corresponds a point determined by three 
surfaces of the second system and in such a way that the 
respective surfaces defining the first point correspond by 
orthogonality of linear elements to those defining the second 
point. From the theory of infinitesimal deformation of 
surfaces we know that if (x, y, z) and (x,, Y, z,) denote cor- 
responding points in these two systems, then the triple sys- 
tem of associate + surfaces of the first system are defined by 
the equations f 


Denoting by $ 


Hence, by (8), 


d? = zdy — y,dz, d» = zdz — zdz, dt =y dz — ët, 





* Bianchi, Lezione, p. 146. 
t Ibid., p 279. 
Ï Genty, Ann. de la Fao. des Sci, de Toulouse, vol. 9, no. 1. 
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where (£, 7, €) are the coördinates of the point correspond- 
ing to (x, y, z). Consider a set of these corresponding sur- 
faces, one from each system; the conjugate system on the 
first, whose correspondent on the second is a conjugate sys- 
tem, corresponds to the double system of asymptotic lines 
on its associate.* Hence the triple system of associate sur- 
faces is composed of surfaces cutting mutually in their 
asymptotic lines. But such a system is impossible; bence 

No two triply conjugate systems of surfaces can correspond by or- 
thogonality of linear elements. 

Since, in the infinitesimal deformation of a surface that 
conjugate system of lines is preserved which has a con- 
jugate system for its correspondent on & surface correspond- 
ing by orthogonality of linear elements, it follows from the 
above result that 

A triply conjugate system of surfaces cannot be deformed in- 
finitesinally into another triply conjugate system. 

Suppose there is given a triple system of minimal sur- 
faces cutting one another along the conjugate lines of length 
zero for each surface. Corresponding to the three surfaces 
determining a point we have three other surfaces—the ad- 
joints of the former—determining the corresponding point 
in the system of adjoint surfaces. Moreover, it is evident 
that the three surfaces of this latter system cut one another 
in the conjugate lines of length zero. Since a minimal sur- 
face and its adjoint correspond by orthogonality of linear 
elements, this second triply conjugate system of mimimal 
surfaces would have thie kind of correspondence with the 
first system. Since this is impossible, we have 

There cannot be a triply conjugate system of minimal surfaces 
cutting one another in the conjugate lines of length zero. 

Again suppose that there can be obtained a triply orth- 
ogonal system of minimal surfaces. By the Dupin-Darboux 
theorem we have that these surfaces intersect one another in 
lines of curvature. In connection with this system con- 
sider the triple system of adjoint minimal surfaces of the 
given system. Since the lines of curvature on a minimal 
surface correspond to the asymptotic lines on its adjoint, 
the surfaces of the second system will cut one another in 
asymptotic lines. Hence the hypothesis was incorrect, and 
therefore 

There cannot be a triply orthogonal system of minimal surfaces. 


PRINOETON, N. J, 
December 18, 1900. 





* Bianohi, Lezioni, p. 279. 
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SHORTER NOTICES. 


A Short History of Astronomy. (The University Series.) By 
ARTHUR BERRY. New York, Scribner, 1899. xxxi + 
440 pp. 


Ir is a sufficiently difficult and thankless task to write 
a history of any science at the present time, and the difti- 
culty is all the greater when the subject is as old as astron- 
omy. Anyone engaged in a special line of research will 
always feel some interest in the history of his study quite 
apart from the value it may have for its advancement, but 
most of the sciences are of such a nature that only a slight 
acquaintance with their earlier history is necessary. As- 
tronomy stands almost alone in one respect. Though, as 
with other sciences, its history is that of discarded theories, 
yet the observations made in the past, instead of being less 
valuable according as they were more ancient, are fre- 
quently more so, and the necessity for examining carefully 
the records from the earliest times has become increasingly 
important. A well recorded eclipse, passage of a comet, or 
rough measure of a star’s position, may help us more in the 
determination of certain constants than the most careful 
series of observations made in recent times. 

In the present volume Mr. Berry has made the first at- 
tempt to give a continuous and concise popular account of 
the history of astronomy from the earliest times up to the 
present day. He has endeavored to make it readable, to 
set forth the main facts in their due proportion without too 
great a sacrifice of details, to give sufficient indications of 
the literature so that one can obtain more information on 
special points if desired, and finally, to go as far as is rea- 
sonable into explanations so that the true nature of a dis- 
covery may be appreciated. He has, however, not been 
contented to make & mere compilation from the earlier 
works on separate parts of the history but has given a care- 
ful and well-written account of the whole subject as far as 
was possible within the limits set. Moreover, he haa, in 
many cases, gone to the sources (e. g., for the work of 
Galilei, Kepler) and studied the writings of the pioneers in 
the original, so that his estimates of what they achieved 
‘will have an independent value. The whole book bears 
evidence of a large amount of work and in spite of its mod- 
est title should take a higher rank than many of the popular 
volumes which appear so frequently at the present time. 
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The first three chapters are devoted to astronomy from 
the earliest times to the beginning of the sixteenth century. 
The author has confined his account almost entirely to the 
East, omitting the astronomy of the Egyptians, the Chal- 
deans and the Chinese, owing partly to the difficulty of ob- 
taining first-hand information and partly to the unsettled 
state of the interpretations which Oriental scholars put on 
the records which have come down to us. We hope that 
this omitted portion may in the future be described by as 
able a hand. Whole chapters are devoted to Copernicus, 
Tycho Brahe, Galilei, and Kepler, showing how the subject 
was gradually emancipated from mere speculation and 
emerged into a science in which observations were col- 
lected and theories tested by means of them. 

Of the discoveries of Newton and his immediate succes- 
sors, Mr. Berry naturally gives a full account. From this 
time, the subject has been divided into two parts, gravita- 
tional and descriptive. The former may be said to consist 
almost entirely in the complete verification of the law of 
the inverse square coupled with the laws of motion. In 
later times, the latter has been subdivided into observa- 
tional, physical, and descriptive astronomy, and the author 
finds it necessary to adopt these subdivisions for the 
eighteenth and nineteenth centuries. A full chapter is 
devoted to Herschel as the first man to systematize ob- 
servational astronomy. The description of the work of the 
last century is necessarily much condensed as a large num- 
ber of partly isolated subjects have to be discussed ; but, 
wherever possible, the main idea involved in every ad- 
vance has been given. 

ErxEsr W. Brown. 


Dis Mathematiker und Astronomen der Araber und ihre Werke. 
(Abhandlungen zur Geschichte der mathematische Wis- 
senschaften mit Einschluss ihrer Anwendungen. X Heft.) 
Von Herxrion Suter. Leipzig, B. G. Teubner, 1900, ix 
+ 278 pp. 


A CATALOGUE of over five hundred names of mathematic- 
ians and astronomers does not give promise of much interest 
to a reader. But anyone who takes the trouble to dip into ` 
Dr. Suter’s volume will be pleasantly disappointed if he 
merely expects to find a list of authors and writers with the 
titles of their works. To read through such a book is of 
course out of the question, even for a reviewer, and yet 
merely to put it on the shelf ready for a chance reference 


1901.] | SHORTER NOTICES. 189 


would be doing it an injustice. Although the author has 
kept in mind his main idea, which is to give an outline of 
the work done by the Arabians and where it may be found, 
he has inserted many interesting details about the lives of 
those who labored for science during the period under con- 
sideration. 

For example, a choice morsel from the autobiography of 
Ibn Sind (born 980 A. D.), who certainly did not suffer 
from false modesty, runs as follows: “* * * Under him 
(one of his teachers, el-Nätali) I began the Isagogus ; but 
when it was known that I was obliged to correct him in the 
definitions of the categories, every one was filled with 
amazement. Whatever the question put to me, I solved it 
better than he didand when we turned to the study of logic 
I showed him that he did not understand the more difficult 
parts of it. * * * I went on then to the Almagest. When 
I got to the end of the introductory propositions and arrived 
at the geometrical ones, el-Nätali told me to go and read 
the book alone and then he and I would read it together 
and he would point out which results were correct and 
which incorrect. I began to study it and it soon appeared 
that I had to explain many of the propositions since he had 
not, up till then, properly understood them. * * * " How- 
ever, Ibn Sin& was somewhat of a bon vivant and, though he 
wrote several works, left no great mark on his subject. 

Here and there occur names that bring back pleasant mem- 
ories of the Arabian Nights, a world of fiction which seems far 
distant from our subject. Butin those days the progress of 
any kind of intellectual culture was largely in the hands of 
the reigning prince. The astronomer expected to earn his 
living by making out horoscopes and casting nativities, 
whether he believed in them or not, just as surely as the 
mathematician of our own times expects to make his by teach- 
ing; and the success which might attend him probably de- 
pended much more on his luck and the ability of the ruler 
than on his capacity as an astronomer. 

The period selected by Dr. Suter runs from 750 A. D. to 
1600 A. D. which includes, according to him, everyone worth 
a notice. For the first hundred and fifty years of this time 
the Arabians were gathering together and assimilating the 
works of those who had gone before, chiefly from the 
schools of Greece and India. A succession of powerful 
chalifs, amongst whom we notice our old friend Hárün-el- 
Rasid, had been the means of stimulating intellectual pro- 
gress along with the general rise of civilization amongst 
the people. They gathered around the court the ablest men 
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and encouraged the formation of schools.. The best work 
was done during the next 375 years, and it was in that time 
that such additions as the Arabians were able to make to 
the subject were achieved. From 1275 on, the scientific men 
were chiefly employed in designing new kinds of astrolabes 
and quadrants and in the writing of text-books. 

Interesting as Arabian science may be to the general 
historian it is not of very great importauce to the mathema- 
tician. But the Arabians did a great service in keeping 
alive the works of their predecessors during a dark period 
in Europe. Many of the discoveries of the Greeks have 
been preserved in the numerous manuscripts which the 
Arabians left and which have escaped destruction. And 
not the least of their contributions was the introduction of our 
present number system which they obtained from India 
and used in preference to the cumbrous Greek and Roman 
methods. If for no other reason, they deserve to be re- 
membered for this. 

Ernest W. Brown. 


NOTES. 


Tue eighth summer meeting of the AMERICAN MATHE- 
MATICAL Soorery will be held at Cornell University, Ithaca, 
N. Y., beginning Monday, August 19, 1901. Members 
of the Society will thus be enabled to attend both the sum- 
mer meeting and the meeting of the American association 
for the advancement of science which is held at Denver, 
Col., beginning August 24. In connection with the summer 
meeting of the Society, arrangements are being made for a 
colloquium. Professor E. W. Brown has consented to give 
‘a course of six lectures on ‘Modern methods of dealing 
with the problems of dynamics and especially those of celes- 
tial mechanics, consisting mainly of the work of Poincaré in 
this direction.” The precise title of these lectures will be 
announced later. A second course of lectures will also be 
arranged. 


Ar a meeting of the Cambridge philosophical society, held: 
on November 26, 1900, the following mathematical papers 
were read: By Mr. T. J. PA. Bromwicx : ‘ Some theo- 
rems in regard to matrices.’”—By Mr. J. H. Graor: ‘On 
the rational space curve of the fourth order." 


THE Cracow academy of sciences, at its general meeting 


V 
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on May 18, 1900, awarded to Dr. G. A. Miller, of Cornell 

University, the prize, amounting to two hundred and sixty 

dollars, offered by the academy for the treatment of the fol- 
' Jowing subject: 

“To find all the groups of a system of ten letters; or at 
least to increase the number of the known groups of this . 
degree. (Prize, three hundred florins, with interest from 
May 15, 1886.)”’ 

This would appear to be the first prize in pure mathe- 
matics awarded by a foreign academy to an American. 


Paris ACADEMY oF Sorences.—At the regular meeting of 
the academy, December 10, 1900, M. Paur PAINLEvVÉ, of 
the École normale, was elected to membership in the section 
of geometry to the portfolio of Professor G. Darboux who 
recently became perpetual secretary for the mathematical 
sciences as successor to the late Joseph Bertrand. The other 
candidates nominated by the section of geometry were MM. 
Goursar and Huamert in the second line, and MM. Boren 
and HADAMARD in third line. 

At the annual meeting of the academy held December 
17, 1900, the following prizes, among others, were awarded : 
Grand prize of the mathematical sciences to M. MATHIAS 
Leron ; the Francoeur prize to M. Epmonp MAILLET; the 
Poncelet prize to M. Léon Lecornv ; the Montyon prize (in 
mechanics} to M. Lerosgy ; the Lalande prize to M. Gra- 
OOBINI ; and the Janssen prize to M. BAnNARD. The Bor- 
din prize was not awarded. - 


Tue capital of the fund for the Syrvesrer medal, held 
in trust by the London royal society (see BULLETIN, volume 
4 (1898), p. 239) now amounts to about four thousand dol- 
lars. The following announcement is made in the Royal 
Society yearbook for 1900: 'The Sylvester medal, which is 
&ccompanied by a grant of the balance of the income of the 
Sylvester medal fund, is awarded triennially for the en- 
couragement of pure mathematical research, irrespective of 
nationality. 


A FUND has been presented to Johns Hopkins University 
for the annual award of à mathematical prize, to bear the 
name of SvrvEsTER, professor at the University from 1876 
to 1883. The prize will consist of & bronze medallion bear- 
ing the likeness of Sylvester. 


Tux University of Kazan has awarded its Lobachevsky 
prize, consisting of a medal and two thousand roubles, to 
Professor W. Era of Münster for excellent work in the 

' field of mathematics. 
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Voruxe VIII of C. F. Gauss’s Werke has just appeared. 
It contains papers and fragments on arithmetic, higher 
analysis, the theory of probability, and geometry. Three 
other volumes are in preparation. Volume VII will con- " 
tain a reprint of the Theoria motus and a complete exposi- 
tion of Gauss’s extensive work on the calculation of pertur- 
bations. Volume IX will be devoted to mathematical 
physics and geodesy, especially Gauss’s work in connection 
with the triangulation of Hannover. In Volume X it is 
intended to collect all biographical material, including ex- 
tracts from Gauss’s correspondence. B. G. Teubner, of 
Leipzig, is the publisher. (Compare BoLLETIN, volume 
4 (1898), p. 554.) 


Ont of the most recent series of mathematical text-books 
is the ‘‘ Sammlung Schubert,” which is being published by 
GQ. H. Góschen of Leipsic under the direction of Professor H. 
SCHUBERT of Hamburg. Of the forty volumes of the series 
twelve have thus far appeared. The latest is by Professor 
L. BcarzsrwaEn, Einführung in die Theorie der Differential- 
gleichungen mit einer unabhängigen Variablen. The Ger- 
man mathematical publishing houses are beginning to adopt 
the English plan of issuing their books bound in cloth. This 
is done in the ‘‘Sammlung Schubert," in Teubner's new 
series, and in some of Veit and Company's new books. 


GRuNERT'S Archiv fur Mathematik und Physik will hence- 
torth be published by B. G. Teubner, of Leipzig. The edi- 
tors will he Professors E. Laaps, of Berlin, W. Franz 
Meyer, of Königsberg, and Dr. E. JAHNKE, of Berlin. 


CoLLEGE oF FRANOE.—The following courses in mathe- 
matics and mathematical physics are announced for the 
first semester of the present academic year, the lectures 
begmning December 3, and each course consisting of two 
lectures per week: By Professor M. BRiLLOUIN: A crit- 
ical exposition of some recent attempts at an electro- 
mechanical theory of voltaic, electro-dynamic, and optical 
phenomena, after the works of Wiechert, Riecke, Drude, 
Lorentz, Larmor and others.—By Professor J. HADAMARD: 
Partial differential equations of mechanics.—By Professor 
C. Jorpax : Construction of solvable groups.—By Professor 
E. Manon: The relations between light and electricity. 
—By M. É. Bons, : The theory of series with positive terms 
and integrals with positive elements. 


M: HERMANN, of Paris, has issued a new catalogue, No. 
69, containing some twenty-three hundred titles of works in 
mathematics, physics, and astronomy. 
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CERTAIN of the several scientific posts held by the late 
Professor Joseph Bertrand have been filled as follows: 
M. BERTHELOT was elected to the vacant chair in the 
French academy; Professor G. DarBoux became per- 
petual secretary of the Paris academy of sciences; M. 
BRILLOUIN has been appointed professor of mathematical 
physics at the College of France; and Professor H. Pom- 
CARÉ has been made a member of the council of the Ob- 
servatory of Paris. 


Nature for November 29 contains an abridgment of the 
address delivered at the opening meeting of the Society of 
arts on November 21 by Sir Joux Evans, entitled ‘‘The 
origin and progress of the scientific societies of Great 
Britain." 


PROFESSOR CELORIA, heretofore assistant astronomer at 
the observatory of Milan has been appointed director. He 
succeeds Professor SCHIAPARELLI, who retired from the di- 
rectorship on November first. Professor Schiaparelli has 
been connected with the observatory at Milan for the last 


forty years. 


Prorzssor H. PorwcARÉ has been elected a foreign mem- 
ber of the Munich academy of sciences. 


PROFESOR ADOLF KNESER of Dorpat has accepted a call 
to the Berlin School of Mines. 


Proressor G. BAUER of Munich will not lecture again 
after the close of the present winter semester. 


Mr. R. W. H. T. Hopson has been appointed to a fellow- 
ship in mathematics at St. John’s College of Cambridge 
University. Mr. Hudson was senior wrangler in 1898, 
Smith’s prizeman of 1900 and is the son of Professor Hud- 
son of King’s College, London. 


Mr. J. A. MoCrELLAND, of Cambridge University, has 
been appointed to the chair of natural philosophy in Uni- 
versity College, Dublin, made vacant by the recent death of 
Professor Thomas Preston. 


PROFESSOR A. G. WEBSTER, of Clark University, has been 
promoted to a full professorship of physics. 


Prorzssor W. W. CAMPBELL has been appointed director 
of the Lick observatory, succeeding the late Professor J. E. 
Keeler. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ARCHIBALD (R. C.). The cardioid and some of its related curves. 
Strassburg, 1900. 4to. 38 pp., 3 plates. M. 3.00 


BLAKE (E. M.). Two plane movements generating quartio eorolls. 
(Transa tions of the American Mathematical Society, Vol. I, pp. 421- 
499.) Ato. 


BUDISAVLJEVIO (E. von). Leitfaden für den Unterricht der hóheren 
Mathematik an der k. und k. Artillerie- und der Pionnier-Kadet- 


tenschule. Wien, Seidel, 1900. Geo 11-618 pp. M. 14.40 
CARRONE (C.). Sopra un nuovo metodo di generazione del complesso 
tetraedrale. Catania, 1900. 8vo. 16 pp. Fr. 0.75 


DzioBEK E Lehrbuch der analytischen Geometrie. Teil I: Ana- 
lytische Geometrie der Ebene. Berlin, Hoffmann, 1900. 8vo. 8+ 
350 pp. M. 6.00 


Gauss (C. F.). Werke, herausgegeben von der kgl. Gesellschaft der 
Wissenschaften zu Gottingen. Vol VIII: Naohtrüge zur Arithme- 
tik, Analysis, Wahrscheinlichkeitsrechnung und Geometrie. Leip- 
zig, Teubner, 1900. 4to. 3-+-458 pp. Boards. M. 24.00 


GRAHAM (J.). An elementary treatise on calculus for engineering stu- 
dents, with numerous examples and problems worked out. 2d edi- 
tion. London, Spon, 1900. 12mo. 288 pp. 78. 6d. 


GuctIA (G. Bi Memorie di geometria. Palermo, 1900. 8vo. 
Fr. 15.00 


GURADZE(H.). Die Reye'sche Geometrie der Mannigfaltigkeiten pro- 
jektiver Grundgebilde behandelt mittels einer besonderen Art bi- 
linearer Formen. ( Dias.) Breslau, 1900. 8vo. 68 pp. 


HxNTSOHEL (O.). Ausfuhrung einiger conformer Abbildungen. Teil I. 
Salzwedel, 1899. 4to. 8 pp., 4 plates. M. 4.00 


Herrr (E.). Die Maxima und Minima einer verwandelbaren Funktion. 
Sigmaringen, 1899. 4to. 18 pp. 


HOSSENFELDER (E ). Zur Theorie der trigonometrischen Reihe. ( Progr.) 
Strassburg, 1900. 4to. 22 pp. 


KINN (G. A.) Die Anwendung unendlicher Produkte in der Funktio- 
nentheorie. Sachsisch-Regen, 1899. 4to. 32 pp. 


NETTO (E.). Ueber die Grundlagen und die Anwendungen der Mathe- 
matik. Giessen, 1900. 4to. 15 pp. 


SACHS (J.). Lehrbuch der projektivischen (neueren) Geometrie (syn- 
thetische Geometrie, Geometrie der Lage), Teil I: Elemente und 
Grundgebilde ; Projektivitat ; Dualitat. Nebst einer Sammlung 
geloster und ungeloster Aufgaben, mit den Ergebnissen der un- 
gelösten Aufgaben. Fur das Selbststudium und zum Gebrauche an 
„Lehranstalten bearbeitet. Stuttgart, Maier, 1900. 8vo. 44-182 pp. 
(Kleyer’s Encyklopddie der gesamten mathematischen, technischen 
und exakten Naturwissenschaften). M. 5.00 
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SCHEFFERS (G ). Anwendung der Differential- und Integralrechnung 
auf Geometrie. (In 9 Banden.) Vol. I: Einfuhrung in die The- 
oiie der Kurven in der Ebene und im Raume. Leipzig, Veit, 1901. 
8vo. 10+ 360 pp. Cloth. M. 10 00 


ScHoLz (P.). Ueber die Reduktion des Dreikörper- Problems auf die 
Integration einer einzigen Differentialgleichung. (Dias. ) Berlin, 
1900. 8vo. 38 pp. M. 1.50 


STÖRMER (C.). Sur une propriété arithmétique des logarithmes des 
nombres algébriques. (Bulletin de la Sonété Mathématique de France, 
Vol. 28, pp. 1-12.) 8vo. 


WEILL (A.). Die geometrische Interpretation der Gleichung fünften 
Grades auf ınvariantentheoretischer Grundlage. Strassburg, 1900. 
8vo. 60 pp., 3 plates. M. 3.00 


WEINER (F.). Eine Anwendung der Hermite’schen U-Functionen. 
Wien, 1899. 8vo. 16 pp. i 


IL ELEMENTARY MATHEMATICS. 


ALASIA (C). La recente geometria del triangolo. Città di Castello, 
1900. Geo, 58 pp. Fr. 2.00 


Bos (H.). Géométrie élémentaire, rédigée conformément aux pro- 
grammes officiels de:l'enseignement classique pour les classes de 
quatrième, troisième, seconde, et philosophie. 16e édition. Paria, 
Hachette, 1900. 16mo. 288 pp. `` Fr. 2.00 


DAUZAT. Eléments de méthodologie mathématique, à l'usage de tous 
ceux qui s’ocoupent de mathématiques élémentaires. Paris, Nony, 
1801. 8vo. 7--102 pp. 


DELBRIDGE (C. L.). Delbridge's complete caloulator. Vols. 9 and 3. 
St. Louis, Mo., The Delbridge Co., 1900. Folio. $10 00 


DIEKMANN (J.). See HEILERMANN (H.). 


Dusovis (E.). Le théorème de Mascheroni. Le compas remplace en- 
tièrement la règle et l'équerre dans les constructions géométriques 
Démonstration élémentaire très courte. Vannes, Imprimerie du 
commerce, 1900. 16mo. 8 pp. ^ 


FAJON (H.). Compléments d'algébre élémentaire. Variations des 
fonctions du premier degró, du second degré et bicarrées. Paris, 
1900. 8vo. Fr. 1.80 


F. (F.). Géométrie; cours élémentaire Paris, Poussielgue [1990]. 
16mo. 122 pp. (Collection d'ouvrages classiques rédigés en cours 
gradués, conformément aux programmes officiels. ) 


——. Géométrie; cours moyen. Paris, Poussielgue [1900]. 12mo 
191 pp. (Collection d’ouvrages classiques rédigésen cours gradués, 
conformément aux programmes officiels ) 


GLINZER (E.). Kurzes Lehrbuch der ebenen Trigonometrie fur gewerb- 
hehe Schulen sowie zum Selbstunterricht. 2te Auflage. Mit 46 
Figuren und vielen Aufgaben. Dresden, Kuhtmann, 1900. 8vo. 
7 4- 79 pp. M. 0 90 


GRÉVY (A.). Algèbre, A l'usage des élèves des classes de troisième, 
seconde et rhétorique. 2e édition. Paris, Nony, 1900. 18mo. 248 
PP. b Fr. 2.00 
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GUNDELFINGER (8. ). Sechsstellige Gaussigche und siebenstellige ge- 


meine Loganthmen. Leipzig, Veit, 1900. 4to. 4--31pp Cloth. 
M. 2.80 


HEILERMANN (H.) und DIEKMANN (J.). Lehr- und Uebungsbuch für 


den Unterricht in der Algebra an den hoherenSchulen. Teil II: 
Die Gleichungen zweiten Grades mit mehreren Unbekannten ; die 
Progressionen ; die kubischen und biquadratischen Gleichungen ; 
niedere Analysis. Pie Auflage. Essen, Baedeker, 1900. 8vo. 7 + 
238 pp. Cloth. M. 2.80 


Houmseet (E.). Traité d'arithmétique, à 1' des élèves de mathéma- 


tiques élémentaires, des aspirants au baccalauréat de l'enseignement 
classique (deuxième série), et au baccalauréat de l’enseignement 
moderne (troisième série), et des candidats à l'Institut agrono- 
mique, avec des compléments destinés aux candidats aux grandes 
écoles du gouvernement. Aveo une préface de J. Tannery. 2e 
édition. Paris, Nony, 1991. 8vo. 7 +483 pp. Fr. 6.00 


JAHNKE(E.). Ueber dreifach perspektivische Dreiecke in der Dreiecks- 


geometrie. (Progr.) Berlin, 1900. 4to. 26 pp. 


LEoHTHALER[(À.). Zur Lehre von den geometrischen Verhältnissen 


und Proportionen, und der allgemeine Proportionalitätasatz. (Progr. ) 
Linz, 1900. 8vo. 23 pp. 


Lënsen (H B.). Ausführliches Lebrbuoh der Arithmetik und Algebra 


zum Selbstunterricht und mit Rücksicht auf die Zwecke des prak- 
tischen Lebens bearbeitet. 25ste Auflage. Leipzig, Brandstetter, 
1900. 8vo. 6-4 261 pp. M. 4.00 


Martus (H C. E.). Mathematische Aufgaben zum Gebrauche in den 


obersten Klassen hóheren Lehraustalten, aus den bei Reifeprufungen - 
an deutschen höheren Schulen gestellten Aufgaben ausgewahlt und 
mit Hinzufügung [der Ergebnisse (4ter Teil) zu einem Uebungs- 
buche vereint. Teil 3: Aufgaben. Dresden, Koch, 1900. Bvo. 
8+ 172 pp. M. 4.00 


SALOMON (Me. A.). Leçons d’arithmétique, à l'usage de l’enseigne- 


ment secondaire des jeunes filles (classes de deuxième et troisiéme 
années). 2e édition. Paris, Nony, 1900. 18mo. 8 + 217 pp. 
Fr. 2.00 


SOHWERING (K.). Anfangsgründe der Trigonometrie für die sechste 


Stufe hoherer Lehranstalten, nach den amtlichen Lehrvorschriften 
bearbeitet. 2te Auflage. Freiburg i. B., Herder, 1900. 8vo. 12 
pp. (From ‘‘Schwering, Trigonometrie für höhere Lehranstalten.’’) 

M. 0.20 


TANNERY (J.). See HUMBEXT (E.). 


III. APPLIED MATHEMATICS.. 


ARAGO. See MEMOIRS. . 
ARRHENIUS (8.). Lárobok i teoretisk electrokemi. Stockholm, 1900. 


8vo. 286 pp. M. 5.00 


AUTENRIETH (E.). Technische Meohanik. Ein Lehrbuch der Statik und 


Dynamik fur Maschinen- und Bauingenieure. Berlin, Springer, 
1900. 8vo. 22-558 pp. M. 12.00 


"Hn 
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BragLow (F H) Report on the international cloud observations, 
May 1, 1896, to July 1, 1897. Prepared under the'direotion of W 
L. Moore, Chief of the Weather Bureau. Washington, Government 
Printing Office, 1900 4to. 787 pp. (Vol II. of the Report of 
the Chief of the Weather Bureau for 1898-99). Cloth. 


BLYTHE (W. H.). Geometrical Drawing. With notes and examples 
Part If: Solid or descriptive geometry Cambridge series for schools 
and training colleges. 16mo. Cloth. Pp. xi+193-328. $0.50 


Botte (F.). Die Nautik in elementarer Behandlung. Einfuhrung in 
die schiffartkunde. Mit 90 vollständig gelösten Beispielen, 260 
analogen ungelostenAufgaben mit den Ergebnissen, nebst 88 Figuren, 
sowie Erklarung der Kunstausdruoke der Seemannssprache. "tutt" 
gart, Maier, 1900. 8vo. 8-+ 196 pp. M. 5.00 


BURKLEN O). Graphisches Rechnen und graphische Darstellungen im 
Mathematik-Unterrichte. Gmünd, 1899. 8vo. 58 pp 


CREW (H.). See MEMOIRS. 


EBERT (H 1. Die Theorie des Elektromagnetiamus. Leipzig, 1900. 
8vo. 8+ 83 pp. M 4.50 


Eagers (W.). Lehrbuch der darstellenden Geometrie. Teil IT: Durch- 
schnitte and Darchdringungen der Körper. Leipzig, 1900. 8vo 
8 plates. - M. 1.50 

FRESNEL (A. J.). See MEMOIRS. 

Herrt (0.). Scheinbare Anziehung und Abstossung von Kugeln, die in 
einer klebrigen Flüssigkeit rotieren. (Diss ) Heidelberg, 1900. 
8vo. 47 pp, 10 plates. , 

HinszBERG (L.). Ueber elektrische Potentialmessungen bei Spitzenent- 
ladungen in Luft von normalem Druck. (Diss.) Heidelberg, 1900. 
8vo 29 pp , 4 plates. 


HuvaEgNsS (C.). See MEMOIRS. 

JuxGe IK.) Ueber die magnetischen Kraftlinien Faradays. (Progr.) 
Leipzig, 1900. 4to. 32 pp. 

Kapp (G.). Elektrische Weob«elstrome. Deutsch von H. Kaufmann. 
3te Auflage. Leipzig, Leiner, 1900. 8vo. 5+ 92pp. M. 2.00 


KAUFMANN (H.). See Kapp (G.). 

KOoHLRAUSOH (F.). Die Energie oder Arbeit und die Anwendungen des 
elektrischen Stromes. Leipzig, Dunoker & Humblot, 1900. 8vo. 
5+ 77 pp. M 2.40 

LANGER (H.). Ueber die mechanisohen Prinzipien der modernen Elek- 
trizitätslehre. Fortsetzung. (Progr.) Linz, 1900. 8vo. 44 pp. 


MEMOIRS on the wave theory of light, edited by H. Crew. Contents: 
C. Huygens, Treatise on light ; Biographical sketch of Huygens ; T. 
Young, On the theory of light and colors; T. Young, An account of 
gome cases of the production of colors not hitherto described ; T 
Young. Experiments and calculations relative to physical optics ; 
Biographical sketch of Young; A. J. Fresnel, Memoir on the diffrac- 
tion of light ; Arago and Fresnel, On the action of rays of polarized 
light upon each other ; Biographical sketch of Fresnel ; Bibliography 
on the wave theory of light. New York, American Book Company 
[1900]. 8vo. 154164 pp. (Scientific memoirs, No. 10.) Cloth. 

$1.00 
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MoNDIET (O:) et THABOUBIN(V.). Traité élémentaire des mécanismes, 
i l'usage des élèves des établissements d'enseignement moderne, 
des écoles industrielles et des écoles d'arts et métiers. 4e édition. 
Paris, Hachette, 1901. 8vo. 192 pp. 


NEUHOFF (O.) Adiabatische Zustandsänderungen feuchter Loft und 
. deren reohnerische und graphische Bestimmung. (Diss.) Berlin, 
-1990. . Folio. 33/pp., 1 plate. M. 2.00 


SCHMIDT-ULM- (G.). Die Wirkungsweise, Berechnung und Kon- 
struktion der Gleichstrom-Dynamomaschinen und Motoren. 2te 
Auflage. Leipzig, Leiner, 1900. 8vo. 7-264 pp., 42 plates. 

M. 8.50 ' 


TATE (W. G.). Theory and practice of navigation and nautical as- 
tronomy. London, Potts, 1900 ` Geo, 122 pp. Cloth. 68. 
' THABOUBIN (V.). See MONDIET (O.). 


WEINSTEIN (B.) Die Erdstróme im deutschen Reichstelegraphenge- 
bet und ihr Zusammenhang mit den erdmagnetischen Erschei- 
nungen. Mit einem Atlas enthaltend 19 lithographirte Tafeln in 
4to. Braunschweig, Vieweg, 1900. 8vo. 7+78 pp. M. 4.00 


YouNa (T.) See MEMOIRS. 
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THE SEVENTH ANNUAL MEETING OF THE AMER- 
ICAN MATHEMATICAL SOCIETY. 


Tue Seventh Annual Meeting of the AMERIOAN MATHE- 
MATICAL BoorgTY was held in New York City on Friday, 
December 28, 1900. An important feature of the occa- 
sion was the election of officers and other members of the 
Council, at which recently adopted amendments of the Con- 
stitution went into effect. The term of office of the Presi- 
dent, who must have served previously, but with a year’s 
interval, as Vice-President, is now increased to two years. 
Both Presidents and Vice-Presidents are made ineligible for 
immediate reélection. Four members of the Council, in- 
stead of three, are now elected annually. This provision 
and the permanent membership of the ex-Presidents in- 
creases the number of seats in the Council to twenty-four 
at present. The growth of the Society has been such that 
the numerical basis of representation of the Council is al- 
most precisely the same as that of six years ago, when the 
Society was reorganized as a national body. 

At the close of the century a brief recapitulation of the 
advance of the Society during these six years is not inap- 
propriate. The record reveals in the past a happy and sub- 
stantial augury for the future. The membership has grown 
from 244 in September, 1894. to 357 on January 1, 1901. 
In 1894 the number of papers read at the meetings was 24 ; 
in 1900 it was 112. This expansion in numbers and output 
has had for one valuable result the creation, in 1898, of the 
Chicago Section of the Society, an event which has proved 
not only a great benefit to many members to whom the New 
York meetings are practically inaccessible, but a source of 
strength to the Society as a whole. : The demand for im- 
proved facilities for publication, occasioned by the great in- 
crease in productive activity of the members, has had for 
its outcome the founding of the Transactions, which has now 
successfully completed its first year of existence as the offi- 
cial organ of the Society for the publication of important 
original papers read before it. Meanwhile the BULLETIN 
has been considerably increased in size, although confining 
itself more strictly than before to the historical and critical 
“field for which it was originally designed. A gratifying 
recognition of the usefulness and efficiency of the Society 
is evidenced by the liberal financial codperation of ten lead- 
ing universities of the country in the publication of the 
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Transactions. Since 1894 summer meetings, of great in- 
terest and largely attended, have been held, usually in con- 
nection with large and general scientific gatherings. On 
two occasions the summer meeting has been supplemented 
by colloquia, or special courses of lectures summarizing im- 
portant fields of recent investigation. The attendance at 
the meetings throughout the year has constantly increased. 
In 1900 the total attendance was 209, and the number of 
members attending at least one meeting during the year was 
110. The administration of business has been wisely left 
from the beginning in the hands of the Council, the time of 
the meetings being thus economized for purely scientific pur- 
poses. The finances of the Society are in a satisfactory 
condition, and the extra expense of publishing the Transac- 
tions has been met without a reduction of the small surplus 
which has slowly accumulated in the course of years. Over 
one-third of this surplus consists, however, of life mem- 
bership payments, which have been set apart as a separate 
invested fund to be devoted to such purposes as may here- 
after be approved. The Society is accumulating from the 
exchanges of the BuLLETIN and the Transactions and from 
numerous gifts a considerable library of mathematical jour- 
nals and works. tis to be hoped that this collection.may 
be bound and made accessible to the members generally 
within a short time. The Society, however, has at present 
no funds available for this purpose. | : 

. The attendance at the annual meeting numbered about 
* forty persons, including the following thirty-three members 
of the Society :— 

Dr C. L. Bouton, Professor E. W. Brown, Professor F. 
N. Cole, Dr. W.S. Dennett, Professor T. S. Fiske, Mr. W. 
B. Ford, Mr. A. S. Gale, Professor Harris Hancock, Dr. G. 
W. Hill, Dr- A. A. Himowich, Dr. J. I. Hutchinson, Mr. 
S. A. Joffe, Dr. Edward Kasner, Mr. C. J. Keyser, Profes- 
sor Pomeroy Ladue, Dr. Emory McClintock, Dr. James 
Maclay, Professor Frank Morley, Dr. D. A. Murray, Pro- 
fessor W. F. Osgood, Mr. J. C. Pfister, Professor M. I. 
Pupin, Professor J. K. Rees, Professor C. A. Scott, Profes- 
sor P. F. Smith, Dr. Virgil Snyder, Dr. W. M. Strong, Pro- 
fessor E. B. Van Vleck, Professor J. M. Van Vleck, Pro- 
fessor A. G. Webster, Professor L. A. Wait, Mr. E. B. 
Wilson, Professor F. S. Woods. > 

The meeting extended as usual through & morning and an 
afternoon session. Vice-President Thomas S. Fiske occu- 
pied the chair. The Council announced the election of the 

"following persons to membership in the Society :—Dr. G. N. 
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Bauer, University of Minnesota, Minneapolis, Minn.; Dr. 
J. R. Benton, Princeton University, Princeton, N. J.; Dr. 
H. F. Blichfeldt, Leland Stanford University, Palo Alto, 
Cal.; Dr. G. A. Bliss, University of Minnesota, Minneapo- 
lis, Minn.; Professor Joseph Bowden, Adelphi College, 
Brooklyn, N. Y.; Professor D. F. Campbell, Armour Insti- 
tute, Chicago, Ill.; Dr. J. E. Clarke, Gilbert School, Win- 
sted, Conn.; Dr. Euplio Conoscente, New York, N. Y.; 
Mr. Arthur Crathorne, University of Wisconsin, Madison, 
Wis.; Mr. H. W. Curjel, Birkdale, Lancashire, Eng. ; Pro- 
fessor L. M. Defoe, University of Missouri, Columbia, Mo. | 
Mr. B. S. Easton, University of Pennsylvania, Philadelphia, 
Pa.; Dr. L. P. Eisenhart, Princeton University, Princeton, 
N. J.; Mr. U. S. Hanna, University of Indiana, Blooming- 
ton, Ind.; Mr. L. I. Hewes, Yale University, New Haven, 
Conn.; Mr. A. M. Kenyon, Purdue University, Lafayette, 
Ind.; Professor C. N. Little, Leland Stanford University, 
Palo Alto, Cal; Mr. E. L. Milne, University of Illinois, 
Champaign, Ill.; Mr. H. B. Mitchell, Columbia University, 
New York, N. Y.; Dr. Asutosh Mukhopädyäy, Calcutta, 
India; Mr. W. S. Nichols, New York, N. Y.; Professor J. 
M. Page, University of Virginia, Charlottesville, Va.; Dr. 
T. H. Taliaferro, Pennsylvania State College, State College, 
Pa.; Miss R. H. Vivian, University of Pennsylvania, Phila- 
delphia, Pa., Mr. N. R. Wilson, Royal Military Academy, 
Kingston. Canada. Six applications for membership in the 
Society were reported. Reports were received from the 
Secretary, Treasurer, Librarian, and the Auditing Com- 
mittee. These reports have been printed in the Annual 
Register, just issued. 

At the annual election the following officers and members 
of the Council were chosen : 


President, Professor ELraxım H. Moore. 


; ; Professor T. S. FIskE 
Vice- Presidents, Professor H. 8. WHITE. 


Secretary, Professor F. N. Cors. 
Treasurer, Dr. W. S. DENNETT. 
Librarian, Professor PoAtERoY LADUE. 


Committee of Publication, 


Professor F. N. Core, 
Professor ALEXANDER ZIWET, 
Professor FRANK MORLEY. 
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Members of the Council to serve until December, 1908, 


Professor E. W. Brown, 
Professor H. B. FINE, 

Professor T. F. HOLGATE, 
Professor W. F. Osaoon. 


Member ‘of the Council to serve until December, 1902, ) 
Professor E. W. HYDE. 


The following papers were presented at this meeting: 

(1) Dr. Vert, SNYDER: “On some plane curves having 
factorable parallels.’’ 

(2) Professor E. D. Roz: ''On a formula of interpola- 
tion.” , 
(3) Mr. W. B. Forp: ''Dini's method of showing the 
convergence of Fourier's series and of other allied develop- 
ments." 

(4) Dr. Exory Moon : '' A simplified solution of 
the cubic." 

(5) Professor W. F. Oscoon: ‘On the existence of a 
minimum of the integral | 


S Fey y de 


when z, and x, are conjugate points, and the geodetics on an 
ellipsoid of revolution ;" a revision of a theorem of Kneser. 

(6) Mr. C. J. Keyser: ‘Theorems concerning positive 
definitions of finite assemblage and infinite assemblage." 

(7) Professor M. I. Purn: ‘ Wave propagation over 
bridged wave conductors." 

(8) Professor F. Montee: ‘On a point in Sylvester’s 
theory of canonical forms." 

(9) Professor Harris Hancock: ‘On primary prime 
functions in several variables and a generalization of an im- 
portant theorem of Dedekind." 

(10) Dr. J. I. Horosinson: “ On some birational trans- 
formations of a Kummer surface into itself.”’ 

(11) Miss R. G. Woop: ‘‘ The collineations of space which 
transform a non degenerate quadric surface into itself.” 

(12) Professor H. E. Bauen: ‘The complete form 
system of invarianta of the group of 120 quadratie Cremona 
transformations of the plane." ; 

(18) Dr. James MacrAv: ‘Some geometrical theorems 
conected with & class of differential equations derived from 
Poisson’s equation 
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(14) Mr. J. K. Wurrremore: ‘‘ Cones of the second de- 
gree osculating developable surfaces "' 

(15) Professor E. O. Loverr: ‘The types of line-sphere 
transformation.” 

(16) Professor E. O. Loverr: ‘Note on differential . 
geometry of n-dimensional space.” 

(17) Dr. L P. ErseNHaRT: “A demonstration of the 
impossibility of a triply asymptotic system of surfaces." 

(18) Professor MA Bôcuer: ‘‘Some cases in which 
the identical vanishing of the Wronskian is a sufficient con- 
dition for linear dependence." 

In the absence of the authors, Mr. Whittemore’s paper 
was read by Professor Osgood, and the papers of Professor 
Roe, Professor Slaught, Professor Lovett, Dr. Eisenbart, and 
Professor Böcher were read by title. Dr. Eisenhart’s paper 
appeared in the January number of the Buzzerin. The 
papers of Mr. Ford, Mr. Keyser, and Dr. Hutchinson are in- 
cluded in the present number. Abstracts of the other 
papers are given below. 


Dr. Snyder’s paper is summarized as follows: Taking 
a scroll contained in a linear congruence and of the type 
having factorable asymptotic lines, one can transform the 
directrices into two anti-parallel planes in sphere space, and 
the generators into spheres which envelope a tubular sur- 
face. The lines of curvature are cut from this surface by a 
series of parallel planes. These sections are projections of 
parallels to the locus of centers of the surface, and break up 
- into two factors. The same problem is then -solved, start- 
ing from a surface of revolution, without using line ge- 
ometry. 


Professor Roe extends the formula 


Sæ +y) = C+ 4)f(), 


for a positive integral y, to all real values of y within the 
limits of convergency and for the simplest expansion of the 
symbol (1 + 4)", by the immediate and direct relation of 
two series of the same function to each other, and indepen- 
dently of any Taylor series. Both symbolic and non-sym- 
bolic proofs are given. The following symbolic proof is 
given for the extension to a positive fractional commen- 
surable y. Two series of the same function are taken 
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f(z + 0) = Us, f(x + 1) = Uys fe +r) = U,, i 


with differences 4u’s, 


f(z + 0) = v, KÉ EZ 2 Kë dE 


with differences év’s. 
» and Aare integers. It is shown that v, = (1 + 2)'$; 
then itis easily found that d'u, = [(1 + ¢)*—1]™; hence, 


with the confined meaning of (1+ 4)4, that 
+ 4) mu (X le + (2) fs + (nme > 
= + (aem - nm + (5) (a + 1s 


tcc (uai 
(where » = v[2) 
= [+ (1+ 1] EE 2), = (1+ 2) 
=», =f (2+ i) or E + i) = (1 + 4)xf(2). 


Extension is then made to an integral negative y, next to a 
negative fractional commensurable y, and lastly by limits 
to an incommensurable value of y, thus securing, the exten- 
sion to allreal values of y for a convergent expansion. 


Dr. McClintock’s ‘ simplified solution of the cubic is 
essentially a rearrangement, in a strikingly simple form, of. 
Bézout’s ‘‘earlier solution," with certain novel features. 
It will appear in the Annals of Mathematics. 


In'& paper entitled ‘Zur Variationsrechnung’’ ( Mathe- 
matische Annalen, volume 50 (1897), p. 50), Kneser enunci- 
ates the theorem that the integral 


I= f^ Fa, y, y)da : 
ceases to be a minimum, not only when the interval (z,, ©,) 


contains in its interior a point +’ conjugate to v, but when 
x, coincides with x’. This theorem is true in general, but 
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not in all cases, and it is the object of Professor Osgood’s 

paper to point out a general class of cases for which it is 

not true. The geodetics on an ellipsoid of revolution are a 
case in point. The paper will appear in the Transactions. 


In Professor Pupin's paper the wave conductor is the loop 
ABin the figure. The bridges are denoted by 1, 2, =, n — 2, 
n —1. They divide the loop into n equal parts. Let! be 


P, n P, rs Fa— Pra Var Pa 


the distance between the bridges; L, R, the inductance 
and resistance, respectively, of each bridge; L, R, C, the 
inductance, resistance, and capacity, respectively, per mile, 
of the wave conductor. Let Pbe the potential and y the 
current at any point. P is continuous and y has as many 
discontinuities as there are bridges. In any section like m 
we shall denote by P, and y, the potential and current at 
any point of the section. Denoting the distance of any 
point of this section from the beginning of the section by s, 
we shal] have 








P,= Ys Un = Ton +19 when 8 = l ; 
Pa = Fazi Ya = Lamy when 8 — 0. 


The problem can now be stated as follows: Find the in- 
tegral of the differential equation 


UCP >- dP 128P 
LIETE gp 


which will satisfy n boundary conditions of the type 
Kla-ı — Lin) — 2 Vn = 0, 


where A= ip L, + R,. and p is the frequency speed ‘of the 
impre-sed simple harmonic electromotive force. The solu- 
tion is 

r E sin 2(m — ang" 
me sin Za  ' 
where 


v gin pl 


20 = ol ebe y- e 
cos 20 = cos pl Sek? v= p(pL—1ik), 
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Va sin a(l — 8) + V. sin us 
Pis z , 
sin pl 
9j 
sai ee Vas: CO8 ys — V, cos »(0l— &)]. 
When the bridges are sufficiently near with respect to the 
wave length which corresponds to the frequency speed of 
the force on the wave conductor without the bridges, then 
the system acts like a uniform wave conductor the capacity 
of which depends on the frequency. There is a critical fre- 
quency at which the wave length becomes infinite. 


Professor Morley’s paper is in abstract as follows: In the 
Philosophical Magazine for 1851 Sylvester gave a canonical 
form for a binary quantic of even order, as far as the eighth 
order, and suggested a general form which involved the 
finding of a certain covariant V. It seems to have been 
supposed that the difficulty of continuing lay in finding V 
(see Elliott, Algebra of quantics, p. 299). An examination 
shows that there is no theoretic difficulty, but that the source 
of V is easily obtainable as a determinant. The real objec- 
tion to the theory lies in the complication of the expression 
of V by means of the fundamental covariants. Thus for the 
quantic of the tenth order, in terms of the covariants of Syl- 
vester’s auxiliary quintic, we have, in Elliott’s notation for 
the quintic, 


V = 100€, C, — 250,0, + 30, C, + 1200, Ci 
+ 92€, C, + 24 C, On C... 
This formula was calculated by Mr. Coble. 


Dedekind (in Supplement XI to Dirichlet’s Zahlen- 
theorie, 4th edition, p. 570) shows, if w is any algebraic in- 
teger in a fixed realm of rationality 2, that 


; a? = w (mod. p), 


where p is a rational prime integer that is divisible (in 2) 
by the prime ideal p and f is the degree of y. He then 
shows, pp. 57, 





H 
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prime functions P (x), whose degree is f or a divisor of f. 
The investigations are restricted to algebraic numbers in a 
fixed realm. Professor Hancock considers instead of the 
algebraic numbers integral functions in any number of vari- 
ables whose coefficients are the Dedekind algebraic numbers; 
instead of the prime ideal y there occur in his general treat- 
ment prime modular systems, in whose elements enter all 
the variables save one. Primary prime functions are taken 
in which the variable that is wanting in the modular sys- 
tem occurs to degree h and where the coefficients are integral 
functions of the other variables that are found in the modu- 
lar system. The number of such primary prime functions 
whose degree is A or a divisor of his calculated, and then 
the generalized Dedekind’s theorem is developed. 


Miss Wood’s paper deals with the collineations of space 
which transform a non-degenerate quadric into itself. 
Starting with the theorem that such a collineation which 
leaves the two systems of generators invariant may be com- 
pounded of two skew reflections, the following theorems in 
non-euclidean geometry are deduced. For elliptic space: 
1° If a straight line be displaced, the loci of the middle 
points of chords joining congruent points are straight lines. 
2° Planes perpendicular to these chords at their middle 
points intersect each set in a straight line. 3° If a plane 
figure be displaced, the loci of the middle points of chords 
joining congruent points are planes. 4° Planes perpendic- 
ular to these chords at their middle points pass each set 
through a point. For hyperbolic space: 1° If a straight 
line be displaced, the locus of the middle point of chords 
forming congruent points isa straight line. 2° Planes per- 
pendicular to these chords at their middle points intersect 
in a line. 3? If a plane figure be displaced, the middle 
points of chords joining congruent points lie in a plane. 
4° Planes perpendicular to these chords at their middle 
points pass through a point in the plane. When the quad- 
ric degenerates four well known theorems of Chasles for 
euclidean space are obtained. 


In & paper soon to be published in the American Journal 
of Mathematics, Professor Slaught has discussed the nature of 
invariants of a quadratic group and has shown that, inas- 
much as the degree of any rational integral form is doubled 
under a quadratic transformation, only & rational fraction 
can transform into itself after throwing off a common factor 
in the variables from numerator and denominator. For the 
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quadratic Cremona group of 5! cross ratio transfurmations 
it is shown that the most general forms suitable for numera- 
tor and denominator of such invariant fractions are of de- 
gree 6n and throw off a factor (2,2,2,)” under the quadratic 


generator 
7 


E12, :2, = 22,1 22,1 2,2, 
Such a form, R, is found to be decomposable into two fac- 
tors 
Ra P'* Ren ay; 
in which 


P= EA CA Zu DN (4, hui 2,) (2, = 25), 


` a= 0 ora positive integer, and Rg...) contains no factor of P. 

The factors of P, set equal to zero, are the six sides of 
the complete quadrangle whose vertices are the four critical 
points of the group, and every invariant curve 


Ra = 0 


has at each of these critical points a multiple point of order 
-2(n+ e). 

The quadratic group G,,, has a linear subgroup G2? which 
is projectively related to the Klein’s linear group of order 
41, and through a study of the invariants of these two linear 
groups there are found the most general invariant forms 
under Ga of degree 6, 12, and 18 [n = 1, 2, 3], namely, 


mA, mâ’ +m P, mA’ + m, AP" + m,C, 


. in which the m's are arbitrary and A, P’, C are three in- 
variants of the binary quintic form, written in terms of 
the cross ratios of the five roots of the quintic. Then bya 
series of theorems relating the general forms AR, to the 
geometry of the group [The geometric representation was 
given in the October number of the American Journal of 
Mathematics.] it is shown, through a process of successive 
reduction, that any invariant form under Ga is expressible 
as a rational integral function of À, Di. C, and thus a system 
of fundamental forms is established 1 in terms of which all 
invariant fractions under the quadratic group can be ex- 
pressed. 


As is known, any three solutions of the differential equa- 
tion' 


orn EL 99 | 
Judy + flu, v) Du + e(u, v) av "m 0, 
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when set equal to 2, y, z, respectively, define a surface re- 
ferred to a system of conjugate lines. Dr. Maclay deter- 
mines a transformation of a character to change conjugate 
systems of curves on a surface into conjugate systems on 
the transformed surface. After some discussion of the re- 
lations of a surface and its transformed in the general case, 
the surfaces defined by 


^" 
f= g = — 


and the corresponding transformed surfaces are more par- 
ticularly studied. By suitable transformations the latter 
equation is reduced to the form given in the title of the 
paper, and the complete integral is obtained. The trans- 
formation, when employed upon the general surface of trans- 
lation, will change the curves of translation into lines of 
curvature on the transformed surface only in the case of 
the right circular cylinder, and the resulting surface is any 
surface of revolution. 


Mr. Whittemore’s paper gives a short account of Her- 
mite’s investigations on quadric surfaces osculating a given 
surface. Hermite showed that, in general, at a finite num- 
ber of simple points at any surface, the surface is osculated 
by all the members of a one parameter family of quadrics. 
In the present paper it is proved that a developable surface 
is osculated at every simple point by all the members of a 
one parameter family of quadrics. Itis then shown that all 
the quadrics osculating a developable at any point are cones 
having à common vertex which is on the edge of regression 
of the developable. A complete geometrical definition of 
these cones is then obtained. 


In a recent note Professor Lovett has shown that the 
various contact transformations of ordinary space which 
. change straight lines into spheres are determined by pairs 
of bilinear equations between the point coordinates of the 
corresponding spaces, and that they fall into two categories 
according as all or certain determinants of a certain matrix 
reduce to constants. In the first of Professor Lovett’s 
present papers the explicit forms of all the transformations 
of one category are given. There are thirty-one types, two 
of which depend on solutions of equations of the sixth de- 
gree; three on quinties; one on & pair of quarties; two 
on cubics; two are linear; and the remainder quadratic. 
To satisfy the equations of condition for the second cate- 
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gory is in general impossible. However, at least two types 
of œ" transformations each are included in this category ; 
they are generated by projective or dualistic transformations 
accompanied by Lie’s transformation ; they change asymp- 
totic lines into lines of curvature. 


Professor Lovett’s second note solves four problems in 
the differential geometry of n + 1 dimensioned space. Of 
the infinite groups of contact transformations of this space, 
the following are determined : 1° those leaving the ratios of 
the Gaussian curvatures of any number of tangent surfaces 
invariant; 2° those making the curvature of corresponding 
surfaces at corresponding points equal; 3? those changing 
applicable surfaces into such ; 4° those leaving invariant the 
equation 

1X, , dz de, = 0. 


In the third problem use is made of a remark of Staeckel, 
Comptes rendus, 1895 ; the first and second generalize results 
obtained by Mehmke and Vivanti, Zeitschrift fur Mathematik 
und Physik, 1891, 1892; Rendiconti del Circolo matematico di 
Palermo, 1891. 


Peano, in Mathesis, volume 9, page 75 and page 110, seems 
to have been the first to point out that the identical vanish- 
ing of the Wronskian of n functions of a single variable is 
not, in all cases, a sufficient condition for the linear depend- 
ence of these functions. (It is, of course, a necessary con- 
dition, provided the functions have finite derivatives of the 
first n — 1 orders at every point of the region in question. ) 
At the same time he indicated a case in which it sa suffi- 
cient condition, and suggested the importance of finding 
other cases of the same sort. Without at first knowing of 
Peano’s work, Professor Bécher was recently led to the same 
question and found a case not included in Peano’s, in which 
the identical vanishing of the Wronskian is a sufficient con- 
dition. In the present paper, which will appear in the 
Transactions, these cases and others of a similar character 
are discussed. 

F. N. Cork. 
COLUMBIA UNIVERSITY. - 
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ON SOME BIRATIONAL TRANSFORMATIONS OF 
THE KUMMER SURFACE INTO ITSELF. 


BY DR. J. I. HUTCHINSON. 
(Read before the American Mathematical Society, December 28, 1960.) 


Very few examples of the birational transformation of 
- surfaces into themselves are as yet known in which the group 
is of infinite order. 

The case of a continuous group with a finite number of 
parameters has been fully worked out,* but for discontinu- 
ous groups only two or three isolated examples} have up 
to the present time been met with. 

It is in view of this, as well as on account of the general 
interest which attaches to the 16-nodal quartic, or Kummer, ' 
surfaces that I propose to show how to determine two groups 
of birational transformations of infinite order for which 
these surfaces are invariant. 

In the first place I suppose the surface to be referred to a 
tetrahedron whose vertices are four nodes so chosen that 
none of the faces of the tetrahedron are singular tangent 
planes of the surface. Using homogeneous coürdinates w, 
$, y, z, take for example the tetrahedron 


(1) w= ahi — bi, y= adi, — bé, 
g= bh — ait, g= bth — anh, 


where 2, = #,(u, v), and 
a = cå = 8A (0, 0), b= ch 


The subscripts are here written according to the Weier- 
strass notation for the theta functions. The four functions 
#, used in equations (1) form a Gópel quadruple and hence 
satify the well known Göpel biquadratic relation which I 
will indicate by ` 
$ K(8, Foy Vin * u) = 0. 
The left member, regarded as a function K(u, v) of u and v, 
vanishes identically. Solving (1) for # and substituting 
in this relation, we obtain the required equation of the 





* For an interesting account of this subject see Painlevé, Théorie an- 
alytique des équations différentielles, Paris, 1897. 

+See Humbert, Comptes rendus, vol. 126, pp. 394, 508 ; and Painlevé, 
ibid., p. 512. 
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Kummer surface referred to the tetrahedron w, 2, y, z. 
Writing for brevity 
| Y= 0, PCy, Y= I= ci; 
l=o3i—y6, L= Imn(as + yò), 
m= oy — 68, M= Inn(ey + $9). 
n= 0d — fy, N= Imn(uë + fy), 
P= (8 + f+ 77407) (Frei + ur + angor + oy") 
í ur + E + y+ 4+ 4afy2), 


the required equation becomes 


Pw (wie! + et) + EPS + tg) + mn (us + wt) 
— 2. L(wz + yz) (wy + 22) + 2M (ws + yz) (we + xy) 
+ 2N (wy + zz) (wz + zy) + 2 Pusyz = 0. 


It is at once apparent that this equation is reproduced 

when we perform the birational transformation 

Ir [601071 ' 
(B) EEE 
Since there are 60 tetrahedra of the kind defined by equa- 
tions (1), there are 60 transformations of the same type as 
(B). These generate a group G of infinite order. A much 
smaller number of operations, however, is sufficient to gen- 
erate the same group, as we now proceed to show. 

Consider the well known group G, of linear transforma- 
tions, for which the Kummer surface is invariant. These . 
operations either leave tbe tetrahedron of reference T' un- 
changed or permute it with three others. Denoting these 
by T, To 7, let &, t, t, represent linear transformations of 
Ge which permute T with T, T, T^, respectively. Then 
5 = G5. ° i 
"nm B, denotes the transformation of the same type as B 
associated with the tetrahedron T, then, since £, is of period 
2, it is evident that 

B, —1t Bt. 


It follows from this that the 60 birational transforma- 
tions of the type B can be generated by 15 of them prop- 
erly chosen, together with the two linear transformations 
i, and £,. 
` The group G can be enlarged by combining with it the 
transformations of G,, which leave the tetrahedron T un- 
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changed (the faces, of course, being permuted). These 
transformations can be represented by 


1, #, t^, ve", 
and the group G is of index 4 under the enlarged group. 
It now remains to be shown that G is of infinite order. 
Consider the tetrahedron w,, 2,, y,, 2, where 
w, = zw + de, Yy = PU + oe + 72, 


a = /w+t re, 2 = owt pr + ry, 


in which 
4 = Ch CQ i= & Ch, 
p = — cen, a = — Ci Gänn T = C — 6. 
The transformation * 
1 1 1 1 
(B,) OMC MEET 
Ww, xy Un Zu 


written in terms of w, x, y, 2, 38 
TUE + y(pw-+ sx) 
ow + pz + ty 
, __ TWE + 2(cw-+p2) 
` pw orp rz ` 
In a similar manner, by using the tetrahedron 
| W,=pwt vm, y, = w+ e+ ty, 


z,— vw oom, 2,= 7W + Et + Ty, 





w':xiyiz—ziw:— 


where 
B= UO v = Ci Cs; 
E= E ën N= Cy. ent CH, 


we obtain the transformations 





E ee ee 





Mum + ey 
‚alu + a?) + fuz + 2(r0 — dr) 
^ dw — ys + sz : 
where 
a = 26 Ci Ch Cu; B= (ci — e) — Cu), 
T= cea t+ ce), à = cc + ci), 
e = (oft gi, 





* The transformation B, here indicated is not the same as the B, pre- 
viously referred to. 
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Combining these two transformations we obtain 


‚Aust P A's B 


(B,B,) MOSES SE EE OD kD 


where . 
A = — erws + (dw — yz) (px + ow), 
B = — [rwa(de — rw) + a(px + ow) (w + =) 
+ Pux(pxz + ow)], 
C — e(ox + pu) + (r2 — bu), 
D = (ox + pw) (ee — pw) + ra(w? + 27) + Thu. 
The question of the periodicity of this transformation is 
clearly the same as that of the linear fractional transfor- 
mation 
Jus Ay+B 
= UD 
where A, B, C, D are independent of y or y. But in order 


that this transformation may have a finite period n it is 
necessary and sufficient that * 


(2) (A+ D) — 4(4D — BO) cog = 





where 2 is some integer relatively prime to n. It is easily 
seen that the expressions given above for A, B, C, D can- 
not satisfy such a relation as this. Hence the period of 
DB, B, is infinite. 

If (u, v) are the hyperelliptic coordinates of & point of 
the Kummer surface, the equations 


w= 6,(u, v), s= 0,(u, v), y — Bit, v), z= 0 (u, v), 


where for brevity 0, (u, v) are written for the right mem- 
bers in (1), express the homogeneous coordinates of a point 
of the surface in,terms of the parameter coordinates of the 
same point. After the transformation B, the coordinates 
can be represented in the same form 


w =8, (w, v), al = Bin, v), y = O, (v, v), # = 6,(u, v), 


where (a, ^) are the parameters of the point into which 
the point (u, v) has been transformed. 
A question arises as to what are the relations between a, 





* See Serret, Cours d’algèhre supérieure. 
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v and u,v. These cannot be algebraic, for if they were, say 
A(w,v,u v) = 0, Av, vu, v) —0, 


then since to the point (1, 0, 0, 0) corresponds the curve of 
intersection of w = 0 with the Kummer surface, when we 
substitute for u, v in these relations the parameter values 
for this point the two equations ought to be equivalent to 
a single algebraic relation 


Au, Y) = 0. 


This latter should then be the equation of the curve which 
corresponds to the given point. But the equation of this 
curve is 

0 (w, v) = 0, 


a relation which is not algebraic but transcendental. In 
fact, the relations between w, d and u, v are none other 
than those which at once follow from the equations of trans- 
formation* (B), viz.: 


(3) 8, (w, v)8 (u, v) = dia, w)6 Cu, v), [i j = 1, 2, 3, 4]. 


It would be interesting to know whether or not the group 
G is discontinuous. It appears very likely that it is, al- 
though I have not been able to fully settle this question. 
It can be shown that, if G contains any infinitesimal trans- 
formations, they belong to an invariant subgroup of G, and 
that they leave unchanged each point of the Kummer sur- 
face. For any combination of the generating operations 
B, can, according to (3). be represented in the form 


8(u,v) _ Pw, v) 
en I e 
giw, v) Pa, v) 
where 9 (w, v) is a theta function of order 2n, whose form 
it is not necessary to determine. If now 
W“=u+f, v=v+7, 


where £ and x are infinitesimals, we have, on expanding, 


8.(u, v) 

8,Cu, v) 

# It is from a similar point of view that Humbert has remarked tbe 

existence of birational transformations of the Kummer surface into itself. 
See Liouville's Jour., 1893, p. 466. 


9FE,, OF, 
=F) t g 2b 
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where 
p 
IER 
` J 
From this follows that 
— 9. (u, v) 
Fu, v) EXE 6 (u, v)' . 
and 
OF oF 
el H nu ses 
Em E+ àv ? 
From the latter condition follows that the Jacobian of 
any two of the functions Së A vanishes and hence that all 
gh) 


are functions of one among them. But this is clearly im- 
possible; hence if an infinitesimal transformation occurs 
in Git leaves every point of the Kummer surface unchanged. 
The totality of operations in G for which every point of the 
gurface is invariant evidently form a self-conjugate subgroup 
of G. Moreover it is clear that this subgroup cannot be a 
finite continuous group since the Kummer surface does not 
enter into the category of surfaces which admit such groups. 

Another group G' of birational transformations of the 
Kummer surface into itself is determined from the fact that 
a one to one correspondence exists between this surface and 
the Weddle surface (locus of the vertex of & quadric cone 
which passes through six fixed pointe). Hencea birational 
transformation of the one corresponds to the like of the 
other. If we write 


wigiyine GGG, 7 Ball, ` FH, © Dos or Va 
a:b: c: d= cc, ` Sally ` C010, € Coso 
a:f iyi’ = OCC, ` Ga Da ` Gëf ` 011028067 


the equation of the Weddle surface is 


mus wa a 
wy cv b f 
wee y C y 
wry z d 9 
This equation is unchanged for a transformation of the 


same form as (B). I will denote this transformation by C. 
Since the equation of the surface can be written in 15 dif- 
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ferent ways in this form, we'havo 15 corresponding trans- 
formations which generate a group of infinite order. For 
consider the tetrahedron w,, x,, y,, 2, where 


w =w, (b + a)r = bw — aa, 
(e + a)y, = ew — ay, (d+a)z, = dw — az. 


The associated transformation is 





lime: dut 1 
P i 5 ^w ay Pu 
or 
1 bz-4-(a--2b)w cy + (a+ 2c)w 
PR NO DE ee : 
wigiygig: ME P xy ce 
, de + (a+ 2d)w 
" od c 


Denoting this transformation by C, we have for C,C 
. (a + 2b)wz + bu. . 


wiriy g =w mp3 


Here + is proportional to an expression of the form 


Az + B 
Cz + D 
It is easily seen that 
(A + Dy ET 
AD—BC ^? 


and hence the condition (2) reduces to 
cog! — = 1. 
"n 


But since 0 «4 «^» this relation cannot be satisfied for a 
finite value of n. Hence the transformation OO has an in- 
finite period. 


CoRNELL UNIVEBSITY, 
December, 1900 
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THEOREMS CONCERNING POSITIVE DEFINITIONS 
OF FINITE ASSEMBLAGE AND INFINITE 
ASSEMBLAGE, 


BY MR. O. J. KEYSER. 
(Read before the American Mathematical Society, December 28, 1800.) 


THE well known wide disagreement* among workers in as- 
semblage theory as to the meaning that should be attached to 
certain indispensable terms, such as assemblage, defined as- 
semblage, given assemblage, law of formation, and so on, 
indicates alike the need and the possibility of a more critical 
grounding of this doctrine. Here as elsewhere the guiding 
principle of criticism should be the principle of Parsi- 

,mony, the so-called Razor of Occam : Entia non sunt multi- 
plicanda præter necessitatem. For the problem is one of 
simplification, of logical economy, of minimizing hypothe- 
sis. The ideal is, in a word, to dispense with the undefined. 
Now nothing seems clearer than that no amount of criticism, 
however acute, can completely eliminate the undefined from 
the foundations of knowledge. For every explicit involves 
some implicit, and so there must be not merely assumption, 
but implicit and therefore undefined assumption. Whence 
appears that a residuum of indetermination and doubt must 
elude even the most refined and searching analysis, and 
ultimate simplicity, perfect certainty, absolute rigor, remain 
beautiful dreams, destined never to be quite realizéd. Never- 
theless the problem admits of closer and closer approximate 
solution, which, theoretically atleast, takes the form of an 
unending series, namely, of substitutions of simpler (there 
is no simplest) undefined for the less simple. Unfortunately 
the process appears to conduct sooner or later from seeming 
light and certainty into the ‘‘ frightful shadow-land of meta- 
physics." But it is only appearance and only seeming, for 
it is the common lot, consciously or unconsciously. to dwell 
in thatland always Shadows critical reflection undoubtedly 
produces, but shadows are incident to the illumination of 
darkness. Cousin is right : La critique est la vie de la science. 


* Cf. J. Tannery : “ De l'infini mathématique, Revue générale des sci- 
ences, vol. 8 (1897). Dedekind : Was Sind und Was Sollen die Zahlen. 
8 3. Art. 32; 85, Art. 64 G. Cantor: "Sur les ensembles infinis et 
linéaires de points,” Acta Math., vol. 2. Couturat: De l'infini mathémn- 
tique, Appendice, Note IV. E. Borel : Leçons sur la théorie des fonc- 
tions, Chap. I. J. Tannery : Introduction à la théorie des fonctions d'une 
variable, 2 15. 
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This paper presents some results of an attempt, consist- 
ently with the mentioned principle of criticism, to show that 
definitions, of a more general character than those usually 
considered to be mathematically available, are in fact suf- 
ficient for the establishment of certain fundamental propo- 
sitions of assemblage theory. i 


I. Hypotheses, and Definition of Terms. 


It is assumed that, if there be anything which through- 
out some definite time is intrinsically regardable as an indi- 
vidual, as one, this intrinsic capability persists throughout 
every definite time. Any such thing will be named ele- 
ment. Itis further assumed : (1) that there are elements ; 
(2) that one of the elements is the idea s, that each of the 
elements, including e, is an element; (83)*that, if two ele- 
ments be distinguishable, the mark of distinction is an ele- 
ment. 

The element e, serving as a bond of union of all elements, 
strictly defining all as an individual, as thé sole invariant 
content of the element category, imparts sufficient precision 
to the expression totality of elements. ' This totality, which 
might be called the universe of elements, may be denoted 
by U. U being, by definition, itself an element, is to be re- 
garded as contained in itself. 

Two elements are identical if they are indistinguishable 
from each other. Two such elements are, for all logical 
purposes, for attention, not two but one; indeed, they can 
not even be counted as two, for to suppose them so count 
able is to suppose them capable of arrangement in the time- 
order of before and after, which is tantamount to supposing 
them distinguishable. Hence U contains no identical ele- 
ments: there are no identical elements. 

An element that is two or more elements regardable as an 
individual may be called a composite element; in the con- 
trary case, an ultimate or simple element. 

Now let e and d be any two elements. There is at least 
one mark of distinction. Represent it by the prime '. 
This mark is, by (3), itself an element. Consequently e is 
a composite element. Similarly for e. Like reasoning ap- 
plied to the element ’ will show it to be composite, and 80 
on indefinitely ; indefinitely, for if the process exemplified 
could terminate, it would end with an element having no 
mark of distinction, i. e., with a mark of distinction itself 
without distinction. Such a mark would be an element 
identical with some (in fact every) other. Hence all ele- 
ments are composite: there are no simple or ultimate elements. 
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It thus appears that an element is a shield with two 
sides, one fact F with two phases: the phase of being con- 
stituted of elements, constituents; and the phase of being a 
bond uniting the latter into one, an individual. The two 
phases of F may be briefly called respectively the multi-phase 
and the uni-phase. Neither is logically prior. Either may 
be regarded as primary, the other as secondary—the choice to 
be determined by considerations of expedience. F will be 
called element or assemblage (of elements) according as the 
uni-phase or the multi-phase of F be taken as primary. 
The notions, element and assemblage, are, therefore, recip- 
rocal* and complemental, each is implicit in, incomplete 
without, determined by, the other. 

This principle of reciprocity enables us to say: all ele- 
ments and assemblages are defined. If F be an assemblage, 
its definition isits uni-phase, its element-character ; if F be 
thought as an elément, its definition is its multi-phase, 
its character as a certain composite. For easier comparison 
of this with the corresponding conceptions of Cantor and 
Dedekind,t we state it at length thus: Every assemblage 
is defined in the sense that the principle of excluded middle 
validates, with respect to any assemblage, the proposition : 
any element whatever is a constituent of the assemblage or 
it is not. Reciprocally, every element is defined in the 
sense that the same principle justifies, in regard to any ele- 
ment, the proposition: the constituents of any assemblage 
whatever compose the element or they do not. 

The term ‘‘ defined " is here used in its objective, which is 
at the same time its fundamental and etymological, sense of 
bounded or marked off from. Every such objective defi- 
nition is an F with its two phases. Its essence is being, not 
actually regarded but merely regardable. When actually re- 
garded, made the recipient of attention, then, lying in con- 
sciousness or expressed in language or both, it becomes an 
ordinary, subjective, definition. When so expressed the corre- 
sponding F (assemblage or element) may be said to be given. 
Discussion of the exceeding difficult question f of ‘given’ is 
reserved for a future communication as is also a fuller exhi- 
bition of the cardinal importance of the principle of recipro- 





* It 18 noteworthy that the so-called '' principle of reciprocity " which 
manifests itself familiarly i in various specialized and concrete ways, no- 
tably in geometry, ig ın all strictness 8 principle and is such for assem- 
blage theory in general, being inherent, as just shown, in the inmost core 
of the discipline : 

+ Cf. Cantor and Dedekind : Op. cit. 

tIn relation to this matter, the first of J. Tannery’ 8 essays already 
cited may be consulted with much profit. 
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city.’ In regard to the latter we merely add here the now 
rather obvious facts : that assumptions (1), (2), and (8) in- 
volve like assumptions respecting assemblages ; that there 
are no identical assemblages ; that, as every assemblage has 
its uni- and every element its multi-phase, there is one and 
but one element for each assemblage and reciprocally ; and, 
that, in particular, U plays the double réle of being at once 
the totality of elements and the totality of assemblages, in- 
cluding itself in both characters. 

Tf E and E' are any two assemblages such that there is 
an assemblage M having the properties: (1) each element 
of M is a pair of elements eand e, where e and d signify 
element of E and element of E' respectively ; (2) each ele- 
ment e occurs once and but once, and no element e occurs 
twice, in M; the assemblage E may be said to be projectible 
upon the assemblage E’. As in M each element e of E is 
associated with a certain element e' of E', the assemblage 
M may be said to indicate à mode or manner of the projec- 
tibility ; a rather than the manner, because obviously, if E 
be projectible upon E’ in one manner, it will in general be 
projectible upon .E'in more than one manner. If, in a 
given M, e/ of E' is associated with e, of E, e, may be 
called the projection of e, for the given M. The totality of 
such projections is an assemblage which may be denoted 
by P. 

If two assemblages E and E' are each projectible upon 
the other in a manner M, E and E’ may be said to be con- 
gruent in the manner M, or a unique and reciprocal corres- 
pondence may be said to exist in the manner Af between E 
and E'. If two assemblages E and E' be congruent, the 
relationship may be stated symbolically by writing 

Ess Ei, 
If every element of an assemblage À is an element of an as- 
semblage A’ and iPone or more elements of A’ are not in À, 


A will be called a part (partie intégrante of Cantor, echter 
Theil of Dedekind) of 4’, and we may write 


A<A. 
If this relation subsists between A and 4’, then plainly A 
is projectible upon 4’. Also any E is congruent with itself. 
The equation 
À, + À, = À 

may be employed to indicate at once that A, and A, are each 
a part of A, that A, and A, have no element in common, 
and that every element of À is an element of d, or of A, 
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II. Demonstration of Theorems. 


Let E be'an assemblage. Either E is congruent with an 
assemblage 


(N) 1,2, ,n, 

where n is some definite integer, or such is not the case. If 
E be not congruent with (N), the assemblage 

CAN") 1, 2,-,,-- 


is projectible upon E. To prove this it is sufficient to prove 
that, however large a value n of n be chosen in advance, 
the assemblage 

1,2,-,"',n +1 


is projectible upon E. That this assemblage is projectible 
upon E follows immediately from the fact that, were it not 
so projectible, E would itself be projectible upon (JN) for : 
n zm, whichis contrary to hypothesis. Let the assemblage 
(AT) (1, 8), (2, 8), m e), + 
indicate a manner of projectibility of (N’) upon E. Then 
the assemblage P of projections will be 
€, €» "y eo ... 

E=P+R 


' where R denotes the assemblage of those elements of E 
which, if there be any such, are not elemente of P. Rep- 
resent the assemblage 


and we may write 


En ey, Can) ... 


by P. It is plain that P is projectible upon P, in the 
manner 


(M) (4, 6); (es e) PE. (es DES 


and E is projectible upon itself; hence the assemblage 
P + R is projectible upon the assemblage P + R; but 


P+R=E and P<P 
whence 
P,+R<E. 


E is therefore projectible upon a part of itself. As any 
assemblage is obviously congruent with the assemblage of 
its projections, His seen to be congruent with a part of 
itself. Accordingly we may state the 
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THEOREM (a). If any assemblage E be such that there ta no 
definite value of n for which the assemblage 


1, 2,°°, 2 


ts congruent with E, then E is congruent with o part of itself. 
From this follows directly the contrapositive 
Teeoren (b). If any assemblage E be not congruent with a 
part of itself, then, for some definite value of n, the assemblage 


1, 2, WW 
is congruent with E. 
Are the converses of these propositions correct? Suppose 
that 
A < E, and that E = A in some manner M. 


It is required to determine whether there is a determinate 
integer » such that the assemblage 


(N) 1,2. ++, 2 


is congruent with E. 

Let e, denote any definite element of E. In M this ele- 
ment is paired with some definite element e, of E, whence 
e, is an element of A. Now, if E is congruent with (N) in 
one or more manners, let J/’ stand for any definite one of 
them. In J/' the element e, has for its projection, or is 
paired with, some definite integer m’ of (N) where of 
course it is undetermined whether »' is less than or equal 
to n. Accordingly, Af and M’ together furnish a scheme 
for associating in & one to one fashion the elements of A 
with those of (N): given any element, as e, of E, those 
two elements, e, and a, of A and (N), respectively, shall 
be associated, which are associated with e, in M and M', re- 
spectively. Denote by W” the assemblage of such pairs 
@, n. It thus appears that if 


E = À 
in some definite manner M', then 
A=(N) 
in a definite related manner M". But since 
A «c E, 


there is at least one element e, of E which is not an element 
of A, and, therefore, no one of such elements e, enters a 
pair in M". Hence À is not congruent with CN) in the 
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manner M” ; whence follows that E is not congruent with A 
in the manner J/’, and, therefore, not in any manner. 
We have, accordingly, the following propositions: 
THEOREM (a’). If any assemblage E is congruent with a part 
of itself, there is no assemblage 


1, 2,--, (n definite) 


with which E is congruent. 
THEOREM (b^). If there is an assemblage 


1, 2, =n (n definite) 


with which an assemblage E is congruent, E is not congruent with 
a part of itself. 

These reciprocally contrapositive propositions are the 
converses, respectively, of (a) and (6). 


III. Logical Significance of the Four Theorens. 


Denote by U the assemblage of all assemblages, including 
U. Theelements of U are the component assemblages of U. 
Of these there are two, F, and Z, such that the former sig- 
nifies the assemblage of all assemblages which are not, and 
the latter signifies the assemblage of all assemblages which 
are congruent each with a part of itself. By the principle 
of excluded middle, 


U=F,+1, 
By the same principle, 
U=F' +17", 


where F” denotes the assemblage of all assemblages of which 
each has, and J’ denotes the assemblage of all assemblages 
of which none has, the property of being projectible upon 
(or congruent with) an assemblage 


1,2,-,n (n definite). 


Now the logical import of the propositions (a), (b), (a^), 
and (b’) is that F, and F’, as also I, and I’, are identical, ele- 
ment for element. Accordingly, we may define as follows: 
(1) A finite assemblage is one which is not congruent with any 
part of itself. 
(2) An infinite assemblage is one which is not congruent with 
any assemblage. 
1, 2, +, n (n definite). 


Or quite equivalently thus : 
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(3) À finite assemblage is one which is congruent with some as- 

semblage 
1,2,-,n (n definite). 


(4) An infinite assemblage is one which is congruent with a 
part of itself. 

In neither pair of definitions are the notions finite and 
infinite formally represented as mutually exclusive or as 
negatives of each other; while the second pair has the ad- 
ditional advantage of representing both the notions in ques- 
tion as positive * concepts. 

Before passing to the final section of this paper, it seems 
worth while to pause long enough to glance, from the present 
point of view, at the notion, cardinal number of a finite as- 
semblage, and to offer a proof that this notion, for any 
given finite assemblage, possesses the property of invariance. 

Consider the ordered assemblage 


(8) 1, 2, UN n, es. os n”, 


where n’, n and n" are definite and subject to the condition 
that, in (S), n’ comes before n and the latter before n”. 
Denote by Sy, S, and S, the assemblages obtained by sup- 
posing in succession that (jS) ends with ai, n and n", and 
in each case abstracting from the order of the elements. 
Sv, 8, and 8, being congruent each with itself, are finite 
assemblages, and, as by definition 


Sy < S, and S, < Sy ; 
we have by (3) 
neither A, = S, nor S, = S». 
Now let E be any finite assemblage. By (3) there is some 


S, for which 
E=, 


We now define n to be the cardinal number of the assem- 
blage E. Plainly, this number is independent of every ar- 
rangement of the elements of E; for if, by any particular 
arrangement, 

E= &; or E= Sy, 


we would have also 





* As to this phase of the matter and also in relation to definitions (1) 
and (4), cf. Jules Tannery, op. cit.; Dedekind, op. et ; G. Cantor, op. 
at.; Couturat, op. cit. 
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S, = Sy or Se = S, 


It readily follows that any two congruent finite assemblages 
have the same cardinal number. , ` 


IV. Connection with the Logic of Relatives: Another Point of 
View. 


Consider the argument : 
Every element of an assemblage E is projected upon some 
other element of E; 
No element of E is the projection of more than one ele- 
ment of E; 
Every element of E is a projection of an element of 
E; i. e., the assemblage of projections is congruent with E.- 
This argument is of the type of the so-called syllogism of 
transposed quantity, a mode of ratiocination of which the 
earliest scientific account is found in the Logic of De Mor- 
gan. Its uses and limitations have been pointed out by 
Mr. C. 8. Peirce,* to whom is due also its perfection as an 
instrument of research as well as the indication of its sig- 
nificance in modern logic as such. From definition (1) or 
from the last proposition of section III, it is seen that the 
‘conclusion is warranted by the premises always when and 
only when £ is a finite assemblage. Reversing the order of 
ideas, the above argument, regarded as purely a form, may 
be taken as the ‘logical’ discriminant of the assemblage 


U=F+], 


and accordingly we might define: any given assemblage is 
finite or infinite, belongs to F, or to I, according as the syl- 
logism is valid or not valid for that assemblage. Such ap- 
pears to be in fact Mr. Peirce’s point of view in one or two 
instances. At all events, it requires merely verbal substi- 
tution to render the syllogism in question quite identical 
with the ‘‘ Hottentot” and ‘‘ Texan’’ arguments employed 
by him in the works cited below. The interest here at- ` 
taches, of course, to the demonstrated ultimate equivalence 
of the two points of view. 


CoLUMBIA UNIVERSITY. 








* Peirce: ‘On the Algebra of Logio, Amer. Jour. of Math., vol. 7, 
p.201 ‘On the Logio of Number," Amer. Jour. of Math., vol 4, p. 
75. Definition of ‘finite,’ Century Dictionary. 
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DINPS METHOD OF SHOWING THE CONVER- 
' GENCE OF FOURIER'8 SERIES AND OF 
OTHER ALLIED DEVELOPMENTS. 


BY MR. WALTER B. FORD. 


(Read before the American Mathematical Society, December 28, 1900.) 


Ir it is required to show that the arbitrary function f(x) 
of the real variable may be developed into a Fourier 
‘series for all values of x lying between — 7 and xt — x and 
x at most excluded) then, remembering that for any partic- 
ular value of x, such as x= a, the sum of the first n + 1 
terms of the series is 


D e 1 
(1) 1 sin nE (2 — a) 
2x pie "sin Äre a) - de, 


itis easily shown that we need merely examine the limits ap- 
proached by the integrals 





ds d su du (Chad 
faxa) d 

i * sin u ash 
On ga) ^ 


as n increases indefinitely, c and d being any numbers such 
that O<ce<dZz%r. In case these limite exist and have 
certain simple properties it becomes evident thatthe given 
series will be convergent for any value z = a which lies be- 
tween — z and =, and will have as its sum either f(a) or 


f(a +0) + f(«—0) 
9 H 


“4 


while at either of the points r = — x or z— «x the sum 
will be 


f= = +0)  (5—0) 
2 


228 CONVERGENCE OF FOURIER’S SERIES. [Feb., 


Moreover, a closer examination of integrals (2) and (8) 
shows that if f(x) satisfies any one of certain sets of prelimi- 
nary conditions (of which Dirichlet’s conditions are a special 
case), then these integrals (2) and (3) possess the required 
properties ; for in such cases the problem reduces to the es- 
tablishing of certain well known properties of the more 
simple integrals 


. 2n+1 
(4) ie H 2 (z — a) 
Jo» sin Kr —a) dz, 


. 2n +1 
(5) js os T (z — a) 
nié ^ 


where c and d have the same significance as before. In 
such cases, then, the original problem reduces to questions 
which are entirely independent of the function f(z) which 
was to be developed. Now, integrals (4) and (5) being 
once closely examined and their properties which are essen- 
tial to the present problem being once tabulated, the ques- 
tion arises whether there are not still other functions of x, 
n and a, which like 


sin} (z — a) , 
when integrated between certain determined or undeter- 
mined limits (0, d') in the one case and (e, d') in the other, 
will possess the same essential properties which belong to 
(4) and (5), and, as thus integrated, will therefore form 
integrals bearing the same relation to new series develop- 
ments of f(x) for x between certain limits (a, b) that (4) 
and (5) bore to the Fourier development of f(x) for z be- 
tween — z and x. Evidently if such functions exist, repre- 
senting any one of them by g(x — a, a, n), or better by 
p(x — a, v, h,) where h, is any particular expression which 
9 
(like the ER which appears in (4) and (5)) is always 


positive and increases indefinitely with n, the integrals in 
question will be 


(6) eco 4,h, de, 
(7) [ea a, hyde, 
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and for any particular value of + such as x = a it is evident 
that thesum of the first n + 1 terms of this new series will 
be an integral corresponding to the integral (1), and in fact 
it may be easily shown that this sum will be 


(8) salt (z)g(« — a, o, h,)da, 


where G is a determinate constant independent of z and of 
a and different from zero. 

Dini begins by showing that there are an infinite number 
of such functions y(x — «a, a, h,)*. Thenu considering the 
series 


(9) sof Saeco — a a, hyde 


+ ah ( (ie u u In) — Pa a s bni) jda, 


the sum of whose first n + 1 terms is evidently the above ex- 
pression (8), he proceeds to make farther assumptions as 
regards the functions ¢(x—a, a, h), e(z — a, a, h), 
g(x — a, a, h,); i e., he assumes that each of these func- 
tions is such that every term of (9) may be expressed in a 
certain typical form (which is the form common to all 
known developments). One of the chief requirements of & 
term in this form is that it shall involve in a specified way 
certain special functions of x, or of z and À,, where À, is a para- 
meter variable only with n, which functions we may suppose 
to have taken in advance as the functions in terms of which 
any new development might be desired (these functions 
in the case of the Fourier series being sin nx and cos nz.) 

This being done, it is evident that if f(x) satisfies any one 
of the sets of conditions mentioned before, we may now form 
a sufficient condition that this function may be developed for 
all values of x lying between the determined or undeter- 
mined limits (a, 6) (a and b at most excluded) in terms of 
given functions of x, or of z and 2,, the development being 
of the form common to all known developments (develop- 
ments such as occur, for example, in the general study of 
mathematical physics). 

This condition is described by saying that the sum of the 
first n + 1 terms of the given series should be equal to an 





* Reference is here made to Dini's work entitled : Serie di Fourier e 
altre rappresentazioni analitiche delle funzioni di una variabile reale ; 
Pisa, 1880. 
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integral of the form (8), where (x — a, a, h ) is a function 
of the type mentioned above. But to use this condition as 
a criterion in any case where we desire to test a given de- 
velopment is evidently difficult, for we are thus required to 
determine certain facts about the nature of an infinite series 
whose individual terms are generally of a complicated char- 
acter. As an aid to this undertaking, Dini now employs an 
ingenious method due in substance to Cauchy. He virtually 
shows how a function of the complex variable z may be con- 
structed so that it will have an infinite number of poles of the 
firstorder distributed at finite distances from each other along 
the positive side of the axis of reals, this function being 
otherwise monogenic within finite regions of the z plane, 
and being, moreover, so constructed that its residua in these 
poles (or at least in some of them) are equal respectively to 
the individual terms of the given series in x which we are 
to test. This once accomplished, it is evident that we Have 
merely to integrate this function of z about any closed con- 
tour lying to the right of the axis of pure imaginaries and en- 
closing the first n + 1 of these poles and not passing through 
any one of them, in order to obtain-readily in the form of 
a definite integral (in the complex) the sum of the first 
n-+1 terms of the given series; and by enlarging the con- 
tour so as to enclose more and more of the poles,we shall 
have in the limit as the contour thus enlarges indefinitely 
an expression in the form of a definite integral (in the com- 
plex) which actually represents the sum of the given series. 

Thus, by this means our investigation is transferred from 
questions regarding the given series to questions regarding 
a definite integral which varies with n, and for any special 
value of n is equal to the sum of the first n + 1 terms of 
the given series. Whenever this integral reduces to one of 
the integrals (8) we are assured that the given development 
is possible. To study this reduction is, however, difficult 
in many cases, but Dini shows how conclusive results may 
be obtained in the case of Fourier series, series in terms of 
zonal harmonics, Bessel functions, and elliptic functions, 
and he makes it evident that the method leads to decisive 
results in many other cases. 


ANN ARBOR, 
December, 1900. 
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SHORTER NOTICES. 


Application de la Méthode Vectorielle de Grassmann à la Géo- 
métrie Infinitésimale. Par Henri FEHR.* Georges Carré 
et C. Naud, Editeurs. Paris, 1899. 94 pp. 


Tug mathematicians Grassmann and Hamilton who al- 
most simultaneously published their first work upon a ‘‘ cal- 
culus of space’’ were undoubtedly geometers, not analysts— 
abstract and speculative they may have been—but still 
geometers. We have only to regret that they were not 
also clear stylists ; for it must be admitted that, with the 
exception of the attempts of certain persons to show how : 
everything may be done by the methods of vector analysis 
or quaternions, nothing could be more fatal to the popu- 
lar acceptation and use of a space analysis than the form in 
which it was presented to the public by the inventors. Suc- 
ceeding writers for the most part seem to have erred along 
the same lines or to have forgotten the stress originally 
laid upon the interpretation of the analysis. It is there- 
fore with great pleasure that we read M. Fehr's little book, 
which is written with such admirable clearness and selected 
with such tasteful care that in the compass of ninety-one 
pages there is included, without the slightest suspicion of 
crowding, a preface, an introduction on the use of vector 
analysis, and a fairly complete treatment of differential 
geometry. 

M. Fehr originally wrote his book as a thesis to be pre- 
sented for the degree of doctor of science at the University 
of Geneva. As a thesis, the work contains nothing origi- 
nal either in vector analysis or in geometry. All the re- 
sults and methods were known well enough before. In- 
deed, anyone who has heard such lectures as are given at 
our leading universities upon these two branches of mathe- 
matics ought to be able to put together the material in this 
book with almost no difficulty. But to put it together in 
80 pleasing a manner is a far harder task. The reviewer, 
therefore, must deal with the manner of presentation rather 
than with that which is presented. 

The votaries of vector analysis will find in M. Fehr’s 
book little to cheer them. In fact, so meager is the devel- 
opment of the subject that one might almost say the entire 
‘analysis consists of three symbols 





* Now professor of geometry and algebra at the University of Geneva. 
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[a, a,] = Va, a, the vector product of two vectors, 
[a, | a,] = — Sa, a. the scalar product of two vectors, 
[a, a, a] = — Sa, a, a,, the scalar product of three vectors. 


These expressions are used, to all intents and purposes, as 
abridged notations. If two vectors a, and a, are perpendicu- 
lar, the fact is indicated by writing [a |a] — 0; if they 
are parallel, by [a, a]=0; and if three vectors a, a,, a, 
are coplanar, by To, a, «,]— 0. The working rules of the 
analysis and the formal transformations of the symbols are 
developed scarcely at all. M. Fehr knows very well what 
to omit, and he omits a great deal. The differentiating 
operator Y, which can be used with considerable advantage 
in some portions of differential geometry, is not introduced 
at all. This omission tends to clearness and simplicity. 
The linear vector function is also left out to advantage. 
Indeed, it seems as if the formal methods of vector analy- 
sis are none too well suited to the development of differen- 
tial geometry. The vectors appear more or less artificial. 
They are not thrust upon us irresistibly, as in physics. 
The need of a vector analysis is not so apparent as it might 
be. M. Fehr, therefore, has done well to introduce as lit- 
tle as possible of the vector machinery. Perhaps it is well 
to note that M. Appell has followed a similar course in his 
treatment of the theory of vectors: Traité de mécanique 
rationelle, volume I, chapter I. 

The presentation of the elements of differential geometry | 
given by M. Fehr is hardly to be excelled. The usual im- 
portant and fundamental results are obtained in much Jess 
space and time than is customary, and yet with perhaps a 
gain instead of a loss in clearness. The reason for this un- 
usual brevity is not so much the compactness of the vector 
notation as the concreteness of the vector idea. No time is 
wasted in developing analytical formule. The mind is 
brought to bear directly upon the geometric questions at 
hand, and they are solved. It is this constant appeal to 
visualization that shortens the work ; it is this that distin- 
guishes the book from others; it is this that adds so much 
of perspicuity ; and it is this that leads us to recommend 
the book most heartily to all who teach or study this sub- 
ject. The vector ideas will clarify and render definite the 
conceptions of geometry to an extent scarcely possible with 
other methods. The insignificant amount of vector analy- 
sis need cause no fear of difficulty. 

Mr. Fehr is to be thanked for his excellent book, and 
Messrs. Carré et Naud for the clear and almost errorless 
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typography. The following reproduction of the table of 
contents will serve to show more satisfactorily than anything 
else the scope of the work: Préface, Introduction: Rappel 
de quelques notions de calcul géométrique; Des courbes 
gauches: 1° Généralités, 2° Courbure et rayon de courbure, 
8° Torsion, formules de Frenet, 4° Courbure normale, 
formule de Lancret; De la théorie des surfaces : 1° Génér- 
alitiés, 2° Relations fondamentales; De la courbure des 
courbes tracées sur une surface: 1° Théorème de Meusnier, 
2° Courbure des sections principales, 8° Formule d’ Euler ; 
De la courbure des surfaces: 1° Courbure totale, application 
aux surfaces réglées, 2° Courbure moyenne ; cas particulier, 
8? Courbure moyenne quadratique ; Des lignes tracées sur 
une surface; 1° Systémes conjugués, 2° Lignes de courbure; 
théorème de Dupin, 3° Lignes asymptotiques, 4° Lignes 
géodésiques ; courbure géodésique d’une ligne tracée sur 
une surface. 
E. B. Wirson. 


Annuaire pour l'Ar 1901, publié par le Bureau des Longitudes. 

Paris, Gauthier-Villars. 

THE new Annuaire which has just been received contains 
this time but few alterations. In the astronomical portion, 
however, the article on the various kinds of calendars has 
been rewritten and enlarged, the rules for obtaining the 
date of Easter in any year being much improved in state- 
ment and completeness. The historical part containing the 
tables of small planets, comets, etc., is, of course, brought 
up to date. A useful addition is a curve showing graph- 
ically the amount of the equation of time for any period of 
the year; this has been carefully drawn by M. Cornu. 
In the scientific notices, M. Cornu resumes his article of 
last year under the title ‘Le transport électrique de la 
force’; M. Poincaré gives the report of the committee ap- 
pointed to consider the question of the revision of the 
Quito meridian arc; M. Bassot writes the history of the . 
introduction and establishment of the metric system. MM. 
Loewy and Bouquet de la Grye respectively contribute 
accounts of the international astronomical and geodetic con- 
gresses held in Paris during the summer; the aeronautical 
congress is represented by M. J. Janssen’s presidential 
address. The last named also gives his annual report of 
the work done in the Mont Blanc Observatory during the 
past year. The final notice contains the oration of M. le 
commandant Guyou delivered at the meeting held to com- 
memorate the late M. de Bernardiéres. 
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The increase in size of the Annuaire is due to the larger 
number of scientific notices and to the insertion of nearly 
100 pages of advertisements. The annual proper is only 
eight pages longer than its predecessor. 

. Ernest W. Brown. 


ERRATA. 


On page 121 of the present volume of the BULLETIN, in 
the last line of my paper, the word column should be changed 
. to row. The slip of my pen which produced this error is 
the more to be regretted as it makes Peano’s theorem appear 
almost identical with the theorem which I had stated above, 
whereas the two theorems are wholly distinct from each 


other, Maxime BÓCHER. 


Other errata in the present volume which have come to 
the attention of the editors are :— 


Page 11, line 3 and line 30, for conformably read con- ' 
formally. | 
Page 186, line 27, for p read p,. 
Page 142, line 22, for r, read T°. 
Page 158, line 15, for pure by read purely. 


NOTES. 


A NEW Annual Register of the AargRICAN MATHEMATIOAL 
Boorgrv has just been published and distributed among the 
members. Copies of the Register nay be obtained from the 
Secretary. 


Tux first (January) number of Volume II of the Transac- 
tions of the AMERICAN MATHEMATICAL Society contains the 
following papers: ‘‘ Invariants of systems of linear differ- ` 
ential equations," by E. J. WrLozvwskKi; ‘‘ Divergent and 
conditionally convergent series whose product is absolutely 
convergent," by FLorran Casorr; “Sets of coincidence 
points on the non-singular cubics of a syzygetic sheaf,’’ by 
M. B. Porrzr : ' Note on non-quaternion number systems," 
by W. M. Srgoxa ; ‘‘On the reduction of the general abelian 
integral," by J. C. Frezps ; '' Ueber Flachen von constan- 
ter Gauss’scher Krummung," by Davip HILBERT ; "Rote 


J 
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on the functions of the form f(x) = (x) + ax" + auc? 
+ + + a, which in a given interval differ the least possible 
from zero,’ by H. F. BLICHFELDT. 


THE January number of the Annals of Mathematics contains 
the following papers: ‘ Extension of Hurwitz’s proof for 
the transcendence of e to the transcendence of z,’’ by R. E. 
Moritz; ‘‘ An application of elliptic functions to Peaucel- 
lier’s link-work (inversor)," by A. Emox ; ‘‘ Note on the 
geometrical treatment of conics,” by C. A. Scorr; ‘On 
two-dimensional fluid motion through spouts composed of 
two plane walls,” by R. A. Harris; ‘On a special class of 
abelian groups," by G. A. Moes: ‘‘ The theory of linear 
dependence,” by M. Bocuur ;' rr Brilliant points of a family 
of concentric spheres,’’ by Lieut. A. HAMILTON ; ‘‘ Multiply 
perfect numbers, by D. N. LEBAfER. 


AT a meeting of the London Mathematical Society held 
on December 18, 1900, the following papers were read: Mr. 
A. B. Basser: '' The real points of inflexion of a curve’”’; 
Miss M. E. BARWELL : ‘‘On the conformal representation of 
polygons on a half plane?'; Professor E B. Exuiotr: ‘The 
syzygetic theory of orthogonal binariants’’; Mr. A. L. 
Drxon : ‘‘ An addition theorem for hyperelliptic functions”; 
Professor W. BunNsrDE: ‘‘ On some properties of groups of 
odd order, IT"; Mr. R. W. Hupson: '* On discriminants 
and envelopes of surfaces "; Mr. H. W. Riommowp : ‘‘ Note 
on the inflexions of curves with double points." 


Tax British association for the advancement of science 
will hold its next annual meeting at Glasgow, beginning on 
September 11. Professor A. W. RÜckrm is president of the 
association and Major P. A. MaAoManon is president of the 
section of mathematical and physical sciences. 


TE Paris academy of sciences proposes the following 
questions for its mathematical prizes to be awarded at the 
annual session in December, 1902 :—Grand prize of the 
mathematical section: To perfect in an important point 
the application of the theory of continuous groups to the 
study of partial differential equations.—Bordin prize: To 
develop and perfect the theory of surfaces applicable on the 
paraboloid of revolution. 


Tue Zeitschrift für Mathematik und Physik (founded by 
SonLóarLOR) was transformed at the beginning of the pres- 
ent year into a journal for applied mathematics only, re- 
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taining, however, its former name. ‘he editors are to be 
Professors R., MEHMKE, of Darmstadt, and C. Rumor, of 
Hanover. There will also be an editorial committee consist- 
ing of Professors Bach, Hauck, Helmert, Klein, Lorentz, 
Miller, Linde, Seeliger and H. Weber. 


University OF GórTINGEN.— The following courses in 
mathematics are offered during the summer semester, 1901 : 
—By Professor D. HILBERT: Algebra, four hours; Partial 
differential equations (with special regard to their applica- . 
tions), four hours; Seminar on partial differential equa- 
tions, two hours.—By Professor F. Kirin: Differential 
geometry, four hours, with seminar. two hours.—By Pro- 
fessor P. ScıuLıse: Analytic geometry, four hours; 
Graphical statics and exercises.—By Dr. E. ZsgaELO: Bes- 
sel’s functions, two hours; Introduction for physicists, two 
hours.—By Dr. M. ABRAHAM: Theory of potential, two 
hours.—By Dr J.'Sommer: Determinants, one hour; 
Spherical trigonometry, two hours. 

In applied mathematics :—By Professor G. BoHumann : 
Theory of probability, two hours.—By Professor W. Voter, 
Mathematical optics, four hours.—By Professor H. LORENZ, 
Technical thermodynamics, two hours. 


PRorEssoR CHARLES Hermite, the venerable dean of 
French mathematicians, died after a brief illness at his 
home in Paris the 14th day of January, 1901. He was born 
ak Dieuze, December 25th, 1822. He entered the Ecole 
polytechnique in 1843, for which he was prepared at the 
lycée Louis-le-Grand. In 1848 he was made répétiteur of 
analysis and entrance examiner at the Ecole polytechnique ; 
in 1863 he was appointed final examiner, and in 1889, pro- 
fessor of analysis in the same institution, in succession to 
Duhamel, whom he also succeeded as professor of algebra 
in the Faculty of sciences of Paris. In 1864 he was ap-. 
pointed maitre de conférences at the Ecole normale. In 
1856 he was elected to membership in the Paris academy of 
sciences as the successor of Binet. 


Me. H. F. Baker, F.R.S., has been appointed to a uni- | 
versity lectureship in mathematics at Cambridge University. 


Ar the meeting of the Paris academy of sciences, Decem- 
ber 31, 1900, Professor R. DEDEKIND, of the University of 
Bonn, was elected correspondent of the section of geometry. 
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Mz. S. W. Reaves, graduate scholar in Cornell Univer- 
sity, has been appointed instructor of mathematics at Or- 
chard Lake Military Academy. 


` 


Dr. C. N. LrrTLE, professor of mathematics in Leland 
Stanford University, has resigned his position. 


Proressor G. BAUER, of the University of Munich, has 
been made emeritus professor of mathematics. 


NEW PUBLICATIONS. 


1. HIGHER MATHEMATICS. 


ASHTON (C. H.). Plane and solid analytio geometry ; an elementary 
text-book. New York, Soribner, 1901. 12mo. 14+ 266 pp. Cloth. 

$1.00 

BORTOLOTTI (E.). Lezioni di calcolo infinitesimale [dettate nell'anno 
accademico 1899-1900 nella r. università di] Modena. Modena, 
Pizzolotti, 1899-1900. 8vo. 621 pp. 


BÜTINER(F.). Ein Beitrag zur Theorie der Kugelfunktionen hoherer 
Ordnung. Bea, 38 pp. (From Festschrift zur 325-jährigen Jubel- 
feier des fürstl Stolberg’schen Gymnasiums zu Wernigerode, heraus- 
gegeben vom Lehrerkollegium der Anstalt, Leipzig, Fook, 1900.) 

M. 0.76 


CARBONE (C.) Le congruenze del secondo ordine senza linee singolari 
e le loro superficie focalı studiate mediante una trasformazione 
doppia. Catania, 1900. 8vo. 21 pp. 


DoBROSERDOYV (D. K.). See NERNST (W.). 


FonsYTH (A. R.). Theory of funotions of a complex variable. 2d edi- 
tion. London, Clay, 1900. 8vo. 808 pp. 21s. 


Gauss (C. F) Allgemeine Flächentheorie (Disquisitiones generales 

, circa superficies curvas). (1827.) Deutsch herausgegeben von A. 

Wangerin 2te Auflage. Leipzig, Engelmann, 1900. 8vo. 64 pp. 
Cloth. (Ostwald’s Klassıker der exakten Wissenschaften, No. 5.) 

M. 0.80 


GULDBERG (A.). On partial differential equations of the third order. 
Christiania, Dybwad, 1900 8vo. 43 pp. (Videnskabsselskabets Skrif- 
ter, I, Math.-naturv. Klasse, No. 5.) 


e 
HALPHEN (G. H.). Traité des fonctions elliptiques et de leurs applica- 
tions. Partie III: Fragments. (Quelques applications à l’algèbre 
et particulièrement à l'équation du 5e degré ; quelques applications à 
la théorie des nombres ; questions diverses.) Publié par les soins de 
la Section de Géométrie de l’Académie des Sciences. Paris, Gauthier- 
Villars, 1901  8vo. Fr. 8.50 
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Korn (A.). Lehrbuch der Potentialtheorie. Vol. Il: Allgemeine 
Theorie des logarithmischen Potentials und der Potentialfunktionen 
in der Ebene. Berlin, Dümmler, 1900. 8vo. 10 + 366 pp. 


M. 9.00 
LIEBMANN (H.). Lehrbuch der Differentialgleichungen. Leipzig, 1901. 
8vo. 6-+ 226 pp. M. 6.00 


LÜnorH (J.). Vorlesungen über numerisches Rechnen. Leipzig, Teub- 
ner, 1900. 8vo. 7+ 194 pp. M. 8.00 


MILLER (G. A.). On the groups which have the same group of iso- 
morphisms. 1900. 4to. (Transactions of the American Mathematical 
Society, Vol. I, pp. 395-401.) 


MoEoT. Cours de caloul. Paris, Levé [1900]. Gen 79'pp. 
NASILIEV (A. V.). See NERNST (W.). 


NERNST (W.) and SOHÖNFLIES (A.). Short treatise on the differential 
and integral caloulus for physicists, chemists, and naturalists. Trans- 
lated into Russian from the second edition by D. K. Dobroserdov and 
A. V. Namliev. Moscow, 1901. 8vo. 15-+351 pp. (Russian. ) 

M. 6.00 

BOHÓNFLIES (A.). See NERNST ( W.). 


Simon (M.). Analytische Geometrie der Ebene. 2te Auflage. Leipzig, 
um 1800. 12mo. 9207 pp. Cloth. (Sammlung Seeman ai 
65. . 0. 


WANGERIN (A.). See Gauss (C. F.). , 


IL ELEMENTARY MATHEMATICS. 


AHRENS (W.). Mathematische Unterhaltungen und Spiele. (In 2 
Hälften.) Leipzig, Teubner, 1901. 8vo. 12+ 428 pp., 1 plate. 
- Cloth. M. 10.00 


August (E F). Vollstandige logarithmische und trigonometrische 
Tafeln 23ste Auflage, besorgt von F. August. Leipzig, 1900. 12mo. 
DL 204 pp. Cloth. KR M. 1.60 


BAOKHAUB(K.). See WIESE (B.). 
BARBISOH (H.). See JAHNE (J.). 
BÉonÉ (A.). See DussAUX (E.). 


C. (F. L). Table de logarithmes à cinq décimales pour les nombres de 
1 à 10 000 et pour les fonctions trigonométriques de minute en m1- 
nute. Edition stéréotype. Paris, Pouseielgue [1900]. 16mo. 8+ 
148 pp. (Cours de mathématiques élémentaires. ) 


CRAOENELL (A. G.). Practital mathematics. London, Longmans, 
1900. 12mo. 376 pp. (Practical elementary science series. 
3s. 6d. 


Dussaux (E.) et BÉoHÉ (A.). Première et deuxième années de géo- 
métrie dans l’enseignement primaire supérieur. Géométrie plane. 
Paris, Colin, 1900. 16mo. 344 pp. (Collection Julien Boitel.) 


1901.] NEW PUBLICATIONS. 239 


HARTL(H.). Die trigonometrische Auflosung des Dreieckes und der auf 
- Dreiecke zurückzufuhrenden Figuren, fur den Gebrauch an Werk- 
meıster- und Baugewerkeschulen und für den Selbstunterricht bear- 
beitet. 2te Auflage. Mit 300 Uebungsbeispielen sammt Resultaten, 
nebst einer Tafel der Winkelfunktionen. Wien, Holder, 1900. 8vo. 
84-44 pp. Cloth. : M. 0.96 


Heese (R.). Fünfstellige logarithmische, und goniometrisohe Tafeln, 
sowie Hulfstafeln zur Aufloeung hóherer numerischer Gleichungen, 
ftir den Gebrauch an hoberen Schulen bearbeitet. Leipzig, Teubner, 
1900. 8vo. 4+112 pp. Cloth. M. 1.60 


HENRIOI(J.) und TREUTLEIN (P.). Lehrbuch der Elementar-Geome- 
trie (In 3 Teilen.) Teil III : Die Gebilde des körperlichen Rau- 
mes ; Abbildung von einer Ebene auf eine zweite (Kegelsobnitte). 

. 9te Auflage. Leipzig, Teubner, 1801. 8vo 12 + 192 pp. Cloth. 
M. 330 


HOoOHHEIM (A.). Leitfaden für den Unterricht in der Arithmetik und 
Algebra an höheren Lehranstalten. Heft 1. 6te Auflage, bearbeitet 
von F. Hochheim. Berlin, Mittler, 1900. 8vo. 6 + 258 pp. 

M. 3.00 


JAHNE (J.) und BAEBISOH (H.). Leitfaden der Geometrie und des 
geometrischen Zeichnens fur Bürgerschulen Ausgabe in 1 Bande. 
-Mit 320 Textfiguren, 156 geometrischen Ornamenten, einer Erkla- 
rungstafel fur Bezirkspline und zahlreichen Konstructions- und 
Rechenaufgaben. Wien, Manz, 1900. Geo, 8-+ 232 pp. Cloth. 

M. 2.40 


——. Leitfaden der Geometrie und des geometrischen Zeichneps für 
Mädchen-Bürgerschulen. iste Stufe. Mit 78 Textfiguren und 140 
eometrischen Ornamenten. Wien, Manz, 1900. 8vo. 4-++ 56 pp. 

loth M. 0.90 


JORNSTON (N.). Johnston’s geometrical division and measurement of 
arcs and angles. Bronson, Mich., Journal Press, 1900. 8vo. 10 pp. 
Cloth. $0.60 


Koparıs (B ). Eine genauere und schnellere Berechnung des Kreises 
ohne Radiuswerth, nach neuen Gesichtspunkten aufgebaut. Berlin, 
1900  8vo. M. 0.60 


D 


KÜHNE (H ) Mathematisch-technische Tabellen für den Schulge- 
brauch mit besonderer Rucksicht auf die Benutzung bei Prüfungen. 
Dortmund, Rubfus, 1900. 8vo 48 pp. M. 1.50 


LEBON (E.). Géométne élémentaire, comprenant la géométrie plane et 
la géométrie dans l’espace, rédigée conformément au programme du 
brevet supérieur et des écoles normales primaires (cours de première 
et de deuxième année). Paris, Delalain [1900]. 16mo. 461 pp. 


` Fr. 4.50 
LioHTBLAU (W.). See WIESE (B.). 


MAHLER (G ). Ebene Geometrie. 3te Auflage. Leipzig, Goschen 
1900. 12mo. 158 pp. Cloth. (Sammlung Góschen, No. 41.) 
M. 0.80 ` 
MALLET (F.). Du rôle éducateur des mathématiques; discours pro- 


nonoé à la distribution des prix du petit séminaire et école libre du 
Sacré-Cœur d'Aix, le 26 juillet, 1900. Aix, Nicot, 1900. 8vo. 14 pp. 
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NESBITT (H. A.). Inductive goometry for transition (classes, London, 
Sonnenschein, 1900. 12mo. 10V pp. Cloth. 1a. 6d. 


ORMSBY (M. T.). Elementary practical mathematics. London, Spon, 
1900. 8vo 422 pp. Cloth. 7a. 6d., 


ORELLI: (J.). Lehrbuch der Algebra fur Polytechnische und höhere 
Gewerbeschulen. 3te Auflage. Neuer Abdruck. (In 2 Banden.) 
Zurich, 1800. 8vo. M. 10.00 


Rion (A. W.). The new higher anthmetic Chicago, Flanagan Co 
(1900]. 12mo. 318 pp. Cloth. (Flanagan educational series.) 

` 30.50 

——. The new practical arithmetic ; complete for all ordinary pur- 


poses. Chicago, Flanagan Co. [1900]. 12mo 222 pp. Cloth. 
( Flanagan educational series. ) $0.75 


D 


RoBrNSON (J. W ). Robinsonian auto-calculator ; an accountant’s as- 
sistant, comprising multiplication and division tables, interest 
tables, eto Brookline, Mass, Robinson, 1900. Folio, 239 pp. 
Half cloth $5.00 


RuPERT (W. W.) Famous geometrical theorems and problems, with 
their history (In 4 parts.) Patt II. New York, Heath [1900]. 
16mo pp. 27-58. E 


SCHUSTER (M.) Stereometrische Aufgaben. Ein Lehr- und Uebungs- 
buch zum Gebrauch beim Unterricht in den oberen Klassen hóherer 
Schulen ; mit besonderer Berticksichtigung der Methoden der dar- 
stellenden Geometrie bearbeitet. Leipzig, Teubner, 1900. 8vo. 
7 + 80 pp, 1 plate. Cloth i "M. 1.40 


TAYLOR (J. M.). Elements of algebra. Boston, Allyn & Baoon, 1900. 
12mo. 14+ 461 pp. Cloth. $1.12 


TREUTLEIN (P.). See HENBIOI (J.). 


WELLS (W.). Complete trigonometry ; with answers. Boston, Heath, 
1900. 12mo. 6+ 1491 9 pp. Cloth. $1.08 


——. Four-place logarithmic tables; together with a table of natural 
sines, cosines; tangents and cotangents Boston, Heath, 1900. 
12mo. 1+4+23 pp Cloth. j $0.25 


WIESE (B ), LIOHTBLAU (W.) und BAOKHAUS (K.) Raumlehre fur 
Lebrerseminare. Teil 2: Die Korperlebre (Stereometrie) und die 
wichtigsten Lehrsatze der Dreiecksreonnung (Trigonometrie). 3te 
Auflage. Breslau, Hirt, 1900. 8vo. 120 pp. Cloth. M. 1.65 


WOLF (F OI Praktische Geometrie fur den Schul- und Selbstünter- 
riecht ; nach den Grundsätzen der Anscbauung und Konzentration in 
genetisoher Reihenfolge aufgebaut und unter besonderer Beruoksich- 
tigung der praktischen Bedürfnisse bearbeitet. Ausgabe fur Lehrer ; 
mit Lösungen zu den Berechnungsaufgaben der Schulerhefte. Leip- 
zig, Wunderlich, 1900. 8vo. 7 + 181 pp. M. 2.00 


WRoOBEL (E.). Uebungebuch zur Arithmetik und Algebra, enthaltend 
. die Formeln, Lehraatze und Auflösungsmethoden in syatematischer 
Anordnung und eine grosse Anzahl von Fragen und Aufgaben. Zum 
Gebrauche an Gymnasien, Realgymnasien und anderen hoheren Lehr- 
anstalten bearbeitet. Teil II: Pensum der Obersekunda und Prima 
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des Gymnasiums. Ste Auflage. Rostock, Koch, 1900 8vo 4+ 
164 pp Cloth. M. 1.60. Mit einem Anhang für hohere realistische 
Lehranstalten (Realgymnasien, Oberrealschulen u s. w.). 2te 
Auflage. 3-+ 71 pp. M. 2.40 


Youne (J W.A ). The teaching of mathematics in the higher schools 
of Prussia New York, Longmans, 1900. 8vo 14+ 141 pp 


IT. APPLIED MATHEMATICS. 


ADAMS (J.C ) Lectures on the lunar theory, edited by R A Sampson. 
London and New York, Macnullan, 1900. 8vo. 88 pp. Cloth. 
(Cambridge University Press ) $1 25 


BELLAVITIS (E.). Prospettiva lineare ınsegnata nella scuola d’applıca- 
zione degli ingegneri di Padova. Padova, Prosperini, 1900. 8vo. 
41 pp , 3 plates. « 


BERG (E J.). See STEINMETZ (C. P.) 


BOCQUET (J. A.). Cours élémentaire de mécanique appliquée 4e édi- 
tion, revue et augmentée Paris, 1900. 8vo. Cloth. Fr. 5 00 


BÜTTNER (F.). Studien über die Green’sche Abhandlung: Mathe- 
matical investigations concerning the laws of the equilibrium ‘of 
fluids (1832). Leipzig, Teubner, 1900. 8vo. 5+98 pp (Preis- 
schriften gekrönt uud herausgegeben von der Furstlich Jablonow- 
ski’sohen Gesellschaft zu Leipzig. (XXXVI.) No XIV der mathe- 
matisch-naturwissenschaftlichen Section. ) M. 6.40 


CHADWIOK (O.). See MIDDLETON (R. E.). 


Farrow (F. R.). Stresses and strains. London, Whittaker, 1900. 
12mo. Cloth. 68. 


HILDEBRANDSSON (H.) et TEISSEBENO DE BORT (L ). Les bases de la 
météorologie dynamique. Historique; état de nos connaissances 
(En 2 volumes.) Ile livraison, avec 20 planches. Paris, Gauthier- 
Villars, 1900.  8vo. Fr. 4 00 


Hoskins (L. M ). Theoretical mechanics; an elementary text-book. 
Stanfoid University, Cal, published by the author, 1900  8vo 


10 + 436 pp. Cloth. $3 25 
JOHANNESSON (P.). Physikalische Mechanik. Berlin, 1900 Rvo 
58 pp., 2 plates. Boards. M 100 


KRAFT und ENERGIE Eine kritische Betrachtung uber die Grund- 
begriffe der Mechanik. Wiesbaden, Bergmann, 1900. 8vo 6 


+85 pp M 130 
Lanza (G.). Apphed me hancs 8th revised edition. New York, 
Wiley, 1900. 8vo. 8+928 pp. Cloth. $7 50 


MIDDLETON (R. E ) and CHADWIOK (O )  Tieatise on surveving, com- 
piled asa text-book New York, Spon & Chamberlain, 1900 8vo 
13 + 283 pp. Cloth $125 


Monti (QG). Corso di prospettiva teorico-pratioa senza proiezioni orto- 
gonali nà scala prospettica, d’avviamento alla copia dal vero, per 
gl'istituti teonici, le sonole normali, tecniche, eco. Torino, Paravia, 
1900. 4to. 48 pp, 30 plates. Fr. 4 00 
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Niconr (F.). Geometria descrittiva [lezioni tenute nella r. università 
di Modena nell'anno soolastico] 1899-1900. Modena, Pizzolotti, 
1900. 8vo. 216 pp. 


PILSWURTH (E 8.). A text-book on perspective. Battle Creek, Mich., 
School of Applied Art [1900]. 12mo. 2+62pp. Cloth. $1.00 


RoBERTS (H. A.). Treatise on elementary dynamics, dealing with rela- 
tive motion mainly in two dimensions. London and New York, 
Macmillan, 1900. 12mo. 11--9258 pp. Cloth. $110 


Sampson (R. A.). Bee ADAMS (J. C.). 


STEINMETZ (C. P.). Theory and calculation of alternating current phe- 
nomena. With the assistance of E. J. Berg. 3d edition, revised and 
enlarged. New York, Electrical World and Engineering Co., 1900. 
8vo. 20 +525 pp. Cloth. $4.00 


TEI&SERENO DE BORT (L.). See HILDEBEANDSSON (H.). 

Voigt (W.). Elementare Mechanik als Einleitung in das Studium der 
theoretischen Physik. 2te, umgearbeitete Auflage. Leipzig, Veit, 
1901. Geo 104-878 pp. - M. 14.00 

WARE (W. R.). Modern perspective; a treatise upon the principles 


and practice of plane and cylindrical perspective. Revised edition. 
New York, Maemillan, 1900. 12mo. 8-336 pp. With plates in 


separate portfolio. Cloth. $4.00 
Weiss (H.). Grundeátzeder Kinematik. HeftI. Leipzig, 1900. 8vo. 
i 1 — 256 pp., 10 plates folio. M. 10.00 


Wırsox (V. T.). Free-hand perspective; for use in manual-training 
schools and colleges. New York, Wiley, 1900. 8vo. 12+ E 
Cloth. .50 


ZEOHLIN (M. R). Kugel- und Rollenlager ; Theorie, Berechnung 
und praktische Beispiele derselben. Berlin, Seydel, 1900. 8vo. 
3 4- 70 pp. M. 3.00 
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THE DECEMBER MEETING OF THE CHICAGO 
SECTION. 


Tue eighth regular meeting of the Chicago Section of the 
AMERICAN MATUEMATICAL Soorety was held at the Univer- 
sity of Chicago, on Thursday and Friday, December 27 and’ 
28, 1900 There were two sessions each day. opening at 
10 o'clock a. a. and 2.30 o'clock P.a. = Thirty-eight per- 
sons were in attendance among whom were the following 
twenty-six members of the Society : 

Professor Henry Benner, Dr. G. A. Bliss, Professor Oskar 
Bolza, Professor D. F. Campbell, Professor L. E. Dickson, 
Professor L. W. Dowling, Dr. J. C. Fields, Professor A. 8. 
Hathaway, Professor Thomas F. Holgate, Dr. Kurt Laves, 
Professor Heinrich Maschke, Professor E. H. Moore, Dr. 
F. R. Moulton, Professor H. B. Newson. Mrs. H. B. New- 
son, Professor D A. Rothrock, Dr. F. H. Safford, Professor 
Oscar Schmiedel, Miss Ida M. Schottenfels. Professor J. B. 
Shaw, Professor E. B. Skinner, Mr. Burke Smith, Professor 
E. J. Townsend, Professor C. A. Waldo, Dr. Jacob West- 
lund, Professor H. 8. White. 

Professor E. H. Moore, Vice-President of the Society, oc- 
cupied the chair. The Christmas meeting being the regular 
time for the election of officers of the section, Professor 
Thomas F. Holgate was reélected Secretary and Professors 
E. J. Townsend and J. B. Shaw were made members of the 
programme committee. 

The following papers were read : 

(1) Professor E. H. Moore: ‘On the uniformity of con- 
tinuity.’’ 

(2) Professor A. S. HATHAWAY : “Quaternions and four- 
fold space. ’’ 

(3) Professor Irvine STRINGHAM : ‘On the geometry of 
planes in a parabolic space of four dimensions ?? 

(4) Dr. F. H. Sarrorp: “Flow of heat in two dimen- 
siong.?' 

(5) Mr. A. C. Lunn: “Certain mathematical aspects of 
experimental science.’’ : 

(6) Me. E. A Hoox: ''Some properties of circulating, 
deciinals ” 

(7) Professor ArnozD Exocn: ‘‘ Note on the congruences 
of twisted curves. "7 : 

(8) Professor H B. Newson: ‘A generalization of the 
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Wessel-Gauss-Argand diagram ’’ (preliminary communica- 
tion). 

(9) Dr. F. R. MouLron : ‘(On straight line solutions of 
the problem of n bodies." 

(10) Dr. G. A. Bumm: vr Geodesic lines on an anchor 
ring." 

(11) Mr. Franz A. La Motte: “On the determination 
of the algebraic equations invariant under Tschirnhausen 
transformations, with the parameter representation of all 
such irreducible equations. with rational coefficients, of the 
third and fourth degrees.”’ 

(12) Professor E. J. TOWNSEND : « Functions of two real 
variables which are continuous with respect to each vari- 
able.’’ 

(13) Professor L. E. Dickson : “The group of the equa- 
tion for the twenty-seven lines on & general cubic surface." 

(14) Professor Oskar Douza: ‘¢Concerning the expres- 
sion of abelian integrals in terms of a fundamental set of 
integral functions.’’ 

(15) Dr. J. C. FIELDS: vr Proof of the Riemann-Roch 
theorem and of the independence of the conditions for ad-. 
jointness.’’ ; 

. (16) Professor Oscar SCHMIEDEL : ‘Two reduction for- 
mulas applicable to certain particular integrals.’ 

(17) Professor E. B. SKINNER: ‘ Some forms which re- 
main invariant with respect'to certain ternary monomial 
substitution groups." 

(18) Professor James B. SHAW : “Note indicating a new 
development of a determinant.” 

(19) Professor E. H. Moore : ‘t On double limits.” 

(20) Professor E. H. Moore: ‘‘ Concerning the Harnack 
theory of improper definite integrals." 

(21) Professor L. E. DroKson: ‘t Canonical forms of 
quaternary abelian substitutions in an arbitrary Galois 
field.” : 

(22) Miss Ina M. SOHOTTENFELS : “Proof of the exis- 
tence of a particular substitution group of degree twenty- 
one and order 20160.” 

Professor Hathaway also read a paper on ‘ Pure mathe- 
matics for engineering studente," which was followed by @ 
very interesting discussion. This paper is printed in the 
present number of the BULLETIN. 

Mr. Lunn was introduced to the Society by Dr. Moulton, 
Mr. Hook by Professor Skinner, Mr. La Motte by Professor 
Moore. Professor Stringham’s paper was presented to the 
Society through Professor Moore and in the author’s absènce 
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was read by Professor Hathaway ; Professor Emch’s paper 
and Professor Dickson’s paper (No. 21) were read by title. 
Abstracts of the papers follow below. 


In Professor Moore's paper on the uniformity of con- 
tinuity, the well known theorem and a generalization of it 
which occurs in the theory of discontinuous functions are 
proved by a very simple method involving the partition of a 
fundamental interval (a, b) into three halves (a, d), (e, e), 
(d, b), where the points ac d e b are the extremities of the 
four quarters of (a, b). 


The first part of Professor Hathaway’s paper consisted of 
a development of quaternions from the definition: Quater- 
nions is the most general linear associative algebra in which 
division is determinate. The merit claimed is in starting 
from this known property as a definition, and developing 
smoothly and briefly a working knowledge of quaternions, 
without reference to the units 1, 4, j, k. 

The characteristic equation of a number p is the equa- 
tion of least degree with numerical coefficients that is sat- 
isfied by p, say, 


Pe Hep +- + epo. 


There is one and only one such equation for a given num- 
ber; itis not factorable into expressions of the same form ; 
and ¢, is not zero. This determines a unit 


T= — (po + ep) + top, 
with the properties 
I-II, Ig = gl— d, 


where gis any quaternion. J is the scalar unit, and zl, or 
simply x, where x is a numerical coefficient, will denote a 
scalar number. A scalar number may also be defined as a 
quaternion whose square is a positive scalar; and a vector 
number is defined as a quaternion whose square is a nega- 
tive scalar. Scalars are seen to be commutative factors. 
Using scalar coefficients, the characteristic equation be- 
comes, in irreducible form, pot+ep*++-+06=0; and 
as this factors in the same way as ordinary equations with 
real coefficients, we must have r —1 or r= 2, according as 
p is a scalar or a non-scalar. When pis a scalar, we take 
-the square of its characteristic, and thus have a character- 
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istic equation for any number p, of the form (p—p,)?+ 
pi = 0, where p, p, are scalars depending upon p. We 
define : 

Scalar of p = Sp =p, ; vector of p = Vp = p — p, = p — Sp. 

Tensor of p = Tp = “(pi + pi); unit or versor of p = Up 
= p/ Tp. 

Conjugate of p=Kp= Sp — Vp; angle of p= Zp= 
cos—* SUp. 

The characteristic equation of p is, in this notation, 


(2) p —28p p+ Tp = 0. 


Other forms of the same characteristic are 





Tp = pKp = Kp p= Sp! — Vp! = Sp* + TVp’, 
p—' = Kp/Tp’, ete. 


The uniqueness of the characteristic (a), determines the 
uniqueness of the resolutions 


p = Sp + Vp = Tp- Up = Up-Tp, etc. 


From the characteristic equation of pq, we find by oper- 
ating with p^ ( )p, the characteristic of gp, and hence, 
T(pq) = T(qp), S(pg) = S(qp). In particular, if a, f be 
any two vectors we fin 


(a? + fa) (aß — Ba) = (ag)! — (Ba) = 28uB(a8 — Ba) ; 


and thence, whether «a? = Ba or not, we find af + fa = 2Saf. 
Thus (« + 8)? is a scalar, whence a + fis either zero or a 
vector. ‘Thence follow the usual distributive properties of 
the functional symbols S, V, K overasum. Also, the con- 
jugate of a product equals the product of the conjugates of 
its factors in reverse order ; the tensor of a product equals 
the product of the tensors of its factors, etc. The usual re- 
lations of products of vectors are found asin Tait, $$ 89-91; 
, and in particular 


ò S(asr) = aS(Byè) + BS(ya3) + yS(ag2); 


or, given three independent vectors, any fourth vector can 
be expressed in terms of them. If there is only one inde- 
pendent vector, the system is the ordinary imaginary sys- 
tem. If there are two unit vectors a, f that are indepen- 
dent, then a — f, a+ 8, (« — f) (a + £) =2 Va? are three 
independent vectors, whose units are, say i, j, k, with the re- 
lations v= f = F = — 1 = ijk. 


1901.] DECEMBER MEETING OF THE CHICAGO SECTION. 247 


The second part of the paper is an application of quater- 
nions to fourfold space, first given in the BurLETIN, No- 
vember, 1897, and afterwards extended in the papers on 
Alternate processes (Proceedings of the Indiuna Academy of 
Sciences. 1897) and Linear transformations in four dimen- 
sions (abstract in BULLETIN, November, 1898, no. 5, p. 93). 
The application is founded on the definitions 


(1) Line (w+ «i + sj + zk) — line whose components along 
the four mutually perpendicular axes of reference are w, 2, 
ya; 

(2) Line p + line q = line (p + 9), 

(3) Line p : line q = line pg. 


With p as multiplier and o as multiplicand there are 
two products pg and qp. Such multiplications with or by p, 
are the two kinds of multiplication referred to as direct and 
contra multiplieation in the firs& paper, and are now called 
in multiplication and by-multiplication. A given in- or 
by-multiplieation is shown to possess & system of invariant 
planes, one and only one through each line; and the angu- 
lar displacement in each plane is constant in magnitude and 
therefore in sense, and equal to the angle df the multiplier. 
The ratio of elongation is the tensor of the multiplier. The 
invariant planes of an in-multiplieation are called in-paral- 
lel planes : and by-parallel planes are invariant planes of a 
by-multiplication. A given angularly-directed plane is 
shown to be a plane of an in-parallel system of one and 
only one unit vector a, and a plane of a by-parallel system 
of one and only one unit vector f; and these vector units 
(corresponding to directions in ordinary or vector space) 
are called the in direction and by direction of the given 
plane. In the case of two planes, the angle between these 
in-directions is called their in-angle of inclination, and the 
angle between their by-directions their by-angle of inclina- 
tion. It is shown that these angles remain unaltered by 
rigid displacement, the effect of such rigid displacement be- 
ing to give all in-directions of planes a revolution about one 
vector axis, and all by-directions a revolution about another 
vector axis. It is shown that two planes have in general 
two and only two common perpendiculars (a perpendicular 
to a plane being a plane that “ transverses ” it in a right 
diedral angle). These two common perpendiculars are 
“orthogonal” to each other, i. e., every line of one is per- 
pendicular to every line of the other. In-parallel or by- 
parallel planes are shown to have a continuous turn-paral- 
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lel system of orthogonal common perpendiculars, and all 
‘ plane?" angles between the two lines of intersection with a 
common perpendicular are equal. For any two planes the two 
plane angles of intersection by the orthogonal common per- 
pendiculars are the half sum and half difference of the in- 
angle and by-angle between ‘the planes. The area-project- 
ing factor between two planes is in sign and magnitude the 
product of the cosines of their plane angles. The second 
part of this paper will appear in the Transactions. 


Professor Stringham adopts essentially definitions (1) and 
(2) of Professor Hathaway’s paper, but not definition (3). 
The subject is analytically treated by equations of loci, 
with the interpretation and manipulation of their para- 
meters. The fundamental equation of a plane through the 
origin is ar + rf = 0 where a, f are unit vectors and r is the 
director line of any point E of the plane. This is the 
plane which Professor Hathaway fixes as of in-direction 
+ a and by-direction + P. After developing the analytical 
material of distances between points, and points and planes, 
and of angles between lines, the author discusses the max- 
imum angle between two variable lines lying in given planes, 
applying calculus methods to the varying parameters. He 
finds in general two such angles called the plane angles of 
the two planes. He finds the projective factor between the 
two planes fa, 2], fu’, &} to be — 4 (Saa’+ 823’), which is 
also the product of the cosines of the plane angles. This 
expression is Professor Hathaway’s 


4 (cos 0 + cos e) = cos 4 (0 + v) cos 4 (0 — e). 


Professor Stringham defines this projective factor as the 
cosine of the angle between the planes. This paper is to be 
published in the Transactions. 


Dr. Safford inserts a term expressing surface leakage in 
the usual differential equation for the flow of heat in two 
dimensions, considers the possibility of obtaining solu- 
tions of a particular form for this equation, and deduces the 
isothermal curves and curves of flow. The methods used 
involve the discussion of a solution of a partial differential 
equation in the form /, R, R, where R, and R, are func- 
tions of the two independent variables respectively, and are 
the general solutions of two ordinary differential equations. 
The factor 2 ir a function of both variables but does not con- 
tain the integration constants appearing in R, and R, 
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Mr. Lunn showed that if a physical hypothesis is given 
by implication in the form of an equation defining the value 
of a variable quantity as a function of the time, there exists 
at least a double infinity of functions which are not distin- 
guishable from it by measurement. and so far to be con- 
sidered as equally verified by observation. Also if there 
exists one satisfactory hypothesis, there exists an infinity. 
Hence an induction using only the observed values and no 
hypothetical elements can never give a definite result. 


Mr. Hook gave a method by which the number of digits 
in the repetend of any circulating decimal may be found 
when the prime factors of the denominator are known. 
His result differs from similar results found in text books in 
that it gives the exact number of digits while most such 
formulas yield only a number of which this is a divisor. 


In Professor Emch’s paper a study is made of the congru- 
ence of curves of intersection of the surfaces F(z, y, z, a, b) 
=0 and e(z,y,2, a, b) — 0. If b—f(a) the system of 
curves lies upon a surface which has an envelope when 


OF, oF db ` Og Ove db 
Oa "gi ue PES gu Fe de S 
Eliminating x, y, z from these conditions and the equations 
of the surfaces, a new relation 


D 


is found. If this last equation bas a singular solution, the 
corresponding system of curves forms the singular surface 
of the congruence and all surfaces of the congruence are 
tangent to it. 


In Dr. Moulton's paper those solutions of the problem of 
^ bodies are sought in which the bodies always lie in & 
straight line and describe conic sections with respect to their 
center of gravity. The problem was solved by Lagrange 
for three bodies ; this paper reduces the problem in the gen- 
eral case of n bodies to the solution of simultaneous alge- 
braic equations. The solutions, which can be obtained in 
each case for a particular value of one of the masses, are 
studied as functions of this mass regarded as variable ; it is 
shown that these functions have no poles and, by the non- 
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vanishing of the Jacobian of the functions with respect to 
the coordinates, that they have no branch points. There- 
fore there are 1 n! distinct straight line solutions of the prob- 
lem of n bodies for all values of the masses. The method 
applies with only slight modifications for laws of force vary- ` 
ing as any power of the distance. 


Dr. Bliss discussed the forms of the geodesic lineson the : 
anchor ring. The curves of minimum length were found 
by the methods of the calculus of variations and the result- 
ing equations, which define a doubly infinite system of geo- 
desic lines, were expressed in terms of Weierstrassian oc, 
x, and $ functions. By applying tbe properties of these 
functions the shapes of the geodesic lines are determined. 
In the paper all points of the surface of this ring are classi- 
fied. The paper is intended for publication in the Transactions. 


Mr. La Motte’s paper is in abstract as follows: Given a 
realm of rationality 2 and in 2 an equation f(z) = 0 of 
the nth degree. This latter is invariant under Tschirn- 
hausen transformations of the same realm if, and only if, 
its Galois group in 2 is asubgroup of one or more of certain 
groups which as to type are fully determined for each de- 
gree n De means of resolvents a general method is de- 
veloped to find parameter representations of all irredueible 
equations whose Galois groups are subgroups of one of the 
groups mentioned. In the cases of the third and fourth 
degrees these parameter representations are actually found. 
They represent for évery set of rational parameters a re , 
quired equation of the given degree, and also every required 
equation is represented by one of them and a set of rational 
parameters. These formule for the fourth degree are 








` g + pe + qè + re +e = 
a) a, 491—525) T E s= 
uiii mes ur mr E ee 
and ‘ 
mr (e Ps Ps 1 
2 : fx Ls tz+—)—=0 
(2) Zë Pi Pi D 5) | 


with the added negative conditions 1° that the discrimi- 
nant of 


{3) t — qt? + (pr — 48)t— (7 — 4qa + ps) = 0 
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does not vanish, and 2? that none of the three numbers 

Vp — 4q + 4«, ($ = 1, 2, 8) 
is rational, where c, (t = 1, 2, 3) are the roots of (3). For 
the third degree we have the simple formula 


4p 


97e? e 
Pig er: 7 (2+5)=9 


with the negative condition that 
de + 2777 +0. 


In these formulas the Greek letters denote parameters 
which are, as the case may be, arbitrary or definite quan- 
' tities of the realm 2. 


Professor Townsend’s paper dealt with the applications 
of the double limit to the investigation of certain prop- 
erties of a function defined as follows: Let fix, y) bea one- 
valued function of two real independent variables z and y 
and continuous with respect tu each variable separately 
within the region, «Z z S2, y, y Sy,. Then it follows, 
that within this region the regular points (i. e, points 
where L f(x, y) —J(a, b)) must be everywhere dense, but 


=b 
at the same time the irregular points (i. e., where either 
L f(z, y) does not exist or is different from f(a, b) ) may be 
zi 
also everywhere dense. When further f(x, y) is defined on 
the boundary y= y, for each value of zc s, by the limit 
L f(t» y) = fun, Y), then it follows that f(x, y) can be 
y= ro 


discontinuous in x at a set of points everywhere dense in 
the interval (a, 8), but not at every point of this interval. 
By aid of this result it was shown that the points on the 
boundary y = y, at which f(x, y) is continuous with respect 
to both variables together must lie everywhere dense. When 
all of the points of the boundary, including the end points 
of the interval, are regular points, then we have the neces- 
sary and sufficient condition for the uniform convergence of 
the function f(x, y) toward the boundary function f(z, 4). 
These same results hold concerning the convergence of an 
infinite series of continuous functions of x, since the con- 
vergence of such a series is but a special case of the con- 
vergence of the function defined above toward the boundary 
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function f(x, y,). The necessary and sufficient condition 
that f(x, y,) and hence that a function defined by an in- 
finite series of continuous functions be continuous at z = x, 
is that there exists a set of values of y, say y= a, «,, 
4,77, 4, +, dense at y, such that for each such value of o, 
we have | f(z, y) — f(x, 4,) | < « for every value of x within 
a definitely defined interval (x, — das % + 9a, ).whichmay, 
however, vary with a, and may have, in fact, an under limit 
equal to zero, thus differing from the necessary and sufficient 
condition for uniform convergence. The full paper from 
which this is taken constituted the author’s dissertation 
for the doctor’s degree and has already been published. 


Professor Dickson’s paper (No. 13), outlined a chapter of 
his work on linear groups which is soon to appear in Teub- 
ner’s Sammlung. An orthogonal group O of order 25920 
on 5 indices modulo 3 is readily shown to be isomorphic 
with the abelian linear group for the trisection of the 
periods of a hyperelliptic function of four periods. A rec- 
tangular table for O having 27 rows serves to define an iso- 
morphic substitution group which is recognized as a sub- 
group of index two of the group of the equation for the 27 
lines on a general cubic surface. This proof of the identity 
of the two problems avoids the lengthy calculations of M. 
Jordan, the discoverer of the relation. 


The object of Professor Bolza’s paper* is to prove by 
methods of the theory of functions the converse of the propo- 
sitions given in Baker’s work on abelian functions, chapter 
IV, concerning the expression of abelian integrals in 
terms of a fundamental set of integral functions. 

Let f(x, y) = 0 bean irreducible equation of degree n in y ; 
suppose that for a finite value x — a there are m branch 
places (a, bı), (a, b1), =, (a, b,) of orders wi, Wi +, Wp TO- 
spectively, where (ao, + 1) + (19, 4-1) +: + (w, 3-1) —m, 
and put, in the vicinity of (a, 5), t — a = txt 

(a) If then o J's Ou constitute a fundamental set of 
integral functions for f(x, y) — 0, and if the expansion of 
g, in (a, b,) is 


the determinant 





* After the paper was flnished, I found that I had been anticipated in 
essential pointe, by Landsberg, Zur Algebra des Riemann-Roch’schen 
Satzes, Muth. Annalen, vol. 50, p. 333. O. Borza. 
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D= lee ++ ee P C= 0, WK k= 1, 2, "TE m), 


is different from zero. 

(b) Let now ye Yu “71 denote the complementary 
functions associated with g, Oe g4—:; then it follows 
from the characteristic property* of the complementary 
functions, that in the vicinity of (a, bj) 





= < (1) ZU = UM 
2 2, CP pre (pit) CE ajir, = Cw, + Dep 
where 2,= 1 or 0 according as j = k or +k, for p = 0, 1, 
-,w,; b 1.2, = n. The determinant of these n equa- 
tions with y, Yu 7, Ya 38 unknown quantities is an ordi- 
nary power series in (z — a) which for z — a reduces to the 
non-vani-hing determinant D. ` Thence follows 

1. In the vicinity of (a, 5) 


P (t ; 
py-—- n (j=1, 2, WW m), 
de 


P being the general symbol for an ordinary power series. 
2. If »—p+qu, +1), where 0=p zw, and if we de- 
fine 
q n—l 
wer S B, ptp tD (z — @)*y,, 
u=0 ı=0 


this function y, has in the vicinity of (a, bj) the expansion 


fe _ 55* 
(z—a) w +1 + EPG). 


(e) If, in particular, go = 1, 9, ‘+, g,-, forma normal fun- 
damental set ( normal basis") of dimensions d, — 1, 
d,, d respectively, the expansions of the functions y, 
and y, at infinity can be obtained by combining the above 
results with Weber's theorem according to which in this case 
gni 


constitute a normal fundamental set for the algebraic equa- 


tion 
ONE 


` * Baker, 1. o., p. 63. 
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The result is that 
1. The integrals 


fecta (i 1,2, — 1) 


` are integrals of the first kind. 
2. The integral 
En y T» dz 


(z— ajith 


is an integral of the second kind with the one pole (a, b,) 
and the expansion 


1 
= + P) 
k 


in its vicinity., 
3. The integral 


g— E z—E! 


is an elementary integral of the third kind with the loga- 
rithmic points (£, 7) and (ër, 7’). . 


Dr. Field’s proof of the Riemann-Roch theorem is as fol- 
lows: Let F(s, u) = 0 be the equation to an irreducible alge- 
. braic curve of degree n. The form of this equation is sup- 
posed to be such that the only multiple points are double 
‘points which are not at the same time branch points. Re- 
gard u as the dependent variable and further assume that 
no line parallel to the axis of u passes through more than 
one double point, or is tangent at a double point, or is an 
asymptote, and also that the asymptotes are all distinct from 
one another and no two parallel to each other. To an equa- 
tion of the character in question, the equation of any irre- 
ducible algebraic* curve can be reduced by a birational 
transformation. 
By (a, b,),--, (a,, 5,) indicate the d double points, and 
by (oan batı) 7, (Gas e bang) any other g points of the 
curve, and consider the form of the function 


aw Fa, wu) 
= À Ga) =) tM); 
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where T(z, u) is an arbitrary polynomial in (z, u) and the 
quantities yı are arbitrary constants. This form represents 
the most general rational function of (z, u) which, apart 
from infinities at co. only becomes infinite for points among 
the q points 


(igs Bes cre Cae ela D) 


and for these to the first order only. 
By a purely algebraic process seek to determine the limi- 
tations which must be imposed upon the form (1) in order 
that it may represent a function which is finite at oo. We 
find that the most general rational function whose infinities 
are all included under the q infinities here in question is 

given by the form 
Sopa (a.u) 


(2) Ac) (2 — ay) (u — bi) 


+e, 


where c is an arbitrary constant and the coefficients 7, sat- 
isfy the system of 1 (n — 1) (n — 2) equations 


dis 


(8) PLE G+h=0. 1,2, +, n—8). 


In the case q = 0 the form (1), for arbitrary values of 
the coefficients ya. represents the most general rational 
function of (z, x) which becomes infinite only at œ, and 
the form (2), for conditioned values of the coefficients y, fur- 
nished by the equations (3), represents the most general 
rational function which is nowhere infinite. 

Now, an algebraic function which is nowhere infinite can 
only be & constant, and in the case in question—namely 
q = 0—it follows that the coefficients y, in (2) must all have 
the value 0. The system of equations 


Hi 


(4) ` raab, (i+ k= Dal, 2, -,n—3) 
Art 


can therefore only be satisfied when the quantities y, all 
have the value 0. 

From the interpretation of the equations ( 4), it immedi- 
ately follows that the d conditions for adjointness in the 
case of a curve of degree n — 3, and therefore algo in the cage 
of a curve of higher degree. are independent of one another. 
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In the general case q 0, an examination of the system 
of equations (3) shows that the number of arbitrary quan- 
tities ya involved in their solutions is q — s, where s is the 
*' strength?" of the system of q points (aapi. 5541), ^, (Gates 
b,,,) in determining an adjoint polynomial of degree n — 3. 
From (2) it is seen that q — s + 1 is the number of arbi- 
trary constants involved in the expression of the most gen- 
eral rational function of (z, %), whose infinities, all of the 
first order, correspond to points among the q points here in 
question. 


Professor Schmiedel presented the results of an investiga- 
tion into the general formula of reduction for the function 


Jy ds, where y= Stag, 
0 


and deduced two formulas by which the reduction of the 
exponents m and n may be effected. 


The forms studied by Professor Skinner are such that 
they are invariant with respect to substitutions of the form 
2, = Og, £/ = a2, 2,/ = 08, (tj, k, —1, 2, 3 in some order), 
where a,, a, a, are roots of unity and a,a,a,=+1. The 
groups for which 4, j, k have the order 1, 2, 3 are abelian 
and all such ternary monomial groups can be generated by 
at most two independent generators. If 7,. T, denote the 
two generators of the group and r à multiplicaiive substitu- 
tion of order 2 with determinant — 1, all ternary monomial 
groups m vy be found by combining the substitutions T. Ty 
t with the generators of the symmetric group of three ele- 
ments. The systems of invariant forms are then found 
by setting up the forms which are invariant with respect to 
the generators of the symmetric group, taken singly or to- 
gether and subjecting these forms to the substitutions Tj, 
T, e, The conditions for invariance appear in the form of 
certain linear homogeneous congruences, the modulus being 
either the order of D. or of T, The computation of the 
reduced systems and the complete systems depends largely 
upon auxiliary quantities which appear in the solution of 
the congruences. 


Professor Shaw exhibited a method for the development 
of any determinant in terms of partial determinants of the 
general form 
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ay a, da Du Qin 
ds An 05 Qu = Qin 
ay O as Oy as, 
Du 0 0 a, x a, 
Kä 0 0 0 Os 
a, 0 0 0 a, 


The central theorem of Professor Moore’s paper (No. 
19) on double limits, which will appear in the Transactions, 
will be sufficiently indicated by the following particular case. 
On the supposition that a function f(z, y) is defined for 

—-1<.<l, —1<y<1, «+0, y+0 


and that the limits 
Lf(z,y), Lf, y), 
x0 y=0 


exist and are respectively denoted by 


h(y); g(«) 
for respectively 


—1«y«1 kän -I<a<l, z40, 
the necessary and sufficient condition that the limits 
L hy), Loes 
y=0 SH 


exist and are equal is that f(x. y) approaches its limit A(y) 
on the y-set —1<y<1, y 2-0, subuniformly near y= 0, 
that is, that for every positive e there exists a positive à, 
(4, 1) and for every x, (z-]-0, | z | < à) there is a posi- 
tive ĉa (ĉe =1) such that 


Lie, D — Mails € 
for every (x, y) satisfying the conditions 
Lei <o |y| «X, 240, yO. 


An equivalent condition is that f (z, y) approaches its limit 
g(z) in an analogous way. 
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The definition and the exposition of the elements of the 
theory of improper definite integrals as given by Harnack in 
volumes 21 and 24 (1883, 1884) of the Mathematische Anna- 
len, leave much to be desired. In recent memoirs in the 
Wiener Sitzungsberichte (1898, 1899), and in the appendix to 
the third volume of his treatise on the calculus (1899) Stolz 
has given a new development of the theory, in which the ab- 
solutely convergent integrals play theleading réle. Professor 
Moore’s paper (No. 20), written in the spirit of the original 
Harnack memoirs, contains a development of the theory 
throwing additional light on the varying properties of the 
absolutely and the conditionally convergent integrals. ‘This 
paper will be published in the Transactions. 


Professor Dickson’s second paper (No. 21) is also intended 
for publication in the Transactions. A set of canonical forms 
‘for the substitutions of a given group should possess the 
' property that two of its substitutions are conjugate within the 
group, if, and only if, they are reducible to the same canon- 
ical form according to a definite scheme of reduction. For 
linear groups in a Galois field of order p", reduction to a 
canonical form belonging to a field of order p", v > 1, must 
be possible by the introduction of new indices conjugate 
with respect to the initial GF [p*]. The memoir gives a 
set of canonical forms belonging to the abelian group itself 
and deduces a set of ultimate canonical forms, the former 
depending upon the coefficients of the characteristic equa- 
tion, the latter upon its roots. By these results tables are 
deriv ed which give a classification into conjugate sets of all 
quaternary abelian substitutions and also of the operators 
of a single quotient group. For p* = 3, the latter is the 
group of order 25920 occurring in the problem of the 27 
lines on a general cubic surface. Its operators fall into 20 
sets of conjugates: the identity, one set of period 5, 4 sets 
of period 3, 2 sets of each of the periods 2, 4, 9 and 12, and 
6 sets of period 6. 


Miss Schottenfels presented a proof of the existence of a 
substitution group of degree 21 and order 20160, having 
cyclical subgroups identical with those enumerated by Pro- 
fessor Dickson in the American Journal of Mathematics, 
vol. 22, p. 252, in the ternary linear fractional group of 
order 20160 in the Galois field [27]. 

Tuomas F. HOLGATE, 
Secretary of the Section. 
EVANSTON, ILL 
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INDIRECT CIRCULAR TRANSFORMATIONS 
AND MIXED GROUPS. 


BY PROFESSOR H. B NEWSON. 
(Read before the American Mathematical Society, February 23, 1901.) 


1. Iw a paper* entitled ** Continuous groups of circular 
transformations," the writer gave a list of the continuous 
groups of circular transformations in the plane and their 
chief properties. That paper treated only of direct trans- 
formations The present paper is supplementary to the 
former, and deals with indirect circular transformations and 
the mixed groups obtained by combining these with the 
direct transformations. 


I. PROPERTIES OF INDIREOT CIRCULAR TRANSFORMATIONS. 


‘2. Certain fundamental properties of ‘indirect circular 
transformations were developed by Fricke and published + 
in 1890. I have seen no paper of more recent date dealing 
with the subject. Let T be the symbol of a direct, and T 
the symbol of an indirect, circular transformation. Fricke’s 
results, which form the starting point of this paper, may 
be stated as follows : 


The second power of T is a direct circular transforma- 
tion, which is either hyperbolic, parabolic or elliptic. T 
leaves invariant two real points, one real point, or no 
real points, according as its second power is hyperbolic, 
parabolic, or elliptic. There are three varieties of indirect 
transformations, viz., the hyperbolic, parabolic, and elliptic, 
designated by AT, pT and eT, respectively, distinguished 
according to the character of their second powers and hence 
also according to the number of their invariant points. AT 
and AT? leave invariant the same pair of invariant points 
A and A’; pT and pT" have the same invariant point A; 
eT has no invariant point, but interchanges the pair of 
points which eT" leaves invariant. An indirect transfor- 
mation of period two is an inversion of the plane with re- 
spect to a real or pure imaginary circle. Other properties 
of T will now be developed. 





* BULLETIN (2), vol. 4, pp. 107-131 (Dee, 1897). 
T Klein-Frioke’s Modulfunctionen, vol. 1, pp. 198-207. 
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8. Since AT transforms circles into circles and leaves in- 
variant & pair of points A, A’, it must transform into itself 
the hyperbolic system of circles through A and A’; since 
AT? leaves invariant every circle of the system through A 
and 4’, one effect of ÀT must be to interchange in pairs the 
circles of this hyperbolic system. Such an interchange can 
be effected only by an inversion of the plane with respect’ 
to ©, one of the circles of the system. From these condi- 
tions it follows that an indirect transformation AT must be 
the resultant of a direct transformation AT and an inversion 
I on one of the path curves of AT. 

The inversion I leaves invariant every point on C and 
every circle orthogonal to C; it also produces an involutoric 
transformation, k — —1, in every circle orthogonal to C. 
The hyperbolic system of circles through A and A’ contains 
one and only one circle C orthogonal to €. Since O and C 
remain invariant under both AT and I, they must also be in- 
variant under their resultant hT. Hence, an indirect hyper- 
bolie transformation hT leaves invariant a pair of points (AA’) 
and a pair of orthogonal circles intersecting in A and A’. 

If k be the cross ratio of the direct transformation AT, then 

hT produces along the circles C and C one dimensional 
hyperbolic transformations characterized by k and — k re- 
spectively. Two circles through A and A’ making equal 
‘angles with C are interchanged by AT. Thus the second 
power of AT leaves invariant all circles through A and A’ 
and is therefore a direct transformation of the hyperbolic 
kind. 

There are evidently c! indirect transformations ÀT, one 
for each real value of k, each of which has the same funda- 
mental invariant figure. When k= 1, ÀT reduces to the in- 
version with respect to C; when k= —1, it becomes the 
inversion with respect to C. 

4. By a course of reasoning similar to the above we infer 
the following properties of an indirect parabolic transforma- 
tion: The effect of an indirect parabolic transformation pr 
on the points of the plane is equivalent to a direct parabolic 
transformation with constant «, whereby all points in the” 
plane are moved along their path curves, followed by an in- 
version with respect to C, one of these path curves. Hence 
pT leaves invariant a single point A and one circle C 
through A. Along € it produces a one dimensional para- 
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bolic transformation whose constant is a. Two circles 
touching C at A and making equal angles with C are inter- 
changed. There is evidently a different transformation on 
the same invariant figure for each real value of a. The 
transformation of this system for which a = 0 is the inver- 
sion of the plane with respect to C. Thus, an indirect par- 
abolic transformation pT leaves invariant a single point A and a 
circle through A and produces along the circle a one dimensional 
parabolic transformation. 

5. Similarly we see that an indirect elliptic transforma- 
tion eT is the resultant of a direct elliptic transformation eT 
and an inversion on one of its path curves. eT leaves in- 
variant two points A and A’ and moves all points in the 
plane along circular path curves around A and A’. Such 
a transformation followed by an inversion on C, one of these 
path curves, results in eT. A and A’ being inverse points 
with respect to every path curve of the system are inter- 
changed by eT'; so that C ig 1 the only invariant figure of eT. 
The path curves within C are interchanged with those 
without Cin pairs. eT' produces along C an elliptic trans- 
. formation with cross ratio di. There are co! indirect ellip- 
tic transformations leaving C invariant and interchanging 
A and A’, one for each valueof 0. The transformation cor- 
responding to 0 — 0 is the inversion on C. 

The circle C is a path curve of e7 and hence may be either 
real or a pure imaginary circle, 1. e., without real points. A 
real inversion may take place about an imaginary circle as 
well as about a real circle. In the hyperbolic and parabolic 
cases inversion about an imaginary path curve does not 
occur for the reason that every path curve has on it at least 
one real point. Thus we see that an indirect elliptic transfor- 
mation 6T leaves invariant a single circle and produces along that 
circle a one dimensional elliptic transformation. 

Our discussion may be summed up in the following 
theorem : 

Theorem 1. Every indirect circular transformation of the plane 
is the resultant of a direct non-loxodromie transformation and an 
inversion on one of its path curves. 


II. Menn Groups or CIROULAR TRANSFORMATIONS. 


6. Tar Mixep Group ot, The indirect circular trans- 
formations whose properties have just been developed do 
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not form continuous groups, but taken with direct transfor- 
mation form mixed groups. Thereare co* direct and oo* in- 
direct circular transformations of the plane and the aggre- 
gate of all these forms the mixed group mG, This general 
group contains many subgroups which are also mixed groups; 
these we now proceed to examine. 

7. Tum Mrxep Group mG,(AA'). Weseek the aggregate 
of all transformations both direct and indirect which leave 
two points A and A’ separately invariant, and also those 
which interchange them. Two points 4 and A’ remain in- 
variant under oo” direct transformations which form the con- 
tinuous group G,(AA’). Let P and Q be two points 
harmonic to À and A’ (whence PQAA' are four points on 
a circle). The involutoric transformation in the group 
G,(PQ) interchanges A and A’. Since œ* pairs of points may 
be chosen harmonic to A und A’, we see that there are co! 
direct involutoric transformations interchanging A and A'. 

The indirect transformations which leave A and A’ sep- 
arately invariant are all of the hyperbolic variety. There 
are o! circles through A and A’; each of these with the in- 
variant points A and 4’ is the invariant figure of œ? indi- 
rect hyperbolic transformations. Thus we see that there 
are œ* indirect hyperbolic transformations leaving A and 
A’ separately invariant. 

The indirect transformations which interchange A and 
A’ are all of the elliptic variety. There are co! circles in 
the elliptic system of which A and A’ are the vanishing 
points. Each of these circles is invariant under œ indirect 
elliptic transformations which interchange A and A’. Thus 
we see there are œ* indirect elliptic transformations inter- 
changing A and A’. 

The aggregate of all direct and indirect transformations 
which leave a point pair invariant forms a mixed group 
m@,(A4’). From the above discussion we see that it con- 
tains two kinds of direct and two kinds of indirect transfor- 
mations. The decomposition of m@,(AA’) into subgroups 
will be discussed in articles 10 and 11. 

Theorem 2. The mixed group mG,(AA’) contains co” di- 
rect transformations (which form the continuous group G,(AA")), 
co? direct involutorie transformations, co* indirect hyperbolic, 
and co? indirect elliptic transformations. 

8. Tug Mixx Group mpG,(A). We seek next the aggre 
gate of all parabolic transformations both direct and indi- 
rect which leave a single point A invariant. We know 
that A remains invariant under o direct parabolic trans- 
formations which form the continuous group G,(A). The 


1901.] INDIRECT OIRCULAR TRANSFORMATIONS. 263 


indirect transformations which leave a single point A in- 
variant are all of the parabolic type. There are œ° circles 
through A; each of these circles with theinvariant point A 
is the invariant figure of co! indirect parabolic transforma- 
tions. Hence there are co* indirect parabolic transformations 
leaving the point A invariant. The aggregate of all para- 
bolic transformations both direct and indirect which leave 
A invariant forms a mixed group, mpG,(A). Its subgroups 
will be investigated in article 12. 

Theorem 3. The mized group mp@,(A) contains œ* indi- 
rect and only co* direct parabolic transformations. 

9. Tue Mıxep GrourmG,(A). We know that there are oi 
direct transformations leaving a single point invariant and 
these form a continuous group G,(A). There are also oi 
indirect hyperbolic transformations having one invariant 
point at 4; the second invariant point A’ is in turn every 
point in the plane. There are also’ indirect parabolic trans- 
formations leaving A invariant. The aggregate of all these 
transformations both direct and indirect forms & mixed 
group m@,(4). This mixed group contains no indirect 
elliptic transformations. ' 

Theorem 4. The mixed group mG,(A) contains œ* direct, 
co* indirect hyperbolic, and co* indirect parabolic transformations. 

10. Tue Mrxep Group mhG,(AA'C). The continuous 
group G,(AA’) contains one continuous subgroup of hy- 
perbolic transformations h@,(AA’), whose invariant path 
curves are the circles of the hyperbolic system determined 
by A and A’. Each of these circles passing through A and 
A’ is invariant under o' indirect hyperbolic transforma- 
tions. Let C be one of these circles; then C is invariant 
under œ' direct and also co' indirect hyperbolic trans- 
formations. These two systems form the mixed group 
mh G, (A A' C). e 

Within the mixed group m@,(AA’) there are œ' such 
subgroups, one for each circle of the hyperbolic system de- 
termined by À and A’. All of these mixed groups contain 
the same continuous group of direct hyperbolic transfor- 
mations hG,(AA’). 

Theorem 5. The mixed group mG,(AA’) contains co! mixed 
subgroups mA G,(.A.A' C), all of which contain the same continuous 
group hG,(AA!). 

11. Tue Mıxep Group meG,(AA'C). The continuous 
group G,(44’) contains one continuous subgroup of elliptic 
transformations eG,(.AA') whose invariant path curves are 
the co! circles having A and A’ for a pair of inverse points. 
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Each circle of this elliptic system is invariant under œ'in- 
direct elliptic transformations. Let C be one of these 
circles, then C is invariant under c! direct and also co! in- 
direct elliptic transformations. These two systems form 
the mixed group meG,(4AA’C). 

Within the mixed group mG,(AA’) there areco! such sub- 
groups, one for each circle of the elliptic system determined 
by A and A’. Each of these mixed groups contains the 
samecontinuous group of elliptic transformations, eG i(Ad’). 

Theorem 6. The mixed group mG,( AA!) contains co! mixed 
subgroups meG. ( A A' C) , all of which contain the same continuous 
group eG, (A A' à. 

12. Tur Mixep Groups mpG,(A) AND p mp, (AC). The 
continuous group p@,(A) contains co! continuous groups 
pG,(A). The path curves of one of these subgroups form 
& parabolic system of circles through A. Each circle C of 
this parabolic system is invariant under oo! indirect para- 
bolic transformations; consequently the circle" C and the 
point A on it are invariant under œ' direct and also oo! in- 
direct parabolic transformations, which therefore form a 
mixed group mpG,(AC). The group mp@,(A) contains 
oi such groups mp@,(AC), one for each circle through A. 

The aggregate of all the groups mpG,(AC) whose inva- 
riant circles form a parabolic system of circles through A 
constitute a group mpG,(A). For this parabolic system of 
circles remains invariant under all of these co* transforma- 
tions ; the system as a whole remains invariant though the 
individual circles of the system are not necessarily i invar- 
iant under all the transformations of the group. The oi 
subgroups mpG,(AC) of es (A) all contain the same 
continuous subgroups pG,(A). 

Theorem 7. The mixed group mpG,(A) contains co! mized 
subgroups mpG,(A) and each of these contains] co! mixed sub- 
grou® mpG(AC). All subgroups mpG,(AC) of mpG,(A) 
contain the same continuous subgroup pG,(A). 

18. Tax Mixkp Group mG,(C). Let C be any real circle 
in the plane; we know that C is invariant under co* direct 
transformations which form a continuous group G,(C). 
Every direct transformation T in this continuous group fol- 
lowed by an inversion on the circle C C results in an indirect 
transformation T, and the aggregate of all these transfor- 
mations both direct and indirect forms a mixed group 
m@,(C). 
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Every pair of points on C are the invariant pointe of a 
mixed group of hyperbolic transformations mhG,(A4’ ©), 
leaving C invariant; hence mG,(C) contains œ* such 
mixed groups of hyperbolic transformations. Every point 
on Cis the invariant point of a mixed group of parabolic 
transformations mpG,(AC), leaving C invariant; hence 
mG,(C) contains co' such mixed subgroups of parabolic 
transformations. Every pair of points inverse with respect 
to C are interchanged or remain invariant under the trans- 
formations of a mixed elliptic group meG,(.4.A' C) ; hence 
mG,( C) contains ©” such mixed subgroups of elliptic trans- 
formations. - 

Theorem 8. The mized group m G,( C) contains co” mixed sub- 
groups mh@,(AA'C), «7 mixed subgroups meG,( AA’ C), and 
co! mixed subgroups mp@, (A Ce 

14. Taz Mrxep Group mhG (AC). The mixed group 
mG,(C) contains co’ hyperbolic subgroups mhG,(AA'C). 
Let the point A remain fixed and let the point A’ be in turn 
every point]'on C. The aggregate of all the subgroups 
mhG,(AA'C) whose invariant points satisfy this condition. 
forms a mixed group mhG,(AC). This group contains one 
parabolic subgroup mpG,(AC), but no elliptic subgroups. 
The group mG,(C) contains co such subgroups mpG,(AC), 
one for each point on the circle 0, 

Theorem 9. The group mG,(C) containing co! subgroups 
mh@,(AC), each of which contains hyperbolic and parabolic 
transformations but no elliptic transformations. 

15. Tae Mixep GrourmG,(i0). LetiCbe any imaginary 
circle in the plane. We know that iCis invariant under 
co? direct elliptic transformations which form the contin- 
uous group @,(iC). Every transformation in this group 
followed by an inversion on the circle iC resulte in an indi- 


rect elliptic transformation eT and the aggregate of all these 
transformations both direct and indirect forms the mixed 


group mG,(iC). This group evidently contains œ° mixed 
subgroups meG,(.4.4' C), one for each pair of points in the 
plane inverse with respect to the circle £C. . 
Theorem 10. The group mG,(iC) contains only elliptic trans- 
formations ; these fall into o? subgroups meG, (A A' C). 
Résumé.—We have thus found a list of eleven mixed g roups 
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of circular transformations of the plane. These with their 
appropriate symbols and invariant figures are as follows: 
1. mG, No invariant figure. 


2. m@,(4). A single invariant point. 

3. mpG,(A). A single invariant point. 

i. mG,(C). A real invariant circle. 

5. nG,(iC). An imaginary invariant circle. 

6. mpG,(A). A single invariant point. 

7. mG@,(AA’). An invariant point pair. 

8. mh@,(AC). An invariant point and a circle through it. 
9. mhG,(AA'C). A pair of invariant points and a pair 


of orthogonal circles. 
10. npG,(AC). An invariant point and an invariant 
circle. 
11. meG,(A4’C). An invariant point pair and an in- 
variant circle. 
LAWRENCE KANBAS, 
January 18, 1901. 


PURE MATHEMATICS FOR ENGINEERING 
STUDENTS. 


BY PROFESSOR A 8. HATHAWAY. 


(Read before the Chicago Section of the American Mathematical Sooiety, 
December 28, 1900. ) 


I. Irs Urrriry. 


I wave had opportunity to become acquainted with the 
written opinions of graduates of from one to many years’ 
standing, with regard to the benefit and utility of their in- 
struction in all departments of technical work, and have 
also taken the opportunity of conferring personally with 
graduates in respect to my own department. In discussing 
this subject, I shall therefore appear, not as a special 
pleader for pure mathematics, but as one who proposes to 
present its claims in their true proportions to the other nec- 
essary work of the student. 

In the first place, mathematical analysis is not so directly 
useful to the average engineer as the mathematician might 
expect. The mathematics that an engineer is obliged to use 
regularly is of that cut and dried form which is found tab- 
ulated in engineering handbooks of easy access, so that 
only a little arithmetic or algebra, and occasionally some 
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trigonometry, answer all practical purposes. Seventy-five 
per cent. of graduates of technical institutes, now in actual 
practice, have probably forgotten how to differentiate and 
integrate, although most of them could easily refresh their 
memory in this respect if it were necessary. We can say, 
in favor of the calculus, that the remaining twenty-five per 
cent. include those who are leaders in their profession, and 
those who occupy positions under which new conditions are 
constantly arising and in which originality of thought is 
required ; aud among these are many who have found use 
for all the mathematics that they could acquire. 

The question arises, when so few engineering students 
afterwards make practical use of the higher mathematics, 
Is it advisable to teach it thoroughly to all students? The 
answer that I find to this question is, yes. Almost every 
practical engineer who has been properly taught, sees the 
benefit of such studies. Such engineers will generally grant 
of their own accord the practical benefits of their mathe- 
matical training, even though they have had no occasion to 
use the analysis as an instrument of investigation. Many 
wish that they could use it better, as they see opportunities 
where it might be of advantage. if it were at their fingers’ 
ends; and all agree that, aside from its practical use, there 
is a training in habits of thought, points of view, and intel- 
lectual comprehension of ordinary engineering problems, 
which only the study of the higher mathematics can give. 
The fact is that the fundamental ideas of natural phenomena 
that appear in all technical work are found in their most 
logical and clearest form in the higher mathematical analy- 
sis. The development of the mind in logical relations 
whose analogues exist in some form or other in nature, 
creates that mental insight which perceives the dominant 
ideas and develops the most practical methods of treatment 
of the problems of each day. 

The technical training that is involved in the study of the 
higher mathematics, particularly the calculus, therefore 
answers the question as to its value and utility for all engi- 
neering students, irrespective of any direct value of the 
analysis as an instrument of investigation. 


II. METHODS OF INSTRUCTION. 


Some practical men who look upon mathematical analysis 
only as an ingtrument of the engineer, would haveittaught 
solely for the purpose of obtaining the requisite mechanical 
skill in its use. It is to be made a matter of memorizing 
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formulas and methods, while any explanation is recom- 
mended that placates the mental comprehension of the stu- 
dent, whether it is logical and common sense or not, 80 long 
as it is brief. This is not only depriving the majority of 
students of the real benefits that accrue to them from the 
study of mathematics, such as in the acquirement of funda- 
mental ideas of technical value, but it is also a dangerous 
method of instruction. When a young engineer can do 
something supposed to be of value in his profession, but 
about which he has only certain vague conceptions and no 
perfect understanding from a common sense point of view, 
it is quite natural that he should give it an exaggerated im- 
portance ; and by an equally obscure mental process, he ob- 
tains an exalted opinion of his own capabilities. The result 
is frequently disastrous to himself in some important work 
that he may have been led to undertake in the fancy that 
he was equal to it. The frequency of such cases, as coming 
from the graduates of a certain school, is certain evidence of 
faulty methods of instruction, particularly in mathematics. 
One difference between rigorous and logical methods of in- 
struction, and memory training, is in their effect on what is 
called the personal equation of thestudent, i. e., his liability 
to make mistakes. The first methods bring such equation 
before the student, show that he is in the habit of super- 
ficial thinking and of readily accepting plausible conclu- 
sions that are more often wrong than right. He is forced 
to develop a system of checks upon his ideas and conclu- 
sions. and to exercise a continual care in discovering and 
eradicating the effects of those lapses of mental acumen to 
which all are more or Jess liable according to the training of 
the individual and the temporary condition of the mind. 
On the other hand, training by memory alone leaves the 
individual in ignorance of his unconscious errors of thought, 
and while he may be very expert in his lessons, yet in the 
elements of detailed and accurate work, he may prove noth- 
ing but a blunderer, with all actual mental training to begin 
over again in practical life if he is to succeed. 
Mathematical analysis should therefore be taught ac- 
cording to the precepts of good logic and common sense. 
It is not necessary to consider all the detailed refinement of 
the pure mathematician, but some of the consequences of 
that refinement should not be neglected, and above all the 
student should learn that some very good methods of dem- 
onsiration for ordinary cases do have their exceptions. A 
combination of the recitation system, based upon a good 
text book, with the lecture system seems best, both because 
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it ‘secures that flexibility of course hereafter considered, 
and because a proper amount of lecture work is in itself & 
training in quickness of apprehension on the part of the 
student, and creates the ability to seize upon the important 
parts of a subject. In fact, extensive note-taking of lectures 
on the part of the student should not be encouraged, the 
idea being to work up the subject afterwards from as few 
notes as possible. 

The working of examples, especially numerical ones, can- 
not be too excessive, if within the time of the student. In 
this connection, most students can, by proper thought given 
to methods of study and work, reduce the time necessary 
to be spent on that subject by fully one-half the usual 
amouut spent unmethodically. This means, perhaps more 
time spent when beginning a subject, in learning thor- 
oughly its fundamental principles and methods, and less 
time later on—just the reverse, it will be seen, of the usual 
procedure of the average student. 


III. Tux COURSE. 


With reference to the framework of a technical mathe- 
matical course, I should leave it as it is in most institutes 
—algebra, geometry, trigonometry, analytical’ geom- 
etry, the calculus, and the elements of differential equa- 
tions with particular reference to those equations occur- 
ring in engineering subjects. Under geometry should be 
included the elements of projective geometry, especially of 
parallel projection, with applications to the conic sections. 
The calculus cannot be begun too early, before analytic 
geometry even. The calculus is the fundamental topic ; its 
ideas are so useful in mental development that when they 
are thoroughly mastered, other subjects are more easily ac- 
quired, so that it is in reality a time-saver. With us also, 
the last term of mathematical instruction is given up to the 
student’s own devising in the way of subjects and develop- 
ment. Each student is expected to prepare what'is essen- 
tially a course of lectures on chosen topics before the class. 
His aids in this work are whatever suggestions and infor- 
mation he can acquire from sources within his reach—the 
library, text books, his teachers. The result has been an 
improvement on knowledge already gained, and a develop- 
ment of pure and applied mathematics on the part of the 
student far beyond the usual course. Remembering that 
each student selects his own line of work, and hears, and is 
naturally interested in, whatever his classmates present, I 
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have come to consider this term's work as the most valu- 
able of all. 

A course should be made flexible, by introducing at suit- 
able times and places subjects that are interesting and likely 
to prove valuable in practical work. All pure mathematics 
is valuable as mental discipline; but the adaptability of 
different kinds will change with the years, the class, the 
character of the students, and the particular interests 
that they may be led by circumstances to manifest. For 
instance, I had, from a recent junior claas, a request for a 
course in determinants, which is only briefly considered 
under algebra. The reason for this request was that the 
professor in dynamical engineering was at the time consid- 
ering the subject of transformer problems, such as the prob- 
lem of distribution of alternating current over a long line 
having capacity with up and down transformers at either 
end, and had found the determinant notation extremely 
useful in this work. 

As another illustration of the changes which time brings, 
take the case of the applications of the imaginary analysis. 
The continuous current has had its day, although the prac- 
tical applications of Faraday’s discovery in 1832 was de- 
layed nearly half a century by the want of a practical 
method of converting the alternating current into a con- 
tinuous one. Recent discoveries have made the alternating 
current the more valuable in practical applications ; and in 
this current we find a beautiful analogue of the imaginary 
analysis—so much so that technical writers are using that 
analysis in their publications on alternating currents for 
practical engineers. The imaginary analysis should there- 
fore be ‘taught to-day in live technical schools, with special 
reference to its geometrical and physical interpretations. 

Instances might be multiplied showing that new circum- 
stances will continually arise that necessitate deviations 
from old and established lines of instruction. Such flexi- 
bility in the course can only be secured, without continual 
change in its framework, through the lecture system in con- 
nection with text book instruction. 


IV. Tue INSTRUCTOR. 


The success of a course, in mental training, and in meet- 
ing the practical needs of the engineer, depends very largely 
upon the instructor. He must be one who keeps up an in- 
terest in pure mathematics and their practical applications, 
and who is also clear in his own ideas, so that he may know 
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what is interesting and useful, and be able to introduce it 
with clearness and brevity when occasion offers. He should, 
in other words, be & high grade man—not the highest, for 
that is impossible for all schools to secure, but certainly of 
such reputation among pure as well as applied mathema- 
ticians as causes him to be regarded with respect by the 
leaders in those subjects. 

There is an objection in certain technical schools to a 
mathematical teacher who has too much fondness for pure 
mathematics. I once heard the president of such a school 
not only express this objection, but go further, by saying 
that he did not want a man in his faculty who knew more 
than himself on any subject. 

The principal cause of the above objection to higher 
mathematical knowledge seems to be a fear that it leads to 
talking over the heads of the students. I will contend that 
itis an advantage to a school to have instructors who are 
able to talk over the heads of their students, and who do it 
occasionally. When an instructor talks over his head, the 
student may have some very strong feelings as to the futil- 
ity of the exhibition, but he will find that the ideas do not 
always fly over. Like seeds planted in soil they await the 
germinating time. There is an unconscious impression. 
made upon the mind by listening to ideas that are from a 
higher point of view than our own, and such impressions 
are often more durable than those left by apprehended im- 
pressions, and finally, as the result of gradual ascent to the 
higher point of view, they become fully understood and ap- 
preciated. 

It is of course not possible to rely upon the results of 
such influences for the instruction of a technical student, 
and some ability to make himself understood and bring his 
mind within the confined horizon of the student, is neces- 
sary in the occupant of the instructor’s chair. Such an in- 
structor who also attempts to lift the students above their 
too small horizon at the certain risk of talking sometimes 
over their heads, produces, for some reason, students of 
higher acquisition, and of greater enthusiasm and practical 
ability, than is possible for the drill master to accomplish 
with his rule of thumb. It takes time to determine the in- 
fluence of a teacher, and in the end the conscientious stu- 
dent is bound to recognize the superior influence upon hie 
mental development of the instructor of superior attain- 
ments. . 


Rose PoLYTEOHNIO INSTITUTE. 
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ADAMS'S UNPUBLISHED PAPERS. 


The Scientific Papers of John Couch Adams, Vol. II. PartI., 
Extracts from Unpublished Manuscripts, edited by R. A. 
Sampson. Part II., Terrestrial Magnetism, edited by W. G. 
Avams. Cambridge, Pitt Press, 1900. 4to. xxxii + 646 
pp., with 6 magnetic charts. 


Lectures on the Lunar Theory. By Joux Covon A nau, edited 
by R. A. SAMPSON. Cambridge, Pitt Press, 1900. 8vo. 
88 pp. 


Bv those who knew John Couch Adams best the exami- 
nation of the manuscripts which he left and the publication 
of a selection from them has been looked forward to with 
much interest. His well known reluctance to publish any- 
thing not in a complete form—‘‘I have some finishing 
touches to put to it’’—raised hopes that valuable results 
might be contained in the packets of neatly-written and 
dated papers which were turned over after his death for 
examination. It was known that he had been at work on 
various problems, in particular on that most difficult one— 
the theory of Jupiter's satellites, and on the theory of ter- 
restrial magnetism. It was known, too, that Adams rarely 
attacked & problem without throwing a new light upon it or 
evolving some unexpected result. He had not fallen into the 
modern habit of making “preliminary communications," 
or, at least, if these were made they were verbal and did 
not find their way into print. Thus the publication of this 
volume was looked forward to with greater expectation than 
is usual in the case of other scientists who have lived to his 

e. 
us shall not be misunderstood in saying that a slight 
feeling of disappointment arises on turning over its pages 
and seeing the matter contained therein. Adams’s reputa- 
tion as a mathematician and astronomer of the highest class 
rests on too firm a basis to be disturbed by anything which 
may or may not be contained in his unpublished papers. His 
published work, small in quantity though it may be, made an 
ineffaceable mark on the subjects which he touched. The dis- 
covery of Neptune, the determination of the accurate value 
of the secular acceleration of the moon’s mean motion, 
the method by which he arrived at the correct period of the 
November meteors are sufficient to stamp the character of 
his work without mentioning other results which show equal 
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- ability but are not so well known. If we are disappointed 
at finding no great discovery in the new volume or anything 
indieating that he was on the track of one, we have no 
reason to regret its appearance or to feel that the labor and 
thought which the editors have expended in putting the 
manuscripts into form have been in any sense wasted. ‘There 
is, in fact, almost nothing which is not new. Some of the 
papers consist of new methods in handling old problems, 
others consist of the detailed work in the solution of prob- 
lems, the mere results of which had alone been published, 
and, more important than all these, his great work on ter- 
restrial magnetism is set forth in a complete and connected 
form. 

The first number consists of a selection from Adama’s 
lectures on the lunar theory. These have also been pub- 
lished separately without change for the use of those to 
whom the larger volume might not be easily accessible. The 
editor, Professqr R. A. Sampson, has not aimed at giving 
the lectures in the complete form in which Adams deliv- 
ered them. Portions which contained alternative proofs or 
explanations which are to be found in the text books have 
been omitted. The result is a continuous development 
which gives the coefficients of the principal inequalities due 
to the sun's action with a good degree of approximation. 
In his preface, Professor Sampson says ‘‘ Of current elemen- 
tary theories it may be said that they leave off where the 
difficulties of the subject begin, that is to say, where the 
various cases of slow convergence have been exposed, but 
not dealt with. It is perhaps not too much to say that these 
lectures carry us to the point where such difficulties end, in 
an adequate evaluation of all the chief constants. They 
leave the problem effectively solved and not merely stated, 
and show the path clear for the formation of a detailed 
theory, if that is desired." This is hardly correct as to the 
question of convergence, or at any rate it obscures the issue. 
The difficulty of slow convergence can hardly be said to 
have been dealt with by Adams any more than by his pre- 
decessors. That he has obtained close approximations is 
due to the fact that the numerical value of m,* the ratio of 
the mean motions, is used instead of series proceeding in 
powers of m. There is not much difficulty about conver- 
gence in the case of the moon when the numerical value of 
m is used at the outset, since slow convergence only occurs 
along powers of m. Again, one of the chief difficulties of the 





* More accurately, he uses m/(1—m). 
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subject is the calculation of the higher terms with sufficient 
accuracy. Owing to small divisors the earlier terms: have 
to be calculated with far greater accuracy than would be 
necessary if these small divisors did not arise, and this 
difficulty has not been bridged in any other way than by 
calculating the earlier terms to a high degree of accuracy. 

The method used by Adams is practically the same as 
that of G. W. Hill, except that he has adopted polar where 
Hill uses rectangular coördinates. For the earlier inequal- 
ities this method works well enough, but it would most 
probably give rise to unmanageable calculations for the 
higher ones if a complete theory were in contemplation. In 
general, it Jacks the elegance and capacity for high approxi- 
mation with a given amount of Jabor which characterizes 
Hill’s methods, with one or two exceptions, notably that by 
‘which Adams arrives at the equation from which the mo- 
tion of the perigee is obtained. In fact, the symmetry 
possible with rectangular coordinates disappears altogether 
when polar coórdinates are used, and in the latter case the 
expansions of such expressions as 


cos (a, + a, cost + a, cos 2t + ---) | 


bave to be continually performed while, in the former, we 
have only to do with multiplications of algebraic series. 

The next paper contains the detailed work necessary for 
the expression of the infinite determinant giving the motions 
of the node or perigee. In No. 8, entitled ‘‘ Numerical 
developments in the lunar theory," we have the numer- 
ical values of the coefficients of ôn when we put n + dn 
for n and n’ + én’ for ai with én = én’ in the variational in- 
equalities. The values of the coefficients of the parallactic 
inequalities are also obtained to 16 places of decimals, the 
first power of the ratio of the parallaxes only being retained. 
The determination of the part of the secular acceleration 
of the moon’s mean motion which depends on m only is 
found in the next paper, and in No. 15 without having re- 
course to expansions in powers of m. Adams’s method is 
in reality a numerical one and depends on the changes in 
the values of the coefficients of several periodic terms, the 
principal ones being those found in the previous paper. 
The writer has shown how this part of the secular accelera- 
tion can be found from the constant term in the parallax 

with any degree'of accuracy required.* 


“Doc. Lond. Math. Soc., 1896. 
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From these papers it appears that Adams had calculated 
the following sets of inequalities with the accuracy neces- 
sary for a complete lunar theory: The parts of the varia- 
tional terms which depend on m only and those which de- 
pend on m and the second power of the solar eccentricity ; 
the terms depending on m and the first powers of the solar 
eccentricity, the ratio of the parallaxes, and the inclina- 
tion; and the principal part of the motion of the node. 
Other inequalities, e. g., the terms depending on m and the 
first power of the lunar eccentricity had been found to a less 
degree of accuracy ; some of these appear in the lectures. 

A short note on Neison's lunar inequality due to Jupiter 
follows. Adams finds the theoretical coefficient of this 
with some accuracy by considering it as a sort of Jovian 
evection, thus making use of the literal expression for the 
solar evection. The value obtained differs by about 15 per 
cent. from that of M. Radau,* who has calculated a large 
number of the planetary inequalities. 

No. 6 contains a novel suggestion for the solution of the 
equation 


SE (a, + a, cos 2t + a, cos 4t + ~- )w=0 


which occurs so frequently in celestial mechanics. The go- 
lution is of the form 


w= 5A, cos f(k + 20t + at, 


and the difficulty of calculation arises from the presence of 
small divisors due to the fact that k is in general very nearly 
equal to unity. Adams’s method really amounts to finding 
all the other coefficients in terms of k, A_, in such a way 
that no small divisors occur; the two equations for these 
quantities are solved as a final step. 

Papers 7, 8, 9, 12 are on Jupiter’s satellites. As Pro- 
fessor Sampson has presented Adams’s investigations, it ap- 
pears that a new method of treating the whole subject was 
in contemplation, somewhat analogous to that which he 
used for the motion of the moon. He first solves the prob- 
lem of the motion of a satellite about an oblate primary, in 
fact he finds the inequalities due to the figure of Jupiter. 
The equations for the three coürdivates are reduced to two 


simultaneous ones of the second order with the distance and, 


perpendicular on the equatorial plane as dependent v&ri- 





* Ans. de l Observ. de Paris, vol. 21. A 


+ 
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ables and the time as independent variable. The equations 
are solved literally so that they can be applied to any satel- 
lite. The third coórdinate is then easily found, as the 
editor shows in a short note. The development of 


[a? — 2aa' cos (nt — n't + e —e) +a"), 


necessary to obtain the mutual actions of the satellites on 
one another, is then made with some completeness and ap- 
plied, for illustration, to the first two satellites. The mu- 
tual perturbations of two satellites when the eccentricities 
and inclinations are neglected next follow. Here again 
polar coordinates are used so that the perturbations are 
found directly, instead of indirectly by the more usual 
method of the variation of arbitrary constants. Values for 
the radius vector and the longitude, of the proper form, are 
substituted in the differential equations and the coefficients 
are determined by equations of condition. 

As Adams does not go beyond the first order of the dis- 
turbing forces in the published investigations, the difficulty 
arising from the exact relation 


n — 3n + 2n" ss D 


where n, ai, n" are the mean motions of the first three satel- 
lites, does-not come into consideration. In fact, as far as the 
theory is given, we have simply those inequalities which are 
analogous to the variational and parallactic terms in the 
lunar theory. Some numerical results are given. It would 
be interesting to see how this method of procedure would 
work out when applied to attack the complete problem. 
Perhaps Adams did not see his way clear for this and there- 
fore refrained from publishing what he had already done. 
The chief difficulties undoubtedly arise mainly in the terms 
depending on the eccentricities and on thesquare of the dis- 
turbing forces owing chiefly to the smallness of n — 2w, 
n! — 2n" and to the exact equality of these two expressions. 
The other papers on this subject contain corrections of the 
masses of the satellites and of errors in Damoiseau’s and La- 
place's theories. 

Every astronomer knows of H. A. Newton's investiga- 
tions on the orbit of the November meteors in which he 
arrived at the conclusion that the observations could in gen- 
eral be satisfied by any one of five competing values for the 
mean period. Adams supplemented this by showing that 
only one of these five values was consistent with the observed 
motion of the node of the orbit. In paper 10 we have the 
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details of the method by which he arrived at the result. The 
brevity of the work is remarkable. The calculations are not 
given in detail. They are reduced to mechanical quadra- 
tures and a few of the principal steps for the perturbations 
by Jupiter are set forth. The method is a modification of 
Gauss’s formule. . 

Some extracts from Adams's lectures on the Figure of the 
Earth occupy No. 11. They consist of theorems on the at- 
tractions of spheres and spheroids when the law of force is 

‘any function of the distance and conclude with the well- 
known differential equation connecting the ellipticity of 
strata with the density. A couple of notes on the an- 
alytical interpretation of Newton’s methods for finding the 
variation and motion of the apse, a short method for obtain- 
ing certain of Laplace’s expansions of functions in power 
series, and lists of errata in the works of Plana, Damoiseau, 
and de Pontécoulant occupy the remaining pages of Part I. 
In the last there are one or two slight errors. On p. 236, 
line 3, for 1025, read 1024; omit line 5, which is given on 
the last line but one of the previous page ; on line 7 insert a 
+ before the last number. 

The second part, containing Adams’s work on terrestrial 
magnetism, occupies two-thirds of the volume. The difficul- 
ties of Professor W. G. Adams, who undertook to edit this 
portion of the work left by his brother, must have been suf- 
ficiently great The matter had not been put into final 
form, though it was probably ready for it. The editor’s 
chief labor was to gather together the various packets of 
theoretical and numerical work ; to discover their connec- 
tion, and by blending them to set forth in a complete man- 
ner the results of Adams’s labors. A glance at the memoir 
shows that this task can have been no light one, and stu- 
dents will be grateful to Professor W. G. Adams for the 
manner in which he has performed it. In a preface he gives 
& summary which shows well the nature of the work and the 
conclusions reached by his brother. 

The method adopted is that of Gauss, with modifications. 
But instead of the 24 constants with’ which Gauss con- 
tented himself, Adams has included 240, just ten times as 
many. Moreover, the observations which in Gauss’s time 
were few and badly distributed, have increased much in vol- 
ume, though still far from what is really necessary for a 
thorough determination. The memoir is arranged in eight 
sections, of which the first four consist of various relations 
between the harmonics and coefficients used in such investi- 
gations. Sections V, VI, respectively treat of the theory of 
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terrestrial magnetism when the earth is considered as a 
sphere and as a spheroid. The last two sections contain the 
numerical calculations. At the end are maps drawn from, 
the numerical results for every 5° of latitude and every 10° 
of longitude. The agreement with observation is stated by 
the editor to be very satisfactory. 

In conclusion, the reader will gather from the rough indi- 
cations here given that the volume is not a mere compila- 
tion of incomplete fragments. Whatever he may think 
about the value of collections of published papers, and in 
particular of Volume I of Adams’s works, it will be imme- 
diately apparent that Volume IT is at least on the same 
footing as any other book containing original and previously 
unpublished scientific work, and its possession by scientific 
libraries will be as much a necessity as is that of the best 
known journals and treatises. 

Ernest W. Brown. 


NOTICE SUR M. HERMITE. 


PAR M. C. JORDAN. 


ADDRESS DELIVERED AT THE MEETING OF THE PARIS ACAD- 
EMY OF SCIENCES, JANUARY 21, 1901. 


Te French school of mathematics loses in the person of 
M. Hermite its head and master. 

It would be rash to undertake to analyze in haste and 
under the stress of keen emotion the long series of his 
works which have thrown so much lustre on the second 
half of the nineteenth century. Such an undertaking calls 
for more time and calmer feelings. Addressing then to our 
venerated confrére the last farewell, which his modesty for- 
bade pronouncing at his grave, we limit ourselves here to 
' pointing out, in broad lines and as far as memory permits, 
some of the discoveries which we owe to him. 

In 1848, M. Hermite entered the Ecole Polytechnique at 
the age of twenty years. At the suggestion of Liouville, he 
wrote to Jacobi communicating the results which he had 
obtained relative to the division of abelian functions, then 
but little known. The illustrious German geometer, who 
was occupied at the time with the editing of his works, did 
not hesitate to give the letter of his young correspondent a 
place beside his own investigations. He wrote to him a 
little later: ‘Do not be troubled, Monsieur, if some of 
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your discoveries are to be found in my former researches. 
As you commenced where I finish, there is necessarily a 
small sphere of contact. In the future, if you honor me 
with your communications, I only shall have to learn.” 

The prediction of the great geometer was not long in 
being fulfilled. In the four letters which follow and which 
Jacobi has also preserved for us, M. Hermite proposed first 
to generalize the theory of continuous functions; but he 
shortly found himself led to vaster problems in the arith- 
metical theory of forms, where he soon obtained admira- 
ble results. At the very beginning of his works he points 
out several methods for reducing quadratic forms in any 
number of indeterminates. A little later the introduction 
of continuous variables leads him to the discovery of deeper 
lying truths. 

He gives the complete solution of the problem of the 
arithmetical equivalence of general quadratic forms or of 
forms decomposable into linear factors; he determines the 
transformations of these forms into themselves ; he demon- 
strates, in a manner altogether novel and purely arith- 
metical, the celebrated theorems of Sturm and Cauchy on 
the separation of the roots of algebraic equations. He in- 
troduces the fertile notion of quadratic forms with conju- 
gate variables, and deduces from their theory a new demon- 
stration of the beautiful theorem of Jacobi on the number 
of decompositions of a number into four squares. He ar- 
rives finally at the remarkable proposition that the roots of 
all algebraic equations having integral coefficients and the 
same discriminant can be expressed by a limited number of 
distinct irrationalities. 

The algebraic study of forms is also the object of his 
meditations. The notion of invariant which dominates this 
theory had remained a little confused until the day when 
Cayley threw it into full light in the celebrated memoir dated 
1845. Cayley, Sylvester, and Hermite divided the new 
domain which opened before them. Their works are 80 
interlaced in this fraternal rivalry that it would be difficult 
and hardly desirable to distinguish with precision the part 
done by each in their common work. It seems, however, 
that we can attribute in particular to M. Hermite the law of 
reciprocity, the discovery of associated covariants, that of 
skew invariants, and the formation of the complete system 
of covariants of cubic and biquadratic forms and of invari- 
ants of the form of the fifth order. 

These important researches in arithmetic and algebra did 
not satisfy his activity; he pursued at the same time his 
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studies on transcendants. In aseries of memorable investi- 
gations he solved the problem of the transformation of 
hyperelliptic functions, and from the developments in series 
of the elliptic functions he deduced important formule rela- 
tive to the number of classes of quadratic forms. 

He laid the foundations of the theory of modular func- 
tions at the same time and solved in its details the diffi- 
cult question of their transformation, thus giving far in 
advance a model for those who have elaborated and general- 
ized this theory in our day. 

The impression produced on geometers by the ensemble 
of these works is reflected very well in a picturesque phrase 
which we received at that time from the lips of Lamé: 
“To read the memoirs of M. Hermite makes one's flesh 
creep.” 

In 1856, at the age of thirty-four years, M. Hermite en- 
tered the Institute; in 1862 a chair was created for him at 
the Ecole Normale; a little later he became professor also 
at the Ecole Polytechnique and at the Sorbonne. 

At this epoch the course of instruction, it must be said, 
was hardly up to date. The great discoveries by which 
Gauss, Abel, Jacobi, and Cauchy had transformed the sci- 
ence during half a century were passed over in silence, as 
if they were of interest only to the initiated few. M. 
Hermite cast them boldly into the public domain. This 
happy audacity has borne its fruits. Witness our young and 
brilliant school of geometers ; they were all students of Her- 
mite, and owe a great deal of their success to his lectures and 
kindly encouragement. . 

His peaceful realm was not confined to our borders. 
M. Hermite kept up correspondence throughout learned 
Europe, and young talent anywhere could count on his coun- 
sel and support. Neither the duties of instruction nor 
even the afflictions of age could do injury to the fertility 
of his mind. In fact, from this second period date a great 
number of beautiful works which yield precedence in no 
way to the works of his youth. However, an appreciable 
evolution took place in the object of his investigations. 
Arithmetic and algebra which had predominated up to this 
time gave way to the integral calculus 

The transition is made by a celebrated memoir on the 
equation of the fifth degree, whose solution he gives by 
means of elliptic functions. Then follow the researches on 
interpolation, on new methods of developing functions in 
series of polynomials, on the discontinuities of definite inte- 
grals which depend on a parameter, etc. 
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In the theory of elliptic functions M. Hermite discovered 
a fundamental formula which permits their decomposition 
into simple elements, and consequently their integration. 
He was the first to study doubly periodic functions of the 
second species. ; 

We arrive finally at the memoir on the exponential func- 
tion, worthily crowning his long researches on the develop- 
ments in continued fractions. He made clear that the 
number e is transcendental. Lindemann has since estab- 
lished that the number z is also transcendental. The solu- 
tion of the problem of the quadrature of the circle, so vainly 
sought throughout all the centuries, is therefore demon- 
strated to be impossible. 

We can legitimately claim for M. Hermite a share in this 
beautiful result, because it has been attained by following 
the process which he employed for the exponential. But 
one would give a very incomplete idea of the rôle of great 
minds by measuring them exclusively by the new truths 
which they have explicitly enunciated. The methods which 
they have bequeathed to their successors, leaving to their 
care the application of these niethods to new problems per- 
haps unanticipated by themselves, constitute another part, 
sometimes the principal part, of their glory, as the example 
of Leibnitz shows. 

For almost a century we have labored to develop the fer- 

‘tile germs which Gauss and Cauchy have sown in their 
writings ; it will be the same with Hermite. Behold two ex- 
amples to prove it: 

The remarkable group of substitutions which he encoun- 
tered in his researches on the transformation of abelian func- 
tions serves as the essential element for the solution of a 
problem altogether different, the resolution of equations by 
radicals. It appears again in the discussion of the second 

: variation of definite integrals. ‘ 

The quadratic forms having conjugate variables are the 
indispensable fundament of investigations in the reduction 
of the most general forms with real and complex coefficients. 

M. Hermite loved science for its own sake and was but 
little occupied with its applications; these came spon- 
taneously and by superaddition. To Lamé’s equation, 
whose integration constitutes the last of his great works, 
he attached quite a series of problems in mechanics: rotation 
of a solid, determination of the elastic curve, oscillations 
of the conical pendulum. 

To form a correct idea of the place occupied by M. Her- 
mite in the mathematical world, one should have taken 
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part with us in the memorable fêtes of his jubilee in 1892. 
All his friends, his disciples, his admirers shared in this im- 
pressive ceremony ; all the learned societies of Europe sent 
either addresses or delegates, 

The same year saw the jubilee of Pasteur. To-day Pas- 
teur and Hermite are no more ; there remains for us only 
the souvenir of their examples and their works, but these 
are sufficient to immortalize their memory. 

Permit us in concluding to express & wish in behalf of the 
section of geometry. The work of Hermite is very scattered; 
in addition to the principal memoirs, it contains many let- 
ters and short notes disposed here and there; but all bear 
la griffe du lion. The Academy would honor itself and 
render & great service to geometers by undertaking the pub- 
lication of the complete works of Charles Hermite. 


NOTES. 


THE committee in charge of the colloquium to be held in 
August in connection with the summer meeting of the 
AMERIOAN MATHEMATICAL SOCIETY is now able to announce 
that Professor Oskar Borza has consented to give a course 
of lectures on ‘The calculus of variations, in particular 
Weierstrass's discoveries." 


Tue ninth regular meeting of the Chicago Section of the 
AMERICAN MATHEMATICAL Soorery will be held at the Uni- 
versity of Chicago, on Saturday, April 6, 1901, the first ses- 
sion opening at 10 o'clock A. M., in the Ryerson Physical 
Laboratory. The Christmas meeting will be held at North- 
western University, Evanston, Ill, on Friday and Satur- 
day, December 27 and 28. ‘Titles, abstracts, and time re- 
quirements of papers to be read at the April meeting should 
be in the hands of the Secretary of the Section, for the use 
of the programme committee, not later than March 20. 


Tax January number ( volume 23, number 1) of the 
American Journal of Mathematics contains the following 
papers: ‘‘Die Typen der linearen Complexe rationaler 
Curven in £," by 8. Kantor; ‘Transformations of sys- 
tems of linear differential equations,’’ by E. J. WILOZYNSKI; 
** Distribution of the ternary linear homogeneous substitu- 
tions in & Galois field into complete sets of conjugate sub- 
stitutions,” by L. E. Dioxson; ‘‘Distribution of the 
quaternary linear homogeneous substitutions in a Galois 
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field into complete sets of conjugate substitutions,” by T. 
M. Purna{m; ‘On the determination and solution of the 
metacyclic quintic equation with rational coefficients," by 
J. C. GrasnaN ; ‘‘ Construction of the geometry of eucli- 
dean n-dimensional space by the theory of continuous 
groups," by E. O. Loverr; ‘A table of class numbers for 
cubic number fields," by L. W. REID ; ‘* On certain proper- 
ties of the plane cubic curve in relation to the circular 
points at infinity," by R. A. Roperrs. The number also 
contains portraits of Professors GEORGE SALMON and Mırt- 
TAG-LEFFLER. 


Tur following papers were read at a meeting of the Lon- 
don mathematical society held on January 10, 1901: ‘On 
streaming motions past cylindrical boundaries," by Profes- 
sor A. E. H. Love; ‘On some cases of the solution of 
z7— 2], mod. p," by Professor F. S8. Carey ; ‘On the 
zeros of Bessel's functions,’ by Mr. E. W. BARNES; “A 
proof of the third fundamental theorem in Lie's theory of 
continuous groups,” by Mr. J. E. CAMPBELL. 


AT a meeting of the Edinburgh mathematical society held 
on December 14, 1900, Dr. J. A. Den read a paper on 
triangles triply in perspective, and Professor R. E. ALLAR- 
DICE communicated & paper on four circles touching a com- 
mon circle. At the meeting of the same society held on 
January 11, 1901, Professor ÁLLARDIOE read a paper on the 
nine point conic. 


SYLVESTER Prize. The first award of the Sylvester Prizes 
of the Johns Hopkins University (see the present volume of 
the BULLETIN, page 191) was made on February twenty- 
second. The prize is a handsome bronze medallion of the 
late Professor Sylvester, framed in oak. In the course of the 
ceremonies, President Girman announced the award as fol- 
lows: ‘The first impression of this tablet is presented to 
Lord KELviN, who lectured here on ‘ The nature of light’ in 
1884. This will be offered to Lord Kelvin, at the time of the 
jubilee of the University of Glasgow in June next, by a dele- 
gate from this university. The second copy of the tablet is 
now offered to Professor Srwox Newcoms, a distinguished 
astronomer, who has been.a friend of the university from 
its inception, and who guided the affairs of the mathemat- 
ical department for many years." 


THe Prussian academy of sciences has conferred the 
Helmholtz medal upon Sir GEORGE GABRIEL Bora, The 
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medal has hitherto been conferred only on Professor VIr- 
ogow and Lord Kxrvrw. 


Tue well known treatise on analysis of Professor E. 
PIOARD is to appear in a new edition, of which the first part 
of the first volume has just come from the press ofj M. 
Gauthier-Villars, of Paris. 


PnorzssoR Gmo Lorra has issued a reprint of an academ- 
ical address dealing with the history of mathematics which 
he recently presented to the University of Genoa, under the 
title * The transfigurations of a science.” 


Ir is announced that Professor A. Mayer is to retire 
from the editorial board of the Mathematische Annalen, and 
that Professor D. HrnsrnT is to take his place. The board 
will thus consist of Professors F. Kier, W. Dyox, and D. 
HILBERT. 


University or Munron.—The following courses in math- 
ematics are offered during the summer semester, 1901: By 
Professor G. Baver: Theory of algebraic plane curves; 
Mathematical seminar.—By Professor F. LINDEMANN : Ana- 
lytical geometry of space ; Definite integrals and Fourier’s 
series; Mathematical seminar.—By Professor H. SEELI- 
GER: celestial mechanics, second course, methods of Jacobi 
and Hamilton ; Exercises with the instruments of the ob- 
servatory.—By Professor A. PRiNasHEIM: subjects to be 
announced later.—By Dr. K. DónrEMANN: Descriptive 
geometry, second course, with exercises ; The imaginary in 
geometry.—By Dr. E. von WEBER : Encyclopedia of ele- 
mentary geometry ; Modern geometric theories.2—By Dr. 
K. Sonwarzsonitp: Methods of interpolation and me- 
chanical integration. 

Proressor M. Cantor, of Heidelberg, has been elected a 
correspondent of the St. Petersburg academy of sciences. 


Prorzssor H. S. Ware, of Northwestern University, 
has received leave of absence and will remain abroad until 
October. 


Tue death is announced of Professor M. F. Kovaraxyg, 
professor of mathematics at Charkow. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


CANDY (A. L.) The elements of analytic geometry. Lincoln, Neb., 
published by the author, 1900. 8vo. 303 pp. Cloth. $2.00 


FORMULATRE de mathématiques, publié par G. Peano. Edition de l’an 
1901 (tome III de l'édition complète). Turin, Bocca, 1901. 8vo. 
8+ 231 pp. 


Hayes (E.). Caloulus, withapplications ; an introduction to the mathe- 
matical treatment of science. Boston, Allyn & Bacon, 1900. 12mo. 
74-102 pp. Cloth. $1.20 


HILBERT (D.). Les principes fondamentaux de la géométrie Traduit 
par L. Laugel Paris, Gauthier-Villars, 1900. 4to. 114 pp. 


LAUGEL (L.). See HILBERT (D.). 


LEJEUNE-DIRICHLET (P. G.), Die Darstellung ganz willkürlicher Funk- 
tionen durch Binus- und Cosinus-Reihen (1837). und SEIDEL (P. L.), 
Note uber eine Eigenschaft der Reihen welche diskontinuierliche 
Funktionen darstellen (1847). Herausgegeben von H. Liebmann, 
Leipzig, Engelmann, 1900. 12mo. 68 pp. (Ostwald's Klassiker der 
exakten Wissenschaften, No. 116.) Cloth. M. 1.00 


LIEBMANN (H.). See LEJEUNE-DIRICHLET (P. G.). 
PEANO (G.). Bee FORMULAIRE. 


PIERPONT (J.). Galois’s theory of algebraic equations. Six lectures de- 
livered at the Buffalo Colloquium in September, 1896. (Published 
in the Annals of Mathematics. ser. 2, Vols. 1 and 2, 1900.) Cam- 
bridge, Harvard University, 1900. 4to. 67 pp. , $0.76 


PUZYNA (I). Teorya fankcji analitycznych (Theory of analytic tuno- 
tions). Part 2. Lemberg, 1900. 8vo. 16 + 693 pp. M. 16.00 


Rxip (L. W.). Tafel der Klassenanzahlen für kibische Zahlkörper. 
(Diss.) Gottingen, 1899. 8vo. 75 pp 


SAILER (E.). Die Aufgaben aus der Differential- und Integralrechnung 
und aus der analytischen Geometrie, welche bei der Prufung für das 
Lehramt der Mathematik und Physik an den k. bayerischen huma- 
nıstischen und technischen Unterrichtsanstalten in den Jahren 1873 
bis 1893 gestellt wurden. München, Ackermann, 1900. 8vo. 187 
pp. M. 4.80 


SEIDEL (P.L.). See LEJEUNE-DIRIOHLET. 


. TOWNSEND (J. T.). Ueber den Begriff und die Anwendung des Doppel- 
limes. (Diss.) Göttingen, Dieterich, 1900. 8vo. 7-+ 78 pp. 


IT. ELEMENTARY MATHEMATICS. 


ALABIA (C.). Esercizi ed applicazioni di trigonometria piana, con 400 
esercizi e problemi proposti. Milano, Hoepli, 1901. 8vo. 11-291 
pp. (Manuali Hoepli.) 


ARZANI(G.). Nozioni elementari di algebra, ad uso della terza classe 
tecnica. Moncalvo, Sacerdote, 1900. 16mo. 119 pp. 
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BOBTOLOTTI (E.). Nozioni pratiche di geometria per le scuole comple- 
mentari. Roma, 800. edit. Dante Alighieri, 1900. 8vo. 140 pp. 


: Fr. 1.75 
Bos(H.). Éléments de géométrie ; aveo la collaboration d’A. Rebióre. 
6e édition. Paris, Hachette, 1900. 8vo. 503 pp. Fr. 7.00 


CARTON. Eléments de géométrie. Edition adaptée spécialement au 
programme du premier examen du haccalauréat de l'enseignement 
secondaire classique. 5e édition. Paris, Poussielgue, 1901. 8vo. 
316 pp. (Alliance des maisons d'éducation chrétienne. ) 


CHIAPPETTI (F.). Contributo allo studio del tronco di cono. Imola, 
Galeati, 1900. 8vo. 10 pp. 


HoLzMÜLLEBR(G.). Elementeder Stereometrie. Teil 1: Die Lehraatze 
und Konstruktionen. Neue [Titel-] Ausgabe. Leipzig, Goschen, 
1900. 8vo. 11--383 pp. M. 6.00 


——. Teil 2: Die Berechnung einfach gestalteter Körper. Mit zahl- 
reichen Uebungsbeispielen. Leipzig, Goschen, 1900. 8vo. 15+ 
477 pp- M. 10.00 


KELLER (C.). Algebra problems for use in Regents’ and other high 
schools. Syracuse, N. Y., Bardeen, 1900. 16mo. 100 pp. Cloth. 
| $0.50 


LAZZERI (G). Manuale di trigonometria sferica. Livorno, Giusti, 
1900. 16mo. 95 pp. (Biblioteca degli studenti ; riassunti per 
tutte le materie d'esame nei licei, ginnasi, istituti teonioi, ecc., volg. 
52, 53.) Fr. 1.00 


LigowskI (W.). Sammlung fünfstelliger logarithmischer, trigonome- 
trischer und nautisoher Tafeln, nebst Erklärungen und Formeln der 
Astronomie. 4te Auflage. Kiel, Universititsbuchhandlung, 1900. 
8vo. 23 +212 + 48 pp. Cloth. M. 8.00 


MILNER (F.). On teaching geometry. Boston, Heath, 1900. 16mo. 
18pp (Heath's mathematical monographa, issued under the general 
editorship of W. Wells, No. 5.) $0.10 


Mownin (T.). L'année du certificat d'études. Livret d’arithmétique 
(opuscule du maître). (Réponses des problèmes du livret de l'élève ; 
autres problèmes analogues : partie complémentaire.) Paris, Colin, 
1901. 16mo. 40 pp. Fr. 0.30 


‘ORELLI (J.). Lehrbuch der Algebra fur Industrie- und Gewerbeschulen, 
sowie zum Selbstunterricht. 3te Auflage in 2 Teilen. 3ter Abdruck. 
Vol. I: 84-304 pp. Vol. IL: 7+288 pp. Zurich, Schmidt, 1901. 
8vo. M. 10.00 


REBIERE (A.). See Bos (H.). 
RIOHAEDSON (G.). See WINOHESTER 


ROLLNER (F.). Ueber Aehnlichkeit und Symmetrie als grundlegende 
Prinoipien der Geometrie. Teil I Romerstadt, 1900. 8vo. 28 pp. 


Rowe (M. von). Die Logarithmen der Sinus und Tangenten fur 0° bis 
5° und der Cosinus und Cotangenten fur 85° bis 90° von tausendstel 
zu tausendstel Grad. Als Erganzung zu C. Bremiker’s fünfstelligen 


D 
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Logarithmentafeln herausgegeben. Berlin, Weidmann, 1900. 8vo. 
20 pp. M. $0.60 


Testı (G. M.). Elementi d’algebra, ad uso specialmente dei licenziandi 
delle souole teoniohe. 2a edizione, di nuovo modificata. Livorno, 
Giusti, 1900. 16mo. 7+ 86 pp. Fr. 1.20 


VipAL (C.). Pour la géométrie euclidienne. Etude oritique élémen- 
taire sur les fondements de la géométrie. Paris, Croville-Moraut, 
1900. 8vo. 44 pp. 


WIMMENAUER (T.). Arithmetische Aufgaben nebst Lehrsätzen und 
Erläuterungen. (In 2 Teilen.) Teil I: Lehraufgabe der beiden 
Tertien und der Untersekunda des Gymnasiums. Breslau, Hirt, 


1900. 8vo. 8-+ 192 pp. M. 2.00 
——. Teil II. Lehraufgabe der Obersekunda und der Prima des Gym- 
nasiums. Breslau, Hirt, 1900. 8vo. Pp. 193-300. M. 1.25 


WINCHESTER COLLEGE EXAMPLES in arithmetio, algebra and geometry ; 
questions set 1n scholarship, Duncan prize, and other examinations. 
Edited by G. Richardson. London, Sımpkin, 1901. 12mo. 312 pp. 
Cloth. bs. 

II. APPLIED MATHEMATICS. 

Braal (E.). See Vroonr (8 ). 

BouRLET (C.). See BRIBE (C.). 


BRisse (C.). Cours de géométrie descriptive (première partie), à 
l'usage des élèves de la classe de suat émàtiques élémentaires. 2e 
édition, revue par C. Bourlet. Paris, Gauthier-Villara, 1900. 8vo. 

. 18+ 177 pp. Fr. 5.00 


CorrERILL (J. H.). Applied mechanics ; elementary general introduc- 
tion to the theory of structures and machines. 5th edition enlarged. 
London, Macmillan, 1900. 8vo. 672 pp. Cloth. 188. 


Davipoatou (A.). Sur l'équation des vibrations transversales des 
verges élastiques. Paris, Gauthier-Villars, 1900. 4to. 91 pp. 


GAHL(R.). Studien zur Theorie des Dampfdrucks. Göttingen, 1900. 
8vo. 39 pp. . 


GALILEI (G.). Opere. Edizione nazionale sotto gli auspici di B. M. ul 
Re d'Italia Volume X. Firenze, 1900. 4to. 531 pp. 


HAUBSNER (R.). See Monate (G.). 


KHANDRIKOY (M.). Theory of the figure of the earth ; higher geodesy. 
Kiev, 1900. Bro, 222pp. (Russian. ) R. 2.00 


KLOMPERS (T.). Cours théorique et pratique d'algàbre financière. 
Anvers, 1900. 8vo. M. 5 00 


KOENIGSBERGER (J.). Ueber die Absorption des Lichtes in festen 
Körpern. (Habilitationssohrift.) Leipzig, Teubner, 1900. 8vo. 
48 pp. M. 1.20 


MiNUTILLI (F.). Soluzione grafl a di alouni problemi di geografia 
matematica. Torino, Paravia, 1900. 8vo. 60 pp., 5 plates. 


Fr 2.00 
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Monae (G.). Darstellende Geometrie (1798). Uebersetzt und heraus- 
. gegeben von R. Hausner. Leipzig, Engelmann, 1900. 12mo. 


217 pp. (Ostwald's Klassiker der exakten Wissenschaften, No 117.) 
Boards. M. 4.00 


MOoNTANARI(O.) Elementi di geometria desorittiva, ad uso degli isti- 
tuti tecnici. Livorno, Giusti, 1900. 16mo. 40 pp. (Biblioteca 
degli studenti ; riassunti per tutte le materie d'esame nei licei, gin- 
nasi, istituti tecnici, eco., vol. 48.) Fr. 0.50 


RouaET (C). Théorie des observations ciroumzénithales Mémoire 
présenté à l'Académie des sciences le 20 novembre, 1897. Paris, 
Gauthier-Villars, 1900. 8vo. 34 pp. 


VALENTINEB (8.). Untersuchungen über die Beziehung zwischen dem 
Potential einer homogenen Kugel und dem des Mittelpunktes. 
(Diss.) Karlsruhe, Braun, 1900. 8vo. 65 pp. M. 1.60 


V EOOHI KA Geometria descrittiva. Lezioni [dettate nella] r. univer- 
sità di Parma nell’anno 1899-1900, e compilate per oura dı E. Beggi. 
Disp. 47-82. Parma, Zafferri, 1900. 8vo. Pp. 33-320. 


a n > SC En à ` 


1901.] THE FEBRUARY MEETING OF THE SOCIETY. 289 


THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


A REGULAR meeting of the AMERIOAN MATHEMATICAL 
Soorery was held in New York City on Saturday, February 
23, 1901. Thirty-two persons were in attendance at the 
two sessiong, including the following twenty-eight members 
of the Socifty : 

Professor Anne L. Bosworth, Professor Joseph Bowden, 
Professor E. W. Brown, Dr. J. E. Clarke, Professor F. N. 
Cole, Professor T. S. Fiske, Mr. A.S. Gale, Mr. F. A. Giffin, 
Mr. Edwin Haviland, Jr., Dr. H. E. Hawkes, Mr. S. A. 
Joffe, Dr. Edward Kasner, Mr. C. J. Keyser, Professor 
Pomeroy Ladue, Dr. G. H. Ling, Dr. James Maclay, Dr G. 
A. Miller, Mr. H. B. Mitchell, Professor E. H. Moore, Pro- 
fessor W. F. Osgood, Professor James Pierpont, Dr. M B. 
Porter, Professor P. F. Smith, Professor Henry Taber, Pro- 
fessor J. H. Van Amringe, Professor E. B. Van Vleck, 
Miss E. C. Williams, Professor R. 8. Woodward. 

The President of the Society, Professor Eliakim Hastings 
Moore, occupied the chair. The Council announced the 
election of the following persons to membership in the So- 
ciety: Professor John F. Downey, University of Minne- 
sota, Minneapolis, Minn.; Professor Frederick C. Ferry, 
Williams College, Williamstown, Mass; Mr. Henry T. 
Gerrans, Oxford University, Oxford, England ; Mr. Edwin 
Haviland, Jr., New York, N. Y.; Professor Augustus E. 
H. Love, Oxford University, Oxford, England; Mr. V. 
R. Thyagarajaiyar, Bangalore, India. Two applications for 
membership were received. Action was taken by the 
Council toward making the Society's library accessible for 
the use of the members. 

The following papers were read at this meeting : 

(1) Dr. H. E. Hawkes: “Note on Hamilton's deter- 
mination of irrational numbers.” 

(2) Professor E. B. VAN VLEOK: ‘On the convergence 
of continued fractions with complex elements.” 

(3) Dr. M. B. Porrer: ‘On linear homogeneous finite 
difference equations, with applications to certain theorems 
of Sturm." 

(4) Professor L. E. Driogson : ‘‘Concerning real and 
complex continuous groups. 

(5) Professor E. O. Loverr: ‘An application of infi- 
nite groups to non-euclidean geometry." 


TUN 
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(6) Professor E. O. Loverr: ‘Contact transformations 
which change asymptotic lines into lines of curvature." 

(7) Professor H. B. Newson: ‘‘ Indirect circular trans- 
formations and mixed groups." 

(8) Mr. W. B. Fire: ‘‘ On metabelian groups that cannot 
be groups of cogredient isomorphisms. ’’ 

(9) Dr. Epwarp Kasner: ‘On algebraic potential 
curves." 

(10) Professor Maxımk BóonxR: '' Green's functions in 
space of one dimension." 

ı (11) Dr. H. E. HAwxzs : * Estimate of Benjamin Peirce's 
linear associative algebra." 

(12) Dr. G. A. MILLER : ‘On holomorphisms and primi- 
tive roots." 

(13) Dr. Epwarp Kasner : ‘‘ Theorems on collinear lines 
in space.’ 

(14) Mr. C. W. M. Braok: ‘Decomposition of a form 
in n variables in an arbitrary domain with respect to a prime 
ideal modulus." 

(15) Professor Maxime Bóonzn : “ An elementary proof 
of a theorem of Sturm." 

(16) Dr. L. P. Exsennarr: ‘Surfaces whose first and 
second fundamental forms are the second and first respec- 
tively of another surface." 

(17) Dr. L. P. ErszNzART: ‘Possible triply asymptotic 
systems of surfaces." 

(18) Dr. H. F. Sreoger : ‘On the determination of sur- 
faces capable of conformal representation upon the plane in 
such & manner that geodetic lines are represented by alge- 
braic curves." 

(19) Professor Maxımz BöoHeErR: ''Non-oscillatory linear 
differential equations of the second order." 

Mr. Fite was introduced by Dr. G. A. Miller, and Mr. 
Black by Professor James Pierpont. In the absence of the 
authors, Professor Bécher’s first paper was read by Profes- 
sor W. F. Osgood, and the papers of Professor Dickson, 
Professor Lovett, Professor Newson, Dr. Eisenhart, Dr. 
Stecker, and the second and third papers of Professor Bécher 
were read by title. 

Professor Newson’s paper appeared in the March number 
of the BurLETIN. The present number contains the first 
paper of Professor Bôcher, the first paper of Dr. Hawkes. 
and the second paper of Dr. Eisenhart. The papers of 
Professor Dickson and Dr. Miller, and Professor Bécher’s 
second paper will appear in later numbers. The paper of 
Dr. Stecker and the third paper of Professor Bécher will 
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appear in the Transactions. Abstracts of the other papers 
are given below. 


The paper of Professor E. B. Van Vleck, which will be 
published in the Transactions, gives first a résumé of the few 
existent theorems of a general character upon the conver- 
gence of continued fractions with complex elements. It 
then goes on to develop a set of equations which appears to 
be both new and fundamental for the study of continued 
fractions with complex elements. These equations are ap- 
plied to the derivation of certain theorems, the first of which 
is as follows: If in a continued fraction 


1 1 1 H 
a, +B, + a, + A, + a + |, + 
the P-constituents with even subscripts have one sign and 


those with odd subscripts the opposite sign, while the a-con- 
stituents have & common sign, the continued fraction will 





converge if S La, + ei is divergent. On the other hand, 
n=l 


if 5 | a, + (2, | is convergent, the even convergents approach 
one limit and the odd convergents another. It is further 
shown that neither the numerator nor the denominator of 
any one of the convergents of the continued fraction can 
vanish. This also holds true for the convergents of any 
continued fraction in which either the a, or the £, meet the 
conditions of the first theorem. 

Continued fractions are next considered in which a finite 
number of the a-constituents or of the f-constituents (but 
not of both) fail to fulfill the conditions imposed in the first 
theorem, and such continued fractions are shown to con- 
verge. Under certain restrictions, also, an infinite number 
of exceptional elements may be admitted. ‘The criterion 
for convergence stated in the first theorem accordingly dif- 
fers from criteria hitherto obtained in that it admits of cer- 
tain irregularities in the continued fraction whose positions 
therein are entirely arbitrary. 

In conclusion, the results of the paper are applied to alge- 
braic continued fractions. Thus it appears that if each 
element 4, of a continued fraction 


ME CU ee 
à +2, tat 
is & positive number or such a number multiplied into s, the 


zeros of the numerators and denominators of the conver- 
gents will all lie upon the negative half of the z-axis. If, 
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furthermore, no element with even (respectively with odd) 
subscript contains z and if X |A,| is divergent, the continued 
fraction will converge over at least three-quarters of the 
plane; namely, over the half plane in which x is positive 

' and in those sections in which x is negative and rice EI 
Within this region the continued fraction represents an ana- 
lytic function and never vanishes. On the other hand, if 
> |4, | is convergent, the even and odd convergents approach 
different limits, and these limits are likewise analytic and 
never vanish within the same region. 


The theorems given by Sturm in his first important 
memoir in Liouville’s Journal, Volume I., were first arrived 
at, so the author states at the end of the paper, as limiting 
cases of certain analogous theorems concerning linear differ- 
ence equations of the second order. Sturm’s work never 
having been published, Dr. Porter’s paper aims at its resto- 
ration. 


In the, sixteenth volume of the Acta Mathematica, M. 
Zorawski followed a suggestion of the late Sophus Lie and de- 
termined the deformation invariants of surfaces in ordinary 
space by the method of the theory of continuous groups. 
Tt is the object of Professor Lovett’s first paper to employ 
the same method to design the mechanism for the construc- 
tion of the deformation invariants of varieties in a point 
space of any number of dimensions some power of whose 
lineal element is a homogeneous function of the differentials 
of the point coórdinates of the space, and in particular to 
point out how the known and possible deformation invari- 
ants of surfaces in ordinary space and the theorems relative 
thereto may be extended immediately to surfaces in any 
quadratic space, euclidean or non-euclidean, of three dimen- 
sions. This particular result for varieties having three di- 
mensions is especially interesting since it constitutes a con- 
tribution from the theory of groups to the geometry of all 
such varieties, and this in the face of the fact that the theory 
of finite groups is limited in its application to the construc- 
tion of the geometries of three-dimensional manifoldnesses 
as is evidenced by the recent work of Bianchi (Memoirs of 
the Italian Society of Sciences, 3d series, vol. 11) and Cotton 
(thesis presented to the Faculty of Sciences of Paris), who 
have found all such varieties whose lineal elements admit 
of continuous groups. 

The conclusion drawn follows from the fact that the de- 
formation invariants of any particular class are determined 
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once for all for every variety of three dimensions by the 
integration of one and the same formal system of linear 
partial differential equations. To construct this system of 
linear equations it is necessary to effect an m-fold extension 
of the infinitesimal transformations of an infinite group. 
Such an extension can be proposed in an infinite number 
of ways. The latter problem has also been studied by 
Zorawski (Proceedings of the Cracow Academy of Sciences, 2d 
series, vol. 4), who extends the transformation relative to 
the derivatives of its own functions; and by Levi-Civita 
(Transactions of the Venetian Academy of Sciences, Letters and 
Arts, 7th series, vol. 5), who extends the transformation 
relative to the elements of any covariant and contravariant 
systems whatever. The present note extends the trans- 
formation in three different ways, namely relative to all 
partial derivatives of any function whose variation is 
known, with regard to all derivatives of any one variable 
considered as a function of the other point coórdinates, and 
finally with reference to the derivatives of a system of any 
number of invariant functions. The corresponding sys 
tems of differential equations give generalizations of the 
so-called deformation invariants of Gauss, Beltrami, and 
Minding. 


The geometry of contact transformations calls for the 
determination of those transformations which change a sur- 
face into another surface in such a manner that a remark- 
able family of curves on one surface is transformed into a 
remarkable family of curves on the other surface. Such, for 
example, are those establishing correspondences between 
asymptotic lines, lines of curvature, Darboux lines, geo- 
desie circles, etc. Those transforming asymptotic lines 
into such are known to be either projective or dualistic. 
This result is generalized in & subsequent note.  Dilata- 
tions and inversions are known to change lines of curvature 
into lines of curvature. These theorems relative to asymp- 
totic lines and lines of curvature are to be found in Dar- 
boux’s Theory of Surfaces, volume I. It is proposed in 
Professor Lovett’s second paper to-determine those trans- 
formations which change asymptotic lines into lines of cur-- 
vature. One such transformation was found by Sophus Lie, 
namely his celebrated’ correspondence between straight lines 
and spheres, in his well known memoir in the fifth volume 
of the Mathematische Annalen. 

It appears that the functions X, Y, Z, P, Q, capable of de- 
fining a contact transformation possessing the desired prop- 
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erty, must satisfy & certain system of equations of condi- 
tion. The problem of determining the forms of the functions 
X, Y, Z, P, Q, from these general equations of condition 
offers serious difficulties. However, the means are at hand 
for the complete resolution of the problem, for Lie has 
remarked that all contact transformations which change 
asymptotic lines into lines of curvature also transform 
straight lines into spheres, and the latter transformations 
have been found by the author in a paper soon to be pub- . 
lished. Accordingly, to find all contact transformations 
which change asymptotic lines into lines of curvature it is 
only necessary to subject the types of line sphere transfor- 
mations already found to the equations of condition, & 
process simple but extremely laborious. It can be verified, 
however, without much difficulty that the functions X, Y, 
Z, P, Q determined by the sets of equations 


—Z(aX- ia,, Y + aZ + a,,) %, — 0, 


o, = X (a, X — ia, Y—2a,Z24- 2,) z, 0, 
T = y, 2,— 2,2, — li — V — 1, 


wojo = oy[of = wëll = o/o," 
4 
X8, a, X — ia yt T ayZ + a,)2, = 0, 


= X4 ia, Y — a, Y Fa) 


constitute two families of œ” transformations which change 
asymptotic lines of a surface into the lines of curvature of 
the transformed surface. The celebrated transformation of 
Lie is included in both families ; we find it in the first by 
making 


d, = 0, = Gase a, = 1 


and all the other constants zeros in the first set of equations, 
and also by putting 


ay = e =— Gan = — a, = 1 
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and all the other coefficients zero in the second set of equa- 
tions. 
The above equations of condition can be simplified in sev- 
eral particulars. They reduce to fifteen in number if 
B, = B,= B, = C,= 0, = Q= D, = D, = D,=0, 


and these last equations are readily found to be compatible. 
They are 8atisfied by Lie’s transformation ; moreover for 
the latter we have also 


a 
Fm |¥ 


P1550, A’—44,4,=0, E'—4EE = 0. 
P g 
It appears incidentally that the determinant 

















rr, rr + X,Y rr, 
XX, Dt XY, + X,Y — ÈY, -XY TE YY], 
xr XY + X,Y" FY, | 


is zero for any contact transformation. 


Mr. Fite shows 1° that a metabelian group of odd order 
which has a set of generators such that the order of one of 
them is not a divisor of the least common multiple of the 
orders of all the others cannot be the group of cogredient 
isomorphisms of any group ; 2° that if a metabelian group 
of order p^, where p is a prime, has a cyclical commutator 
subgroup and a group of cogredient isomorphisms with 
more than two independent generators, it can not be the 
group of cogredient isomorphisms of any group. 


. The curves considered in Dr. Kasner’s first paper present 
themselves in the theories of functions, of equations, and of 
the potential. They are defined analytically by the vanish- 
ing of a rational integral solution of Laplace’s equation 
Pae + 9,, — 0 ; or, what is equivalent, by the vanishing of the 
real part of a rational integral function of z-+iy. The 
paper gives geometric definitions of these potential curves, 
and some of their metric and projective properties. A 
potential curve is apolar to the degenerate class conic com- 
posed of the circular points at infinity; all of its polar 
conics are rectangular hyperbolas. Any curve of the nth 
order passing through the n! foci of a curve of the nth class 
is a potential curve ; conversely, any potential curve passes 
through the foci of an infinite number of systems of con- 
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focal curves of the nth class. Conjugate potential curves 
intersect orthogonally in a set of such foci. This last re- 
sult is applied to the theory of equations. 


In 1870 Benjamin Peirce enumerated all systems of hy- 
percomplex numbers of certain types in less than seven 
units. His principles of classification are five in number 
and are shown to be identical or closely related to the prin- 
ciples of classification suggested by the theory of continu- 
ous groups and adopted by Scheffers ( Mathematische Anna- 
len, vol 39 (1891), p. 253). In Dr Hawkes’s second paper 
various criticisms of Peirce’s work by Cayley, Study, and 
others are noted and discussed. 


Dr. Kasner’s second paper is in abstract as follows: Con- 
sider any five collinear lines L L, L, Ly t. e ‚five lines hav- 
ing a common tractor M, In addition to M, any four of these 
linesas L, Ly Lu L, haveanother tractor M. Itisprovedin the 
first place that the five lines M,,M,.M,, M,. M, thus derived, are 
themselves collinear. Denote their common tractor by Jy 
The remainder of the paper is devoted to the study of the 
configuration composed of the twelve lines L and M and of 
the thirty points and thirty planes which they determine. 
The same configuration is determined by any five of the 
lines L, or any five of the lines M. The anharmonic ratios 
of the various points and planes are connected by simple 
relations; all are expressible in terms of four, the funda- 
mental absolute invariants. Finally these relations are em- 
ployed to prove that the derived set M,,M,, M, M, M, is cor- 
relative to the original set L, Ly Lo Lo Le 

In Mr. Black’s paper it was shown first that all coeffi- 
cients of any possible factor can be brought within the resi- 
dual system of the modulus, and then the irreducible factors 
can be determined by a finite number of trials. In the 
second part of the paper, the uniqueness of decomposition 
is shown, first for a single variable, and then by induction 
for n variables, the main part of the discussion being di- 
rected to bringing the problem into a form such that reason- 
ing similar to that used for the proof of the uniqueness of 
algebraic decomposition may be applied. 


Dr. Eisenhart’s first paper is in abstract as follows: In 
view of the fact that there is a unique surface corresponding 
to two quadratic differential forms, whose coefficients satisfy 
the Codazzi and Gauss equations, the question is asked 
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whether it is ever possible for the first and second funda- 
mental forms of a surface to be the second and first respec- 
tively of a second surface. In answer it is found that there 
is a class of surfaces possessing this property ; that they are 
ruled surfaces with imaginary generatrices ; that the sphere 
of radius unity is the only real surface of the class; and, 
furthermore, that the second surface differs from the first 
only by & translation in space. 
F. N. Core. 


CoLUMBIA UNIVERSITY. 


GREEN’S FUNCTIONS IN SPACE OF ONE 
DIMENSION. 


BY PROFESSOR MAXIME BÖCHER. 


(Rend before the American Mathematical Society, February 23, 1901 ) 


I wisH to make a brief communication to the Society of 
some results which I have obtained, reserving proofs and 
further developments for another occasion. 

By a Green's function is ordinarily understood a solution 
of Laplace’s equation which vanishes on the boundary of a 
certain region, and within this region is discontinuous at 
only one point, where it becomes infinite like 1/r or log r, 
according as we are dealing with Laplace’s equation in 
three or in two dimensions. We may speak of this as a 
Green’s function of the first kind, in distinction to the gen- 
eralized Green’s function for which more complicated con- 
ditions than the mere vanishing of the function are imposed 
on the boundary of the region. 

This fundamental conception has been generalized by re- 
placing Laplace’s equation on the one hand by other homo- 
geneous linear partial differential equations of the second 
order (cf. Encyklopädie, volume 2, p. 516); on the other 
hand by the ordinary differential equation d’y/de = 0, 
which may be called Laplace’s equation in space of one di- 
mension (cf. Burkhardt, Bulletin de la Société mathématique de 
France, volume 22 (1894), p. 71). This suggests at once the 
possibility of considering in place of Laplace’s equation the 
general ordinary homogeneous linear differential equation 
of the second order. I find that we can not only do this, 


J 
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but can go further by considering at once linear differential 
equations of the nth order 


d ar! 
(1) du Pee + py = 0 (nz 2). 


We will assume here, in order to avoid all complications, 
that p, p,--, p, are real functions of the real variable x 
which are continuous at every point of the interval 


(J) a =x=b. 


Let Ẹ be a point between a and b, and let k be a positive 
integer less than n (1 S k E n — 1). 

We seek now a function G(z) having the following 
properties : 

(a) At every point of (J), except £, the function G is 
continuous, has continuous derivatives of the first n orders, 
and satisfies (1). 

(6) At the point a, G and its first n — 1 derivatives sat- 
isfy k linearly independent, but otherwise arbitrarily chosen, 
homogeneous linear relations. i 

(c) At the point b, G and its first n — 1 derivatives satisfy 
n — k linearly independent, but otherwise arbitrarily chosen, 
homogeneous linear relations. 

(d) Att, G and its first n — 2 derivatives are continuous. 

(e) At &, G has a derivative D, of order n — 1 taken in 
the positive direction, and a derivative D_ of order n — 1 
taken in the negative direction, and : 


D,—D_= —1. 


It turns out that in general there exists one and only one 
function satisfying these conditions. This function we call 
a Green's function, and denote it by G (x, £). The effect 
of interchanging x and £ is to change (1) into the adjoint 
equation (cf. Schlesinger’s Handbuch, Vol. I., p. 53) and 
in general to alter the relations (5) and (c) ; otherwise con- 
ditions (a) — (e) remain true. 

I will mention here only one application of the Green's 
function thus defined : 

The solution of the non-homogeneous equation 


dy, e EN = 
Te T eee + py =P, 


which satisfies at a and b the same conditions which are satisfied 
there by G, is given by the formula 
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y= — (GG, €) pE) de. 


A special case deserves mention on account of its sim- 
plicity, viz., the case where conditions (5) reduced to 


Ota, E) &G'(a, £) = = G* "a, EI = 0 
and conditions (c) to 
G(b, €) = G'(b, €) = EN, 


accents denoting differentiation with regard to x. One of 
the simplifications introduced by this specialization is that 
when z and E are now interchanged, the effect is to inter- 
change a and b in conditions (b) and (c). It will be seen 
that for a given equation (1) and a given interval (J) there 
are n — 1 Green's functions of this special sort, obtained by 
giving to k the values 1, 2, --, » — 1. These functions 
might properly be called Green's functions of the firgt kind, 
since when n= 2 there is only one of them, namely the 
Green's function, which vanishes at both ends of (J). 


GOTTINGEN, GERMANY, 
February 8, 1901. 


ON A SYSTEM OF PLANE CURVES HAVING 
FACTORABLE PARALLELS. 


BY DB. VIRGIL 8NYDER. 
, (Read before the American Mathematical Society, December 28, 1900. ) 


Tus type of scrolls contained in a linear congruence, and 
having factorable asymptotic lines, gives rise to a class of 
plane curves whose parallels have a similar property. 

It has been shown * that the spherical images of such 
scrolls have factorable lines of curvature and a method was 
given by means of which a scroll of this type could be 
transformed into an annular surface having only plane 
lines of curvature, the curve of each section breaking up 
into two factors. The planes of the system all belong to 
the same axial pencil, and the locus of centers of the gen- 
erating spheres lies in the bisecting plane of the angle be- 
tween the two plane directors. 





* V. Snyder, ‘‘On a special form of annular surface. Amer. Jour. 
of Math., vol. 23. 
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When the axis of this pencil of planes lies in the plane 
at infinity, the director planes become antiparallel, the 
generating spheres have a constant radius, and their envel- 
ope is a tubular surface. The procedure is as follows : take 
any two parallel lines 


(q) y—352—0; (p) ytut=0,2=0; 


these linea go over into two parallel planes in sphere space. 
Take the conjugate of (p) with regard to the complex c, im- 
age of point spheres. This line (p’) is z = xz, t = 0. 

The image of this line (which does not cut (q) ) is the 
same plane as that of p, but now regarded as generated by 
its second pencil of minimum lines, so that the direction of 
the normal is reversed. Any scroll having these two lines 
(p') and (q) for directrices will be defined by 


y — xt TZ — XZ 
P m ES 


the relation between 2, # being determined by the third 
director curve f(2, A) = 0. 
The spherical image of this scroll has for its equation 








T 0 c — (E + i) 
0 © (Fag) —$ 
(1) =) 
0 1 — À — x 
1 0 — x — u 


or EECH + (1- £597) rez ve, 


i. e., it is the envelope of a sphere of constant radius x, 
whose center moves in the plane {= 0, subject to the law 
JC, 4) = 0. In particular, if f(A, a) = 0 defines a scroll of 
the type mentioned, the lines of curvature of the second 
system belonging to this tube will be factorable. But it is 
at once evident that these curves are simply the parallels of * 
the locus of centers. 

Conversely, if such a tube is generated from-a curve whose 
parallels are known to be factorable, the general annular 
surface derived from it and also the scroll, its line space 
image, will have the same property. Starting from this 
space, let e (a, f) = D be the equation of any plane curve ; 
then 

dë 


E (m£- 2)? i CS EF + me, mas, 
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is the equation of a sphere whose envelope is the surface of 
revolution formed by rotating p(a, 8) = p(Ẹ, 1) = 0 about 
the é-axis. This surface is an annular one contained in & 
linear congruence, its two director planes being ¢ + 17 = 0. 
The image in line space of this sphere is 
BV L + m2 = x — (mf + e)t, 
(mf + a)2= y — BV/1- mit; 
and the images of the directors are as follows: 
t + in = 0 becomes z +t=—0,2+y=0, 
t— in =0 We z=t, B= y. 
The generators of the scroll having these two lines for 
directrices must be of the form - 
z+y-_ A e 
e+? g£—í 
making them identical with the above form, we have 





Bà, Q—2), @—-4,_, Qt »,. 
9 ÉD eti 2 z=y 9 i; 
from which 
A EE — À 
Et = Avi rm, t EE 


But when the directrices are transformed, the meaning of 
2, remains the same and equation (1) shows what these 
directrices give when so transformed that the spherical 
image shall be a tubular surface. Hence: the equations 


i-e Bs ta 


9 (a, 8) = 0, p (a, B) + e (a — P) 


„ define a curve whose parallel curves break up into two distinct fac- 
tors, corresponding to the positive and negative directions of the 
normal, i. e., toward or away from the center of curvature from 
the point on the curve. | 

It is not difficult to generate other surfaces, all of whose 
lines of curvature of both systems are plane, and those of 
one system factorable ; any “surface moulure"' having a 
factorable director curve is of this type,* but the above 

# See Enneper, ‘‘ Untersuchungen uber die Flachen mit planen and 


spharischen Krummungslinien," Güttinger Abhandl., vol. 23, of. p. 45, 
eq. (68) ; and Bianchi, Differentialgeometrie, ch. 5, 2 74. 
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surfaces are the only annular surfaces of the class. The 
second mantle of the surface of centers is the cylinder erected 
on the evolute of the locus of centers of the generating 
spheres. When this cylinder becomes a straight line the 
surface is a torus. l T 

The factorability of the asymptotic lines of a scroll con- 
tained in à linear congruence depends entirely upon the 
configuration at the pinch points, all of which are situated 
on the linear directrices. When such a scroll is trans- 
formed into a tubular surface, these points go into the circu- 
lar points of the plane containing the locus of centers: hence ' 
' the configuration of the curve at the circular points deter- 
mines whether its parallels be factorable or not. 

In particular, when the equation of the scroll is of the 


form 
ee (2) +f(Q)=0, 
the asymptotic lines are factorable when 


HALL 


is & perfect square (or a constant); but this is the condition 
that all of the pinch points are double, so that the n gen- 
erators from each point of the multiple directrix are always 
the same, i. e., x real, n — x imaginary, x being constant. 

Scrolls of this type exist for every value of n. 

The corresponding condition for the curve is that @ + £ 
should be equal to a square (or a constant), a’ + # be- 
ing the tangential equation of the circular points. For 
curves of class 2 or 4 this expresses that the foci of its dual 
curve must all be singular, but this is not true when the 
class is higher. Thus the dual of the general bicircular 
quartic has not factorable parallels, but those of the car- 
tesian ovals, limacon, cardioid, etc., have—the latter giving 
the cubic, a(z? +y) = (a + 2x)°. 

This equation ste, B, y) (a + £) = f(a, B, 7) i8 of more »" 
general application than to the (n, 1) scrolls and seems nec- 
essary and sufficient in every case.* 





* This equation is derived in a different way in Salmon’s Higher plane 
curves, 3d edition, p. 103. 
CORNELL UNIVERSITY, 
October 30, 1900. 
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POSSIBLE TRIPLY ASYMPTOTIO SYSTEMS 
OF SURFACES. 


BY DB, L. P. EISENHART. 


(Read before the American Mathematical Society, February 23, 1901 ) 


In my note, entitled ‘‘A demonstration of the impossi- 
bility of a triply asymptotic system of surfaces,’’* which 
was read before the AMERIOAN MATHEMATICAL SOCIETY at 
its December meeting, I failed to take account of an excep- 
tion which presents itself in the discussion. It was found 
that in order that there exist a triply asymptotic system of 
surfaces, it is necessary and sufficient that the double sys- 
tem of asymptotic lines of each surface shall at the same 
time be geodesic lines on the surfaces. This double con- 
dition can be satisfied only when the asymptotic lines in 
both systems are rectilinear generators of the surface. The 
quadric surfaces are known to possess this peculiar prop- 
erty, and for the hyperboloid of one sheet and the hyper- 
bolic paraboloid these generatrices are real. Hence instead 
of the general negation previously given we have the quali- 
fied one: 

The only triple systems of surfaces cutting mutually in the real 
asymptotic lines of these surfaces are composed of properly asso- 
iet families of hyperboloids of one sheet and hyperbolic para- 

oloids. 

One such system can be gotten as follows: 

As, in the previous note, we consider space referred to 
any system of curvilinear coórdinates o, P, p, and let the 
cartesian coórdinates x, y, z of a point with respect to fixed 
rectangular axes be given in terms of pi, ps, ps by the equa- 
tions 


(1) a= Io, Pa P3) Y= DICH Pa £3); z= GH Pay Ps) 
«We have remarked that the coefficients of the system 





EIN Mas Top t 3 Bp,’ 

070 90 ER 90 
2 = = ——— = — 
(2) Ope ngo * Op, T Bp," 

070 90 00 00 


Sai" Bp, T Mp, + MS) 





* BULLETIN, January, 1901. 
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can be so determined that it will admit z, y, z, as particular 
simultaneous solutions. And we have found that the neces- 
sary and sufficient condition that the families of surfaces 
fi=const., p,=const., p, = const., 
shall cut one another in their asymptotic lines is expressed by 
(3) dj = hy = Ay = ln = Ay, = mm. 
Consider now in particular the case where x, y, 2 are such 
that they satisfy the equations 
99 do d0 
(4) 9p? > Ka Zei = 0, EIDA 
In order that this system may be consistent with system (2), 
it is necessary that, either all the coefficients in the right 
hand members of the latter be zero, or that x, y, z, as func- 
tions of o, Py De Satisfy the condition 
(ms) _ 9 
OCP Pas Ps)” 
t. e., that there exist a relation between x, y, z. As this is 
impossible, we must have 
(5) a, = 4, = 7 = dg = 0. 
It is evident that the most general expressions which x, y, 
# can have under the conditions (4) are 
& — GP; + bips + 6,0, + dp, + Ps + fps + gv 
(6) y= ape, + bep, + 69,0, + dp, + 6,0, + fe, + Jar 
Z = ay,p, + bpp, + ep, + dyo, + ep, + fuos + Ge 
where a, b, +, g, are arbitrary constants. The cartesian 
coordinates of a point on one of the surfaces p, = const. are 
given as the following expressions of the parameters p, and 
P which evidently refer to the double system of lines in 
which the surface is cut by the two families of surfaces p, — - 
const., p, = const., 
z= app, + Bp, + yP, + 9; 
(7) y = 20,0, + Bp, + Vila + do 
2 — aysp, + BP, + rap + ès 
where the expressions for a, ---, d,, as functions of p, a, +, 
gs are readily found by comparing systems (7) and (6). 
Eliminating p, and p, by means of Sylvester’s dialytic 
method, we find the following equation of the second de- 


gree : 
(8) («&) Cup) + (CI) Caray? + (af) (m2 — [C8 (a) 


0. 
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+ Lol Cp Jey + 0 (46) (ar) + (ar)(8)]z — 
[(48,) Ca.) st (ay,) Ca8,)] yz + Ae + By +G+D= 0, 
where, for the sake of brevity, we have written 
(afr) = a8, — 9,5, 
and A, B, C, D are functions of a, ..-, y, whose form is of 
no consequence in the discussion except that they are finite 
for finite values of the latter. 


Denoting by 4 the discriminant of the terms of second 
degree in (8), we find that 
(9) 4 — Q0. 

In consequence of this and of the character of A, B, C, as 
remarked, the quadric whose equation is (8) has ite center 
at an infinite distance. By giving to p, successive values 
in this equation, we get the equations of the form 

S (2, y, 2) = const., 

defining the family of surfaces p, = const. From (6) and 
(7) we see that the asymptotic lines on these surfaces are 
real when p, and a,-,9g, are real; hence these surfaces 
pP, = const. are of total negative curvature. Moreover, 
these asymptotic lines are distinct for general values of 
ga 4, Hence p, = const. defines a family of hyperbolic 
paraboloids. 

Since the formulæ (6) are perfectly symmetrical with 
respect to o, Pp Py it follows that in a similar manner we 
can show that o, = const. and p, = const. define respective 
families of hyperbolic paraboloids. Hence the formulæ (6) 
serve to define a triply asymptotic system of hyperbolic 
paraboloids. 

Consider the surface o, — k, where k, ie a fixed con- 
stant. The cartesian codrdinates of a point on this sur- 
face are given by (7), in which p, has been replaced by &,. 
If in the expressions thus obtained we put p, equal to k, 
a fixed constant, we get the codrdinates of a point whose 
locus is the asymptotic line in which the surfaces py = k, 
and p, = k, intersect, asymptotic for both surfaces. These 
expressions may be written 
(10) tb +p, y=m,+q, z=np, +r, 
where J, m,--, r are constant along the line; their expres- 
sions are readily found from (6). The equations (10) 
show that the curve along which p, = k, and p, — k, in- 
tersect is a right line—a rectilinear generator for each sur- 
face—as we have seen from other considerations. 

PRINOETON UNIVERSITY, 
February, 1901. 
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NOTE ON HAMILTON’S DETERMINATION 
OF IRRATIONAL NUMBERS. 


BY DR. H. E. HAWKES. 
(Read before the American Mathematical Society, February 23, 1901.) 


THE purpose of this note is to call attention to Hamil- 
ton’s use of the partition (Schnitt) in his definition of cer- 
tain irrational numbers.* 

Though Hamilton’s method of discussing the irrational 
number is open to serious criticism, it has some interest as 
affording an approximation to the rigorous theory afterward 
developed by Dedekind +, and also as presenting another 
example of the natural character of Dedekind’s definition 
of the irrational number. T 

For Hamilton time rather than space furnished the rudi- 
ment to which his intuition appealed for heuristic purposes 
and for his conception of unity. Starting with this concep- 
tion he gives a careful exposition of the operations on posi- 
tive and negative integers which do not carry one outside 
the system. A similar discussion of the rational number 
follows. From the analogy furnished by the laws of opera- 
tions on integral and rational numbers, Hamilton writes 
expressions by which he defines the fundamental operations 
on ratios of any two intervals (steps) of time, and assumes 
that to any such ratio corresponds a number which he calls 
an ‘‘algebraic number." This he does, even though be has 
considered the existence of no numbers save integers and 
fractions. In proceeding to develop his theory of irrational 
number Hamilton too often makes use of these ‘‘ algebraic 
numbers,’’ of whose existence and properties he has proved 
nothing. Throughout his work, however, fractions could 
be substituted for '‘ algebraic numbers ?' and such a change 
would go far toward making his work rigorous In the fol. 
lowing outline of Hamilton’s work, it is assumed unless the 





* “Theory of conjugate functions, or algebraic couples; with a pre- 
liminary and elementary essay on algebra a~ the science of pure time,” 
Transactions of the Royal Irish Academy, vol. 17 (1837), p. 293 This esay 
was read in 1833 : 

T Rtetipkeit und irrationale Zahlen, 1872 

{In commenting on Tannery’s development of the partition (Intro- 
duction à la théorie des fonctioı s d'une variable, 1886) from a remark 
made by Bertrand (Traité d arithmétique, p 203. 149) Dedekind says, 
(Was sind und was sollen die Zahlen, 1893, p xiii): '' Diese Ueherein- 
stimmung scheint mir ein erfreulicher Beweis dafur zu sein, dass meine 
Auffassung der Natur der Sache entspricht ” 
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contrary is stated, that the numbers considered are ‘' alge- 
braic numbers.’ 

Hamilton first shows as a corollary of a theorem on mul- 
tiplication that for any numbers + and z^ 


= H = 
z" za" according as z' = a. 


He next assumes that between any two fixed numbers an in- 
finite number of numbers must lie. Suppose A and B be 
two finite sets of numbers, arranged in order of magnitude, 
increasing and decreasing respectively, such that the great- 
est number in À is less than the least number in B. There 
must exist in general an infinite number of numbers less 
the least number in B and greater than the greatest number 
in A. Hamilton goes on to say that if the numbers in A 
and B are not given explicitly, but by some law, it may 
happen that no rational number can exist between À and B. 
But his intuition indicated that such sets could be used to 
determine non-rational numbers. This he elaborates in de- 
tail for a few particular cases, as for example the square 
root of a positive fraction. His work on this case is in 
outline as follows : 


Let b denote a positive number. Suppose we have the sets 
À and B composed of an infinite number of rational ele- 
ments 
a caca: and f >RADA 
respectively, where . 
ah <b <P; (5j —1, 7). 
Hamilton shows that these two sets A and B determine 
uniquely a quantity which he calls the irrational number a 


He defines the product a’ by the partition ( A’, B’) where 
the elements of A’ and B’ are 


a? < a,? < a, «e and B, — BY >> B, > ney 


respectively. He then shows that the number afforded by 
this partition is neither greater nor less than b. Thus he 
calls 


a= vb. * 


Hamilton does not define addition or subtraction of parti- 
tions, nor does he order them. Neither does he show that 
every partition of real numbers defines a real number. 


YALE UNIVERSITY, 
February, 1901. 
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MUTH'S ELEMENTARTHEILER. 


Theorie und Anwendung der Elementartheiler. Von Dr. P. 
Mura. Leipzig, B. G. Teubner, 1899. xvi and 236 pages.’ 
Tur work under review covers an important subdivision 

of general invariant theory, & branch which deserves to be 

more widely known than itis. No doubt the cause of this 
neglect has been the lack of a text book, and Dr. Muth's 
monograph will help to remedy the defect. 

The original problem which led to the series of investiga- 
tions in this theory was that of the canonical reduction of 
two quadratic forms. In 1829 Cauchy published a paper 
on the secular inequalities of the planets,* in the course of 
which he showed that two quadratic forms can in general 
be reduced to sums of squares of the same variables He 
also proved that the latent roots of the family} are all real, 
in the special case when one of the quadratic forms is posi- 
tive for all real (non-zero) values of the variable, i. e.. is defi- 
nite. Cauchy’s results, though not perfectly general, cover 
most of the cases which occur in the first stages of geometry 
and dynamics. Jacobi (1834) found similar results by a 
somewhat different process.f Both Jacobi and Cauchy ex- 
clude the possibility of equal latent roots appearing in the 
problem. 

The first systematic account of all possible types of two 
quadratic forms (allowing for equal latent roots) is to be 
found in Sylvester’s paper (1851) on the contact of lines 
and surfaces of the second order.§ Here we meet with the 
idea of classification by means of invariant factors.|| Sylves- 
ter obtains 4 types of contact for conics, and 12 for quad- 
rics; of course the algebraical possibility that the two forms 
differ only by a constant factor is trivial in a geometrical 





* Exercices de mathématiques, vol. 4, p. 140 = Oeuvres (2d series), vol. 
9,p 174 Cauchy really discusses only the case when one of the original 
forms is already a sum of squares. 

{If A, B are twogiven quadratic forms, the system of forms ud + vB 
(u, v arbitrary parameters) willbe called a family (as an equivalent for 
Kronecker’s term Schaar) The latent roots are the values of the ratio 
(— u :v) for which the determinant of the family vanishes; this determi- 
nant will be denoted by |uA + vA]. 

1 Crelle, vol. 12, p. 1—Ges Werke, vol. 3, p. 191. 

d Phil. Magazine (4th series), vol. 1, p. 119 ` 

| Weierstrass's Elementarthever, and Sauvage’s élémentaire diviseur. A 
definition is given in a later footnote on Weierstrass'8 work. 
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sense.* Unfortunately Sylvester did not prove that the 
invariant factors do constitute a complete set of invariants 
for two quadratic forms; nor did he explain how to effect 
the reduction of given forms to his standard types. T 

In 1855 Cayley pointed ont that Sylvester’s ideas could 
‘be applied to the classification of homographies (4. e., 
one-to-one transformations of space, or collineations). T 
Here will be found a general formula for the number of pos- 
sible collineations in space of any dimension n ; and the cal- 
culation is given for n = 1, 2, =, 11. Cayley gives symbols to 
represent each type by means of the indices of its invariant 
factors and enumerates the possibilities for n = 1, 2, 3, 4.8 
In concluding the paper he says: Je reviendrai à cette théorie 
à une autre occasion ;" but apparently this promise was not 
fulfilled. 

The next advance in the general theory was made in 1858 
by Weierstrass, who gave a general method of reducing 
two quadratic forms to sums of the same squares.|| He 
proved that if one of the forms be definite, the reduction 
is still possible, even if equalities exist among the latent 
roots. Using this result in connection with the dynamical 
problem of small oscillations about a position of equilibrium, 
Weierstrass showed that the stability is not destroyed by 
the presence of equal periods in the system ; both Lagrange 
and Laplace supposed that equal periods would involve in- 
stability.{{ Weierstrass’s theorem is commonly attributed 


, *In the altar problem we must further allow for the case of no 
contapt, so that in all we have 6 and 14 as the numbers of the distinct 
types of families of quadratic forms (n =3 or 4). 

f To illustrate the simplification introduced by the use of invariant 
factora in geometry, the reader may compare the condition for double 
contact of two conics as found by Salmon (Contes, p. 346) with Sylves- 
ter’s ; which is simply that there should be two equal near invariant 
factors of the determinant of the family. 

‘Recherches sur les matricesdont les termes sont des fonctions linéaires 
d’une seule indéterminée.” Crelle, vol. 60, p. 813 = Coll. Math. Papers, 
vol. 2, p. 216. 
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d In.his list for n—4 the two symbols 1 > gj are omitted: Muth 


would write these [(21)1], [(11)(11)]. This is obviously an oversight 
on Cayley’s part, as he states that 14 types are ible, but gives only 
12. The indices of the invariant factors are the differences between Cay- 
ley’s numbers. 

Cie Monatsberichte, 1858, p. 207 — Ges. Werke, vol. 1, p. 233. 

The point of the theorem will probably be grasped better by consid- 
ering a special (imaginary) example. Suppose we had a system with 
kinetic aud potential energies, T= xy’, V — p?zy + 32, then the equa- 
tions of motion are ei! = — px, y// — — (pty +x), and corresponding to 


; At 
a term À ain pt in z we have one 25 cos pt in y. Weierstrass proves that 





such a case is impossible in a real dynamical system. 
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by English writers * to Routh who rediscovered the theorem 
in his Adams prize essay (1877). Routh’s elementary proof 
of the theorem requires to be supplemented by Weierstrass's 
algebraical theorem. 

A beautiful and elementary proof of Weierstrass’s the- 
orem was given by Kronecker } in 1868, which appears to 
be less familiar than it ought to be. 

Weierstrass f finally completed the theory of quadratic 
forms in 1868 ; and extended his theorems to the more gen- 
eral idea of bilinear forms. He proved that two families of 
forms are capable of transformation into each other if (and 
only if) the invariant factorsS of the two families are the 
same. The only case of exception to Weierstrass’s re- 
sults occurs when the determinants of the two families are 
identically zero ; and this case was examined by Kronecker 
in a paper immediately following Weierstrass’s (and quoted 
above). The complete statement of the conditions of equiv- 
alence in every case has been effected by Kronecker in a 
number of memoirs. || 

Invariant factors presented themselves from another 
point of view to H. J. 8. Smith, who encountered them in 
connection with linear equations with integral coefficients. 
He proves that many of the resulte known for the invari- 
ant factors of a family of forms hold for those of a matrix 
of integers. 

We turn next vo the historical development of Cayley’s 


* E. g., Thomson and Tait, Natural Philosophy, vol. 1, 2 348 eand m; 
where the reader will find some useful remarks on the physical side of 
the theorem. Routh was led to his theorem by the consideration of lin- 
ear differential equations with constant coefficients ; and in this conneo- 
tion obtained some other results due to Weierstrass, which were given 
originally in a communication to the Berlin Academy (in 1875), but were 
only published in vol. 2 of his works. 

T Berl. Monaisberichte, 1868, p. 339 — Ges. Werke, vol. 1, p. 165. 

Berl. Monalsberıchte, 1868, p 310 — Ges. Werke, vol. 2, p. 19. 

d Sa : Suppose that the determinant of the family (uA + vB) 
bas a repeated factor (au-+ bv)? ; and further that every first minor is di- 
visible by (au + bv)? but not by (au--bv)t*!; every second minor by 
(au + bv) ; and soon. Then the numbers p —q, g—r, ~are the indices 
of the invariant factors to the base (au + bv) ; they have the property 
(p—g)=(qg—v)=::=1, which was recognized by Cayley (1 c., supra). 
The invariant factors can also be defined rationally, by means of highest 
common divisors (a remark due to Smith and Kronecker). 

|| For the results (which are rather long) the reader may consult § 8 of 
Dr. Muth’s book ; there 18 another investigation and a list of papers in 
the Proc. Lond. Math. Soc., vol 32 (1900), p. 98. 

{ Math. Papers, vol. 1, p 367, and vol. 2, p. 623; some of Smith’s re- 
sulta were published before the corresponding theorems for a family. For 
other references in this direction consult the Encyklopädie der Math. 
Wiss., vol. 1, pp. 582-597. 
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theory of matrices*; the foundations were given by him 
in 1855 + and his first long memoir on the subject appeared 
in 1858 f; together with an application (in a consecutive 
paper) to Hermite’s theory of the automorphic substitutions 
of a given quadratic form. Some years later (1867) La- 
guerre § published an independent account of his calculus 
of rr linear systems’’ which are virtually Cayley’s matrices. 
But in 1853, Hamilton || had given certain results relating 
to a ‘“linear and vector’’ function; which is essentially a 
matrix of order 3. For instance he proved that such a 
function satisfies a certain cubic equation with constant co- 
efficients, and he found the reciprocal function. He there- 
fore anticipated Cayley’s theorem on matrices] (for the 
special case n= 3). Further, in 1867, he showed (Ele- 
ments of quaternions) that the cubic'may reduce to a quad- 
ratic (a special case of Frobenius’s theorem referred to be- 
low). Probably this is the theory alluded to by Study (in 
the reference quoted above). 

In a letter to Nature (vol. 44 (1891), p. 79), Professor J. W. 
Gibbs claims for Grassmann the first suggestion of the theory 
of matrices (Augdehnungslehre, Isted., 1844). In this con- 
nection Whitehead (Universal algebra, Cambridge, 1898, vol. 
1, p. 248) refers only to the second edition (1861) of Grass- 
mann’s work and implies that Cayley had anticipated Grass- 
mann. Iam unable to give any opinion on this point ; nor 
do I know the extent of Grassmann’s results. 

In 1878 Frobenius** pointed out the important connection 
between bilinear forms and matrices (or linear substitutions). 
Being familiar with the results of Weierstrass and Kronecker 
on the equivalence of families of bilinear forms,ff he was 
naturally led to introduce the idea of invariant factors into 
the theory of matrices. This step has proved most fruitful 
in both theories ; it enabled Frobenius to give the first gen- 
eral proof of Cayley’s theorem, and to modify the theorem in 
the case when some of the latent roots of the matrix are 








* Study in his report on complex units (Enoyklopádie der Math. Wiss., 
vol. 1, p. 160) states that a theory had been hinted at by Hamilton. (Bee 
below.) 

+ Orele, vol. 50. p. 282 — Coll. Math Papers, vol 2, p. 185. 

i Lond. Phil. Trans., vol 148, p. 17 — Coll. Math. Papers, vol. 2, p. 475. 

8 Jour. École Polyt., vol. 95, p. 216. 

lta: on quaternions, pp. 559-569. 

| That is: A matrix of order n satisfies an identical equation of order n. 
Apparently Cayley himself only verified the theorem up to n = 3; his proof 
is for the case n= 2 only. 

** Orelle, vol. 84, p. 1. 

tt It may be remarked that Frobenius gives a very convenient summary 
of these resulta in Q6 of his paper 
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equal.* Amongst other methods suggested in this paper is 
the use of the expansion of (4E — A)—' to investigate prop- 
erties of A, or rather of the latent roots of A; the expan- 
‘sion is made in powers of (2 — a) (a being any latent root), 
and starts with a term in (4 — ais, (4— a)* being the first 
invariant factor of | AE — A |, which belongs to a. + 
Among other applications of this method we may men- 
tion Frobenius’s definition t of any function of A: provided 
that (4) can have a meaning, it is equal to the sum of the 
residues of f(4) (AE — A)! taken for all the latent roots of 
A. While speaking of this, I should call attention to what 
appears to be an oversight in the Clark University decen- 
nial volume (Worcester, Mass., 1899); in the report on 
the mathematical faculty, it is stated that Sylvester (in 
1882) was the first to give an expression for the general 
power of a matrix. But according to Frobenius, Stickel- 
berger (in 1881) gave the expression, and moreover for the 
case of repeated latent roots; while Sylvester assumes all 
the latent roots to be unequal.§ For the generalized func- 
tion of a matrix Sylvester was the first to give a result || (but 
with the same restriction on the latent roots) ; it is claimed 
in the Clark volume that the extension to the case of equal 
latent roots was made by Professor Henry Taber (in 1898, 





* By "latent roots ” of a matrix 4, we mean the roots of the determi- 
nantal equation | AE — A |= 0, where E is the unit matrix. Probably 
the simplest proofs of the theorems are those of Frobenius (Berl. Sits- 
ungsberichte, 1896, p 604), though the same proof of Cayley’s theorem had 
been given by Buchheim (Mess. of Math., vol. 13 (1883), p. 62). 

T To illustrate the method I collect six theorems on special matrices 
giving their authors and dates of publication. All the theorems can be 
proved most simply by Frobenius's method. (L. R. denotes latent roots; 
1. F , invariant factors.) , , 

A L. R real (Cauchy, 1829). 

A symmetrical {7 F. linear (Weierstrass, 1850). 

L. B. eé (Brioeohi, 1854). 
A orthogonal) 7. linear (Frobenius, 1878) i 

L. R. imaginary ( Weierstrass, 1879). 
4 alternate I. F. linear (Weierstrass, 1879). 
All these theorems were rediscovered by Professor Henry Taber ( Proc. 
Lond. Math. Soe., vol. 22 (1891), p. 449). 

Berl. Suizungsberichte, 1896, p. 7. 

r P defining f(4) as above, Frobenius (1. c., p. 11) says—‘‘In 
dieser Weise hat Stickelberger in seiner akademischen Antrittsschrift : Zur 
Th. d. lin. Diffgl. (Leipzig, 1881) die allgemeine Potenz defimrt und. . . 
benutzt. Eine weniger genaue Definition giebt Sylvester : Sur les puissances 
et les racines des subst. lin. (Comptes rendus, vol. 94 (1882), p. 55)." 
Professor Stickelberger informs me (in a private letter) that some copies 
of his paper were published at the end of 1880. 

|| Johns Hopkins University Circulars, vol. 3 (1882); of course the step 
from the generalized power to the general function is almost self-evident. 
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1894). But Buchheim* (in 1886) had already made the 
extension, and in & more concise form ; both forms are, of 
course, contained in Frobenius's statement quoted above. 

In referring to Frobenius we should remark that he has a 
claim to be a joint discoverer of a theorem, frequently attri- 
buted to Jordan,t to the effect that every periodic linear 
substitution can be reduced to the form 


t 


Y, = ey. 


where e, isa root ofunity. This theorem has been recently 
taken up afresh by E. H. Moore and H. Maschke.f On 
the whole, the investigation of Frobenius seems the most di- 
rect and the clearest of all that I have seen ; though, as it 
requires an elementary acquaintance with the theory of mat- 
rices, students of group-theory and differential equations 
may prefer an independent proof. 

Of recent developments, we may refer to a recent paper by 
8. Kantor§ (1900) in which the theory of invariant factors 
of higher kinds (Stufen) is examined by the aid of geometry 
in space of n’ dimensions. This appears to be an entirely 
fresh departure. 

Dr. Muth’s book is the first published account of the 
theories which we have sketched above ;|| our thanks are 
due to the author for having collected so many useful re- 
sults into one convenient volume. On the other hand it 
may be questioned if readers beginning the subject will not 
do well to modify his arrangement. Thus §1, on general 


* Phil. Magazine, 5th series, vol. 22, p.173. 

T On p. 16 of his paper, Frobenius shows that for periodic substitutions 
all the invariant-factors are linear and that the latent roots are roots of 
unity. On p. 21 ıt is stated that the reduced forms depend only on the 
invariant factors (using Weierstrass’s results for bilinears), and the 
combination of these two facts leads directly to the theorem as given. 
Jordan’s statement occurs later in the same volume of Crelle (p. 112) ; 
there can be little doubt as to their independence. 

+ Math. Annalen, vol. 50 (1898), pp. 215 and 220; of. L. E. Diokson, 
** Report on progress in the theory of linear groups,’’ BULLETIN, vol. 6 
(1900), p. 13. 

3 Monatshefte für Math. und Phys., vol. 11, p 193 ; another way of ap- 

lying n dimensional geometry to matrices has been given by Buchheim 
Troc Lond. Math. Soc., vol. 16 (1885), p. 63) after Grassmann. We may 
consult also Whitehead’s Univeral algebra (vol. 1, p. 248). 

| Two fairly complete accounts of the theory have appeared recently : 
Ed. Weyr. Monatshefte fur Afath. und Phys., vol. 1 (1890), p. 163 ; Sauvage, 
Ann. Ecole Norm. Sup. (34 series), vol. 8 (1891), p. 285, and vol. 10 
(1893), p. 9. Neither of these covers so much ground as Dr. Muth's 
work For sketches and references we may consult also F. Meyer’s re- 
ports on general invariant theory ; Jahresbericht der Deutschen Math. Ver., 
vol. 1 (1890), p. 106 and Encyklopädie der Math. Wiss., vol. 1, p. 327. 
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properties of invariant factors, will probably be found one 
of the hardest in the book. In 82 willbe found a good ac- 
count of the theory of ‘‘ multiplying” bilinear forms; the 
author follows Frobenius in preference to Cayley,* and 
introduces a matrix only as a picture (Bild) of the bilinear 
form. The theory of forms (or systems) with elements 
which are integers in various regions of rationality, occupies 
888-5 and 18. It may be pointed out that these methods 
can be applied} to deduce the principal theorems of $1. 

In 886-9 the theory of equivalence of families of forms is 
considered by the methods of Weierstrass and Kronecker ; 
it seems to me that a somewhat easier introduction to the 
theory will be found in Darboux’s paper on quadratic 
forms ;{ and in Stickelberger’s extension of the same to 
bilinears ;S after which Muth’s work will follow. Itmay be 
questioned if any advantage is obtained by the use of double 
suffixes in the reduced forms, at any rate in the tables (pp. 
91, 116, 124, 133). The geometrical interpretation of the 
results on p. 124 by means of conics should be noted ; this 
will be found in Sylvester’s paper, already noted. 

The remainder of the book is occupied chiefly with special 
applications ; S10 contains Frobenius’s method of reducing 
a given bilinear form by means of congruent substitutions ;|| 
S11 gives a method of reducing a linear substitution to 
Jordan’s canonical form, though it seems to me that the most 
practical method for reducing any substitution (whose latent 
roots are known) is that due to Jordan himself. 

An application of the results of $11 is made in $16 to the 
theory of a system of linear differential equations with con- 
stant coefficients; this seems to be due to Weierstrass. 

In $$12, 13, we have an account of linear substitutions 
which are automorphic for a given form ; but it ought to be 
remarked that the first result in this direction is due to 





* Ib is somewhat remarkable that Dr. Muth nowhere refers to Cayley— 
not even in his historical account of the subject. 

T Cf. Hensel, Crelle, vol 114 (1894), pp 95 and 109. Two papers re- 
lated to this point of view have just been published by Dr. Muth himself, 
Crelle, vol. 122 (1900), pp. 84 and 89. 

1 Liouvtlle’s Jour. de Math , 2d series, vol. 19 (1874), p. 347. 

% Crelle, vol. 86 (1878), p. 20. 

| This problem was attacked by Kronecker (1n 1866) in conneotion 
with Weierstrass’s general theta functions. Kronecker finally settled 
the problem in 1874, after some contioversy with Jordan. The problem 
is of interest in certain dynamical questions, as well asin connection with 
theta functions." 

{Cours d'Analyse, vol. 3, Art. 143; a reproduction is given in Craig’s 
book on Differential equations A series of papers on this subject will 
be found in vols. 30-32 of the Lond. Math. Soc. Proc. (1899-1900). 
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Hermite,* whose conclusions were translated into the lan- 
guage of matrices by Cayley. No references are given to 
recent researches on the so-called ‘‘singular’’ cases of au- 
tomorphic substitutions. It is perhaps worth while to call 
attention to a result of Loewy’s{ which shows that, by us- 
ing a Hermite form (with complex coefficients) in place 
of the real symmetrical and alternate forms hitherto con- 
sidered, we avoid all consideration of the singular cases. 
Loewy’s paper contains many other valuable results and 
will repay careful study. 

In §§14, 15, Dr. Muth obtains certain results on linear 
invariant factors; here we should note Klein’s results in 
his inaugural dissertation (1868)§, which have been further 
extended by Loewy.|| S17 contains an elaborate account 
of all possible collineations in space of n dimensions, which 
is afterwards applied to spaces of two and three dimensions. 
As stated before, the first attempt to classify such transfor- 
mations is due to Cayley, who did not, however, include the 
possibility of ‘‘singular’’ collineations ; as an illustration 
of what is meant by such collineations we may take the 
perspective of ordinary drawing, in which a point of the 
picture represents all the points on a certain line through 
the eye. Another form of classification has been given by 
Whitehead. al 

Apparently it is‘usual to conclude a review with a list of 
misprints. Of those which I have noticed, not many need 
delay the reader. In several places the short vertical lines 





* Crelle, vol. 47 (1854), p. 309 (n—3) and Camb. and Dublin Math. 
Jour., vol. 9 (1854), p. 63 (n— 4). In connection with Muth’s table 
on p. 172 we may refer to Jordan, Liouville’s Jour. de Math. (4th series), 
vol. 4 (1888), p. 349. 

T See 3 11 of Frobenius’s paper; it had been considered previously (in the 
special case n = 3) by Bachmann, Tannery and Hermite, without the aid of 
matrices. More recent investigations are those of Loewy in Math. Annalen, 
vol. 48 VS p. 97 and vol. 49, p 448; of Taber, Proc. Lond. Math. Soc., 
vol. 24 (1893), p. 290, and vol. 26 (1895), p. 364; also in Muth. Annalen, 
vol. 46 (1895), p 561, and a number of papers in the BULLETIN. In con- 
nection with Taber’s work we should notice a paper by Rettger (Amer. 
Jour. of Math., vol. 22 ('900), p. 62, which gives similar results from 
the point of view of general continuous group theory. (See also the 
Clark volume, already quoted. ) 

{Nova Acta Leopoldina, vol. 71 (1898), p. 379 —Math. Annalen, vol. 50, 
p. 569. Cf. Gottinger Nachrichten. 1900, p 298. 

3 Reprinted in Math. Annalen, vol. 23 ; the theorem alluded to is given 
on pp. 561, 562 and is, from the point of view of Klein’s dissertation, a 
Subsidiary result. In the reprint Klein remarks that the theorem seems 
no$ to have been sufficiently considered. 

Crelle, vol. 122 (1900), p. 53. 
Universal algebra, vol. 1, p. 316. 
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(used to indicate determinants) have been misplaced. In 
the lists of reduced forms some small errors have caught 
my eye ;* on p. 142 (footnote) in reference to Frobenius’s 
paper in Crelle, vol. 86, we should read p. 146 for p. 20. 
Near the foot of p. 166, ($+ T)? (S+ T) should be 
(S-- T)? (S— T); and in some places there are slight 
errors in the titles of papers quoted 

In conclusion I may say that Dr. Muth’s book is of great 
interest and very useful in extending one’s knowledge of 
certain branches of the subject. I hope that it may induce 
other readers to take up this part of invariant theory, 
which is important on account of its applications ds well as 
for its intrinsic interest. 

T. J. P4. Bromwior. 
Sr. JOHN’s COLLEGE, CAMBRIDGE, 
January 1, 1901. 
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Kurzgefasste Vorlesungen über verschiedene Gebiete der höheren 
Mathematik, mit Berüchsichtigung der Anwendungen. Von 
De. RoBERT Fricke. Large 8vo. Pp. ix 4-520. Leip- 
zig, B. G. Teubner, 1900. 


Two objects are sought in Dr. Fricke’s timely book : 
first, to supply a defect in German mathematical literature, 
a handbook for students who have mastered the elements 
of analysis and are not yet qualified to read profitably the 
highly specialized treatises ; second, to smooth the way for 
technical students who discover a taste for the more ab- 
stract branches of mathematics. The present volume is 
confined to analysis and theory of functions, a second is an- 
nounced as in preparation, to treat of advanced portions of 
algebra and geometry. 

The reader is presumed to have a pretty thorough ac- 
quaintance with integral calculus, though not with the cal- 
culus of imaginaries. Fourier’s series are first introduced, 
with applications to vibrating strings and to diffusion of 
heat. A short chapter is given to spherical and cylindri- 
cal harmonics. with tables for the functions P (a), 
P,e), — Px) according to Byerly, and of J,(4) and J,(#) 


* The second form in each of the following needs correction: p. 91 
(c. 3) ; p. 117 (5) and (8). The last of these has an x instead of a y ; in 
each of the other two a suffix has been misprinted. 
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according to Lommel. The remaining chapters are based 
upon the third. Functions of a Complex Variable, and it is 
in this narrow space of 100 pages that the skill of the 
author in concise and transparent exposition is most strik- 
ingly evident. 

In attractive, inductive sequence, mainly in geometric 
style, are presented linear functions and inversion with 
respect to a circle, stereographic projection, typical rational 
functions, exponential and hyperbolic functions, then the 
general concept of analytic functions of the complex va- 
riable. The style is that of the lecturer rather than that of 
the critic, and the requirements of rigor are met by making 
definitions and hypotheses amply inclusive. At once the 
motion of an incompressible fluid is taken up briefly, and 
the question of a function whose integral (f(x, vide from 
point to point of a domain shall be independent of the path 
s. Thus are brought in the potential equation, Cauchy’s 
integral, and Green’s theorem, while the notion of analytic 
function is still in the formative stage in the student’s 
mind. Power series, convergence, irregular points, entire 
functions developed in products, and the gamma function 
are rapidly sketched, the chapter closing with a well illus- 
trated and suggestive paragraph on Riemann surfaces and 
the problems arising from them. 

Elliptic functions are treated first by the Weierstrassian 
method, then conversely after Lagrange and Jacobi, as 
based upon integrals and theta functions. Here, as earlier 
for spherical harmonics, tables are given: for the elliptic 
integrals of the first and second kinds and their periods, and 
for log q as & function of k. These tables are from Lévy’s 
Précis élémentaire etc. Numerous applications of elliptic 
functions fill 60 pages, among which the short paragraph on 
confocal quadric surfaces and elliptic codrdinates is the 
one that will be most useful to teachers. 

Two concluding chapters are devoted to ordinary and par- 
tial differential equations in complex variables, the method 
and applications being principally drawn from Fuchs, Klein, 
Schwarz, and Jacobi. These chapters, though condensed, 
are not crowded, but are throughout readable. Most teach- 
ers to whom the purpose indicated by Dr. Fricke appeals 
as eminently desirable will find this book full of help- 
ful suggestions, and will moreover find their own interest 
in the successive topics vigorously stimulated by the occa- 
sional reading of a chapter. The second volume will be 
awaited with not a little of curiosity. 

Two extracts from the preface are deserving of considera- 
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tion in this country at least. “— Ich darf wohl auf Zu- 
stimmung hoffen, wenn ich die Meinung äussere, dass zu 
einer tiefer gehenden Verständniss der Mechanik sowohl in 
ihren Grundproblemen als in ihren Einzelausführungen 
verschiedene mathematische Disciplinen erforderlich sind, 
die zur Zeit leider eine regelmässige Pflege an den techni- 
schen Hochschulen nicht finden. * * * In Amerika und 
England sehen wir vielfach ein Unterrichtssystem in Kraft, 
bei welchem mit relativ geringfügigen mathematischen Hilfs- 
mitteln höchst ausgedehnte Gebiete der Anwendungen be- 
rührt werden. ‘Der richtige Weg liegt auch hier gewiss in 
der Mitte. Um ihn mit Erfolg zu betreten, wird die Math- 
ematik mit den technischen Wissenschaften unter gegen- 
seitiger bereitwilliger Förderung Hand in Hand gehen müs- 
sen.’ 
Henry 8. WHITE. 


Ebene Geometrie der Lage. Von Prorkssor Dr. R. BÖGER. 
Leipzig, G. J. Göschen’sche Verlagsbuchhandlung, 1900. 
(Sammlung Schubert, VII.) 8vo. Pp.x-+ 289. Priced 
marks. 


A NEW text book on the geometry of position is prepared 
by Dr. Boger, who is Professor at the Real-gymuasium in 
Hamburg. The book has some novelties, and distinctive 
merits. In the first place it is well arranged for refer- 
ence. Section title and number and paragraph number 
stand at the head of alternate pages. Paragraph numbers 
appear black in the text, and are set also in smaller type 
in the outer margin. Definition, theorem, and corollary are 
distinctly marked as such. Thus the frequent references 
back and ahead are consulted with the least possible labor, 
a rapid review is easy, and the student is never left in 
doubt as to purpose or connection of a sentence. The table 
of contents is full and well divided, but there is no index. 
This lack however will not greatly hinder the student, for 
at every critical point a line of back references is struck 
which leads to every desired explanation. 

- As its title indicates, the work is confined to the plane. 
Beginning with the perspective relation, it concludes with 
the construction of a polar relation out of any five real or 
imaginary elementary data (pairs of conjugate points). 
Steiner and Cremona defined projective ranges to be any 
two members of a sequence, each member of which is in per- 
spective with the next preceding and the next succeeding. 
This definition Boger adopts, and so proves as a theorem 
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the invariance of harmonic sets under projective transfor- 
mation. Von Staudt and Reye chose the reverse order, but 
I think it probable that most teachers will agree with Boger 
as to the easier order for students. From two projective 
pencils or ranges a conic is generated; then follow the 
simpler properties ; afterward the theory of involutionson a 
range or pencil, then upon a conic; and 80 are reached the 
relation of pole and polar and the usual metric properties 
of diameters and foci. 

Here the second part of the work begins, wherein not the 
conic itself, but-the polarity which it mediates, is the princi- 
pal object. Whatever determines the one determines the 
other, and these determining elements may just as well be 
pairs of conjugate points as exclusively self-conjugate points. 
The problems of construction thus generalized are here 
solved by the aid of concepts that will be new to many 
readers : adjoint, conjoint, component, and resultant invo- 
lutions. On a conic two involutions are resultant, for ex- 
ample, when their centers are conjugate with respect to the 
conic ` and if two involutions are considered, both are com- 
ponent to their common resultant. The terms seem worthy 
of general adoption. A brief treatment of sheaves of 
polarities and of cubic involutions is added, breaking off 
where the next topic would be polarities of the third order. 

Most striking is perhaps the absence of the word imagi- 
nary. From the preface we extract the author’s reason for 
the omission. ‘‘ Von Staudt’s theory of imaginary elements, 
founded upon a normal Wurf, I have replaced by a theory 
based upon a perfectly arbitrary Wurf. This theory renders 
it needless to distinguish between real cases and imaginary, 
because it employs only such proofs as are valid for all cases 
alike. If we retain the involution that is determined by a 
Wurf, and base our proofs always on this involution, never 
on the presence or absence of its two coincidence points, 
then there will never be need to introduce imaginary ele- 
ments. Further, the word imaginary is not only needless, 
it is positively a detriment ; for since it has no correspon- 
ding image ( Vorstellung), its effect can be nothing but con- 
fusion. Therefore the word imaginary ought to be outlawed 
from the geometry of position." This reasoning and a simi- 
lar plea in the closing paragraph may not convince the 
reader. but they are well worth study to any one who is 
prone to mix algebraic short cuts with geometric reasonings. 


Henry S. WHITE. 
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NOTES. 


Ar the regular meeting of the London mathematical so- 
ciety held on February 14, 1901, the following papers were 
read: ‘ The distribution of velocity and the equations of 
the stream lines due to the motion of an ellipsoid in fluid 
frictionless and viscous," by Mr. T. Sruarr ; ‘‘ On factoriz- 
able twin binomials,” by Lieut. Col. A. J. CUNNINGHAM ; 
** Concerning the abelian and related linear groups," by 
Professor L. E. Dioxson ; ‘‘ A geometrical theory of differ- 
ential equations of the first and second orders,’’ by Mr. R. 
W. Hupsox ; ‘‘ Brocardal properties of some associated 
triangles," by Mr. R. Tucker ; ‘‘ A note on stability, with 
a hydrodynamical application," by Mr. T. J. l'A Brom- 
wion ; ‘‘ Remarks on notation in Lie’s theory of continuous 
groups, and on Schur’s determination of a continuous group 
of given structure, with remarks on Mr. J. E. CAMPBELL’ 8 
paper (read at the January meeting)," by Mr. H. F. 
BAKER; ‘Note on curves similar and parallel to one 
another," by Mr. D. B. Mare. 


Tue publication of the works of Werersrrass, which the 
Prussian academy of sciences has undertaken, has been un- 
expectedly delayed, and little progress has been made dur- 
ing the past year. About three-quarters of volume IV. 
(Abelian functions) has now been printed. 


THE first number (1901) of the Annuaire des mathéma- 
ticiens, published by Messrs. Carré and Nand, of Paris, is in 
press, and will soon appear. It will contain about 7,000 
names with addresses, a list of the principal mathematical 
societies, and a list of mathematical periodicals. Besides 
this, the volume will contain certain scientific notices ; 
among the authors of these notices will probably be Pro- 
fessors P. APPELL, Gino Loria, D. Hitperr, F. Kreis, C. 
Méray, J. PETERSEN, and P. H. Scmoure. The preface will 
be by Dr. © A. LarzsANT, editor of D’ Enseignement mathé- 
matique, to whom the publication of the volume is due. 


Tue Prussian academy of sciences has received the sum 
of 100,000 marks from the city of Berlin. The money was 
given at the celebration of the two hundredth anniversary 
of the academy, and the interest on it is to be applied at 
intervals of four years to an important investigation in the 
field of the natural sciences. The first award is to be made 
in 1904. 
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CAMBRIDGE Universiry.—The Adams prize for 1901 has 
been awarded to H. M. Maonoxazn, fellow of Clare, for 
an essay on ‘ Electric waves." The subject for the Adams 
prize in 1903 is: ‘The bearing on mathematical physics of 
recent progress in the theory of the representation of dis- 
continuous quantity by series, with special consideration of 
the logical limitations of the processes involved.” The 
prize is open to the competition of all who have received a 
degree from the university. ‘The successful candidate will 
receive about £225. Essays are to be sent to the vice- 
chancellor by December 16, 1902. 


Tug Naples academy of mathematical and physical sci- 
ence has awarded its mathematical prize of 1,000 lire for 
1899 to Dr. G. ToRELLI, professor at Palermo. The subject 
was the totality of prime numbers. The theme for the next 
award is the theory of invariants of the ternary biquadratic, 
considered preferably in relation to the condition for split- 
ting iuto lower forms. The essays may be written in 
Italian, French, or Latin, and must be sent in, distinguished 
by a motto, before March 31, 1902. 


Tue royal academy of sciences of Turin reannounces the 
conditions made public January 1st, 1899, for ite Bressa 
prize. ‘The competition is open to the world and closes 
December 31st, 1902. The prize will be conferred on the 
discoverer of the most useful invention or the author of the 
most celebrated work in the mathematical. and physical 
sciences, not excluding geology. history, geography and 
statistics. The value of the prize is nine thousand six 
hundred francs. 


Tur Madrid academy of sciences calls for a historical 
memoir on the Spanish mathematicians of the sixteenth 
century for its next annual prize in the mathematical 
sciences. Biographies and exhaustive accounts of works 
both published and unpublished are demanded. 


UNIVERSITY or Oxrorp. The following announcements 
are those for the Hilary term 1901 in the mathematical 
sciences, the courses consisting in general of two lectures 
per week :— By Professor W. Esson : Synthetic geometry 
of conics ; Synthetic geometry of cubics.—By Professor E. 
B. Exziorr: Elements of elliptic functions ; Supplementary 
lectures on quantics.— By Professor H. H. Turner: Ele- 
mentary mathematical astronomy.— By Professor A. E. H. 
Love: Dynamics; Fourier’s series and its physical ap- 
plications.—By Mr. A. L. Drxon: Calculus of finite dif- 
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ferences.—By Mr. J. E. CAMPBELL : Algebra of quantics. 
—By Mr. P. J. Kırsy : Solid geometry.—By Mr. C. H. 
TuoxrsoN: Dynamics of a particle—By Mr. E. H. 
Haves: Geometrical opties.—By Mr. C. E. HasELFOOT: 
Physical optics. —By Mr. H. T Gerrans : Hydrodynamics, 
By Mr. J. W. RussELL: Pure geometry.—By Mr. ©. Lev- 
DEBDORF : Geometry (Maxima and minima, inversion, etc. ). 


University or Paris. The following courses in the 
mathematical sciences are announced for the second 
semester at the faculty of sciences, the semester opening 
March 1st, 1901, and each course consisting of two lectures 
per week :—By Professor É. Proarp: Algebraic functions 
and the transcendents associated with them. The intro- 
ductory lecture to the course is devoted to the scientific 
work of Hermite; this lecture will appear in the current 
volume of the Annales de l'École Normale.—By Professor 
E. Govrsar: Differential equations.—By Professor P. 
APPELL: Continuation of the course of the first semester 
in mechanics.—By Professor J. Boussinese : Continuation 
of the course of the preceding semester in mathematical 
physics.—By Professor G. Kornies: Study of machines. 
—By M. C. BoURLET, replacing Professor L. Rarry: Dif- 
ferential equations and their applications to mechanics and 
physics.—By Professor J. Hapamarp and M. M. SERvANT: 
Conferences on infinitesimal calculus.—By Professor P. 
Puiseux : Conferences on mechanics and astronomy.—By 
Professor J. Hapamarp and MM. H. Anpoyer and E. 
BLUTEL : Conferences on the subjects for the agrégation. 


Tus several German universities below offer during the 
summer semester 1901 courses in mathematics as follows: 


University oF BhRESLAU.—By Professor J. Rosanxs : 
Plane analytic geometry, four hours; Theory of deter- 
minants, two hours ; Seminar, one hour.—By Professor R. 
SruRx : Theory of geometrical relationship, part one, three 
hours; Higher algebraic curves, three hours; Seminar 
on descriptive geometry, two hours.—By Professor J. 
Franz: The problem of three bodies, two hours ; Calculus 
of finite differences, with applications to special pertur- 
bations of the heavenly bodies, four hours.—By De. F. 
Lonpon: Definite integrals, three hours ; Mathematics of 
insurance, two hours. 


UNIVERSITY oF ERLANGEN.—By Professor P. GORDAN : 
Theory of differential equations, four hours; Theory of 
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invariants, four hours; Seminar, three hours.—By Pro- 
fessor M. NoETEER ; Differential and integral calculus, II, 
four hours; Descriptive geometry, with exercises, two 
hours; Selected chapters in mechanics, two hours. 


University OF FrgIBura.—By Professor J. LÜROTH : 
Theory of functions, five hours; Theoretical astronomy, 
two hours.— By Professor L. STIOKELBERGER : Integral cal- 
culus, four hours; Higher plane curves, three hours ; Semi- 
nar.—By Dr. A. Loewy: Algebraic equations, four hours ; 
Foundations of geometry, two hours.—By Dr. E. REBMANN : 
Elements of projective geometry, two hours. 


University or Gressen.—By Professor M. Pason: Foun- 
dations of geometry, four hours; Elements of algebra, two 

hours ; Mathematical seminar, one hour.—By Professor E. 
` Nerro: Plane analytic geometry, four hours ; Introduction 
to the theory of functions, two hours ; Seminar, one hour.— 
By Professor R. HavsswER: Differential geometry, with 
exercises, five hours; Technical mechanics, second part, 
with exercises, four and one half hours. 


UNIVERSITY OF GRELFSWALD.—By Professor W. Tom : 
Mechanics II, four hours ; Theory of potential, four hours ; 
Seminar, two hours —By Professor E. Srupy: Analytic 
geometry I, four hours; Introduction to synthetic geom- 
try, two hours ; Select chapters in the theory of functions, 
one hour ; Seminar, one hour. 


UNIVERSITY op HEIDELBERG.—By Professor L. KOENIGS- 
BERGER: Infinitesimal calculus, four hours; Theory of 
functions, four hours ; Seminar, two hours.—By Professor 
M. Oantor: Algebraic analysis, four hours ; Arithmetic and 
algebra, three hours.—By Professor K. KOEHLER, Analytic 
geometry, three hours.—By Professor G. LANDSBERG: 
Theory of determinants, two hours ; Algebraic curves, two 
hours.—By Dr. K. Boru: Introduction to the theory of 
continuous transformation groups, with applications to 
geometry and differential equations, one or two hours; 
Gauss’s memoir on general theory of forces attracting or re- 
pelling as the inverse square of distance, one hour. 


Universiry op JENA.—By Professor J. Tuomar: Differ- 
ential equations, four hours ; Plane analytic geometry, four 
hours.—By Professor A. GurzwER: Differential calculus, 
five hours; Theory of potential, four hours; Seminar.— 
By Professor G. Freaz: The foundations of arithmetic, 
four hours ; Mathematical evercises, two hours. 
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UNIVERSITY or KrEL.—By Professor L. PooRHAMMER : 
Introduction to algebra and determinants, four hours; 
Theory of elliptic functions, four hours ` Seminar, one hour. 
—By Professor P. Sticke: Infinitesimal calculus and in- 
troduction to analysis, four hours; Advanced dynamics of 
rigid bodies, four hours; History of mathematics since the 
Renaissance, one hour ; Seminar, one hour. 


University OF KOENIGSBERG.— By Professor F. MEYER : 
Introduction to the theory of numbers, four hours ; Seminar, 
one hour.—By Professor A. ScHoENFLIES: Differential 
geometry of curves and surfaces, four hours’; Seminar, one 
hour.—By Professor L. SAALsoHÜüTZ: Differential calculus, 

four hours, with seminar one hour ; Gauss’s trigonometric 
and other interesting series, two hours.—By Dr. J. Rants: 
Higher geodesy, two hours ; Least squares, two hours.—By 
Dr. T. Varten: Analytic geometry of the plane and of 
space, four hours, with exercises, one hour.—By Dr. E. 
MÜLLER : Introduction to descriptive geometry, two hours. 


University or Leipsio: By Professor C. NEUMANN: 
Theory of potential and spherical harmonics, four hours; 
Seminar, two hours.—Professor A. Mayer : Courses to be 
announced later —By Professor O. HöLDER : Ordinary dif- 
ferential equations, four hours; Scientifically rigorous 
foundation of arithmetic, one hour ; Seminar, one hour.— 
By Professor F. EnGeL : Analytic geometry of the plane 
and of space, four hours; Differential invariants (con- 
tinued), one hour; Projective geometry and theory of 
invariants (continuation of projective geometry), two 
hours; Seminar, with Dr. G. Kowalewski, one hour.—By 
Dr. F. Hausporrr : Differential geometry, four hours; 
Mengenlehre, two hours.—By Dr. G. KOWALEWSKI; Al- 
gebraic analysis, four hours, with exercises, one hour ; 
Line geometry, two hours; Seminar on differential in- 
variants with Professor Engel, one hour.—By Dr. H. 
LIEBMANN: Algebraic equations, two hours; Synthetic 
geometry of conics, two hours; Selected chapters in the 
theory of numbers, one hour. 


Untversiry or Margura.—By Professor F. SOHOTTKY: 
Infinitesimal caleulus, four hours; Calculus of variations, 
two hours ; Seminar, four hours.—By Professor E. Hess : 
Analytic and synthetic treatment of plane geometry, four 
hours; Integration of differential equations, three hours; 
Selected chapters on applied mechanics, two hours; Semi- 
nar, four hours.—By Dr. F. v. Dazwiex : Introduction to 
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mathematics for chemists, three hours, with exercises, one 
hour; Collineation and perspective, two hours. 


UNIVERSITY oF STRASSBURG.—By Professor T. Reve: Se- 
lected chapters on higher synthetic geometry, three hours; 
Theory of forces which attract according to Newton's law, 
(theory of potential), three hours ; Seminar, two hours.— 
By Professor H. Weser: Theory of abelian functions, 
four hours; Applications of elliptic functions to mechanics 
and physics, two hours; Seminar, two hours.—By Pro- 
fessor G. Born : Differential and integral calculus, three 
hours, with exercises. two hours; Plane analytic geom- 
etry, three hours —By Professor A. Krazer : Definite in- 
tegrals, three hours; Analytic geometry of space, three 
hours ; Theory of the theta functions, two hours ; Seminar, 
one hour.—By Dr. E. Tuowerpine: Theory of surfaces, two 
hours.—By Dr. J. WxrLLsrEIN : Descriptive geometry, II, 
two hours. 


University or TÜBINGEN.—By Professor A. v. BRILL: 
Analytic geometry of space, three hours ; Theory of curva- 
ture of surfaces, four hours ; Seminar, in two sections, two 
hours.—By Professor H. Sramu: Elementary analysis, 
three hours, with exercises, one hour; Higher analysis, I 
(differential calculus), four hours, with exercises, one hour. 
—By Professor L. Maurer: Synthetic geometry. two 
hours, with exercises, one hour; Descriptive geometry, I, two 
hours, with exercises, two hours. 


UNIVERSITY or WürzBurG.—By Professor F. Peyw: In- 
tegral calculus, six hours, with exercises, two hours ; Semi- 
nar on topics in the theory of functions, two hours.—By 
Professor A. Voss: Analytic and synthetic geometry of 
conics, four hours ; Analytic mechanics, four hours ; Semi- 
nar on topics in higher mathematics, two hours.—By Pro- 
fessor E. SELLING : Partial differential equations of mathe- 
matical physics, four hours ; Theory of planetary motions, 
three hours. 


University OF ZuRIOH.—By Professor H. BURKHARDT : 
Algebraic analysis, four hours; Partial differential equations, 
four hours; Seminar, two hours.—By Professor A. WEILER: 
Analytic geometry, I, two hours; Descriptive geometry, . 
II, two hours ; Map projection, two hours ; Synthetic geom- 
etry, II, two hours. 


Tue dedication of the monument to FRANCESCO BRIOSOHI 
took place on December 13, 1900, the third anniversary of 
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his death. The monument, which is of bronze, has been 
placed in the Royal Technical Institute of Milan. It is. 
the work of the sculptor L. Secchi, of Milan, and was 
erected with a part of the money collected by subscription 
from the friends, admirers, and pupils of Briosomi. At the 
inauguration addresses were made by Professors G. COLOMBO, 
P. BrAsERNA, G. CELORIA, and G. BARDELLI. These ad- 
dresses are published in the Annali di Matematica for Jan- 
uary, 1901 (8d series, volume V., page 141). 


` Owrna to the state of his health, Professor P.:G. Tarr of : 
the' chair of natural philosophy in the University of Edin- 
burgh, has intimated his approaching resignation, after a 
distinguished service of over forty years. 


Dr. J. W. L. GrArsHER has been elected president of the 
Royal astronomical society of Great Britain for the forth- 
coming year. The honorary secretaries are Messrs. F. W. 
Dyson and E. T. Wmrraxer, and the foreign secretary is, 
as before, Sir Wax Huaerns The gold medal of the 
society was this year awarded to Professor E. C. PIOKERING, 
of Harvard University. 


Prorzssor A. PRINGSHEIM has been promoted to a full 
professorship in the University of Munich. 


Prorzssor M. Cantor has been chosen corresponding 
member of the Royal institute of science, letters, and art of 
Venice. 

Ix justice to Professor C. N. LrrrLE, whose resignation 
from the faculty of the Leland Stanford Jr. University was 
noted in the preceding number of the BULLETIN, it is proper 
to state that Professor Little’s resignation was tendered 
voluntarily as an expression of disapproval of the adminis- 
trative policy of the university. 


Prorgssor D. E. Saray, principal of the Brockport, N. Y., 
State normal school, has accepted a call to the professorship 
of mathematics in Teachers College, Columbia University, 
and will enter upon the duties of his new position at the be- 
ginning of the next academic year. 


Miss E. F. PENDLETON, instructor in mathematics at Wel- 
lesley College, has been elected dean of the college. Miss 
HELEN MERRILL has been promoted to an associate profes- 
sorship of mathematics. Miss R. H. Vivian, alumnæ 
fellow in mathematics at the University of Pennsylvania, 
has been appointed instructor in mathematics at Wellesley. 
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Dr. G. A. MILLER, of Cornell University, has been ap- 
pointed to an assistant professorship of mathematics at Le- 
land Stanford University. 


De. O. ScurLörnLon, formerly professor of mathematics 
at the Technical School at Dresden, died on February 7th, 
at the age of seventy-eight years. 


PROFESSOR CHARLES MODoNALD, died at Halifax, N. S., 
on March 10th, after a service of over thirty years in Dal- 
housie College. 


Dr. J. M. Rıoz died at Northboro, Mass., on March 2d, 
aged. sixty-eight years. He was appointed professor of 
mathematics at the Naval academy at Annapolis in 1870. 


Proressor G. P. STARKWEATHER, of Yale University, 
died on March 21st, at the age of twenty-eight years. 


Tax library of the late Professor E. B. CHRISTOFFEL is 
offered for sale by Gustav Fock of Leipzig. 


NEW PUBLICATIONS, 


I. HIGHER MATHEMATICS. 


BELTRAMI (L ). Francesco Brioschi : nel giorno della morte ; un anno 
dopo ; davanti al monumento, dicembre 1900. Milano, Allegretti, 
1900. 8vo. 36 pp, portrait. 


BóouEsR (M ). The theory of linear dependence. Salem, Mass., Salem 
Press, 1901. 4to. 16 pp. (From the Annals of Mathematics, second 
series Vol. 2.) 


BoRINI (B.). Icontinuanti. Forli. Medri, 1900. 4to. 117 pp. 


Bosworth (A L.). Begründung einer vom Parallelenaxiome unabhän- 
gigen Streckenrechnung. (Diss) Gottingen, Dietrich, 1900. 8vo. ` 
57 pp. 


GMEINER (J. A.). See STOLZ (O.). 


HarsreD (G B.). Gauss and the non-euclidean geometry. 11 pp. 
(From Science, new series, Vol. 12, pp. 842-846.) 


HAENTZSOHEL (E.). Über die verschiedenen Grundlegungen in der 
Trigonometrie, (Progr.) Berlin, 1900. 4to. 31 pp. 
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HENTSOHEL (O.). Ausfuhrung einiger konformen Abbildungen der 
Parabel auf den Kreis und unendlich lange Parallelstreifen. Leip- 
zig, Fock, 1900 4to. 8 + 4 pp., 9 plates. M. 1.20 


Herz (R.L Wahracheinlichkeits- und Ausgleiohungsrechnung. Leip- 
zig, Goschen, 1900. 8vo. 4-|-381 pp. Cloth. (Sammlung Schu- 
bert, No. XIX ) M. 8.00 


HILBERT (K.S.). Das allgemeine quadratische Reciprocitatagesetz in 
ausgewahlten Kreiskorpern der zweiten Eınheitswurzeln. ( Diss. ) 
Gottingen, 1900. 8vo. 72 pp. 


Huet (H R.). Begleitkurven eines Punktes in Bezug auf eine Kurve 
zweiter Ordnung. (Diss) Bern, 1900. 4to.. 36 pp., 1 plate. 


Korn (A.). Abhandlungen zur Potentialtheorie. Teil I: Allge- 
meiner Beweis der Methoden des alternierenden Verfahrens und der 
Existenz der Lösungen des Dirichlet’schen Problems im Raume. 
Teil IL: Eine weitere Verallgemeinerung der Methode des arithme- 
tischen Mittels. Berlin, 1901. 8vo. 64 pp. M. 2 00 


Kurtz (E.). Das Netz der Kegelschnitte, die ein gegebenes Poldreieck 
haben. (Diss.) Munster, 1900. 8vo. 23 pp. 


LAMPART (E.). Die geodätischen Linien auf der dreiaxigen Flache 
zweiten Grades, welche sich mittels einer Transformation zweiten 
Grades durch ellıptisohe Funktionen ausdrücken. (Diss) Minn: 
chen, 1900. 8vo. 42 pp. M. 3 00 


LEM (J. W.). Analytische Theorie der Rumtekrommen Leiden, 1899. 
4to. 3-136 pp. 


MANNEL(W.). Dergeometrische Calcul. (Progr) Prag, 1900. 8vo. 
31 pp. d 

MATTER (K.). Die den Bernoulli’schen Zahlen analogen Zahlen im 
Korper der dritten Einheitswurzeln. (Digs.) Zurich, 1900. 8vo. 
38 pp. 

MOLNÁR (E; Bestimmung der zweiten Ableitungen der Flichenpo- 
tentiale. (Diss.) Zurich, 1900. 8vo. 68 pp. 


MOREAU (L.) Analyse ou nombre de solutions et fixations des 1aoines 
remarquables de l’equation a= zg. Bruxelles, 1900. 8vo. 16 pp 
M. 1.00 


MÜLLER (E.). ‘Ueber die Algebra der Logik. Die Grundlagen des Ge- 
bietekalkuls. (Progr.) Tauberbischofsheim, 1900. ‘to. 30 pp. 
M. 1.50 


Rıcor (G.). Lezioni di algebra complementare. Verona, 1900. 8vo. 
466 pp. M. 8.60 


Rossr (D. L). Teoria generale della parabola e della catenaria ; ap- 
punti di analisi matematica che possono essere utili nello studio 
della catenaria telegrafica. Caghari; Tipografia Commerciale, 1900. 
8vo 77 pp. 3 plates. Fr. 2.00 


Rupert (E.). Uber kleine Kugelkreise. Eine Anwendung von Grass- 
manns Ausdehnungslehre. (Diss.) Leipzig, 1900. 4to. 33 pp. 
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SAILER (E.). Die Aufgaben aus der Differential- und Integralrechnung 
und aus der analytischen Geometrie, welche bei der Prüfung fur das 
Lehramt der Mathematik und Physik an den k. bayerischen huma- 
nistischen und technischen Unterrichtsanstalten 1873-93 gestellt 
wurden. München, 1900. 8vo. , 187 pp. M. 4.80 


ScHLESINGER (L.). Einfuhrung in die Theorie der Differentialgleich- 
ungen mit einer unabhangigen Variabeln. Leipzig, Góschen, 1900. 
8vo. 84-309 pp. Cloth. (Sammlung Schubert, No. XIII.)M. 800 


SIMON (M.). Analytische Geometrie des Raumes. Teil I: Gerade, 
Ebene, Kugel. Leipzig, Göschen, 1900. 8vo 3+ 152 pp. Cloth. 
(Sammlung Schubert, No. IX ) M. 4.00 


—— Teil II: Die Flachen zweiten Grades. Leipzig, Góschen, 1901. 
8vo. 44-170 pp. Cloth. (Sammlung Schubert, No. X XV.) 
M. 4.40 


Srornz (O.) und GMEINER (J. A.). Theoretische Arithmetik. Abtei- 
lung [: Allegemeines; die Lehre von den rationalen Zahlen. 2te 
Auflage der Abschnitte I-IV des ersten Teiles der Vorlesungen 
uber allgemeine Arithmetik von O. Stolz. Leipzig, Teubner, 1900. 
8vo  4--98 pp. (Teubner's Sammlung von Lehrbüchern auf dem 
Gebiete der mathematischen Wissenschaften mit Einschluss ihrer 
Anwendungen, Vol. IV.) M. 2.40 


WENDLEB (A.). Ueber die Flüohen, welche dem partikularen Integrale 
der Differentialgleichung d. 0 entsprechen. (Diss.) Mun- 
chen, Reinhardt, 1900. 8vo. 48 pp. 1 plate. M. 1.50 


Worm (H.). In der Ebene einem gegebenen Viereck ein Viereck von 
kleinstem Umfange einzubeschreiben. (Diss.) Leipzig, 1900. 
4to. 47 pp. 


D ELEMENTARY MATHEMATICS. 


ALASIA (C.). Esercizi ed applicazioni di trigonometria piana, con 400 
esercizi e problemi. Milano, 1900. 12mo. 308 pp. Fr. 2.00 


BALTZER (R.). Elementi di matematica. Tradotti da L. Cremona. 
Parte VI: Trigonometria. 5ta edizione. Genova, 1900.  8vo. 
Fr. 2.60 


BREMIKER (C.). Logarithmisch-trigonometrische Tafeln mit 6 Deci- 
malstellen. Neu bearbeitet von Th. Albrecht. 13te Ausgabe. 
Berlin, 1901. 8vo. 18-+ 598 pp. M. 4 20 


FouRREY (E.). Réoréations arithmétiques. 2e édition. Paris, Nony, 
1901. 8vo. 8-263 pp. 

GAMBIOLI (D.). See RIBONI (G.). 

GrEvY (A.). Géométrie à l'usage des classes de lettres. Géométrie 


dans l'espace (classes de seconde et de rhétorique). 2e édition. 
Paris, Nony, 1901. 18mo. 140 pp. 


—— . Géométrie à l'usage des classes de lettres. Géométrie plane 
(classes de quatrième et de troisième). 2e édition. Paris, Nony, 
1901. 18mo. 200 pp. 
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LIGOWSKI (W.) Sammlung funfstelliger logarithmischer, trigonome- 
trischer und nautischer Tafeln nebst Erklärungen und Formeln der 
Astronomie. 4te Auflage. Kiel, 1900. 8vo. 28 pp. Boards. 

M. 1.00 


MARTUS(H. C. F.) Mathematische Aufgahen zum Gebrauche in 
den obersten Klassen hóherer Lehranstalten. Aus den bei Reife- 
prufungen an deutschen hoheren Schulen gestellten Aufgaben ausge- 

` wählt und mit Hinzufugung der Ergebnisse za einem Uebungsbuche 
vereint. Teil4: Ergebnisse der Aufgaben des 3ten Teils. Dresden, 
Koch, 1901. 8vo. 182 pp. Cloth. M. 4.50 


PFLIEGER (W.). Elementare Planimetrie. Leipzig, Göschen, 1901. 
8vo. 7+ 430 pp. Cloth. (Sammlung Schubert, No. II.) M 4.80 


RHEUDE (F.). Lösungen zu den mathematischen Absolutorialauf- 
gaben der bayerischen Realschulen (1869-1900 inclusive). 2te 
Auflage. Munchen, 1900. 8vo. 192 pp. M. 2.20 


RIBONI (G.). Elementi di geometria a uso delle scuole secondarie in- 
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NON-OSCILLATORY LINEAR DIFFERENTIAL 
EQUATIONS OF THE SECOND ORDER. 


BY PROFESSOR MAXIME BÔOHER. 
(Read before the American Mathematical Society February 23, 1901.) 


We shall be concerned with the differential equation 
d'y | dy B 
(1) itPat w= 


and for the sake of simplicity we will assume that the co- 
efficients p and q are, throughout the finite interval a € z € b, 
continuous real functions of the real variable x. We shall 
find it convenient to lay down the following definition : 

The equation (1) is said to be oscillatory or non-oscillatory in 
the interval o ZS zb according as it does or does not have at 
least one solution (not identically zero) which vanishes more than 
once in this interval. 

It is my object in the present paper to deduce certain con- 
ditions (chiefly sufficient conditions) that the equation (1) 
should be non-oscillatory. Such conditions have been ob- 
tained by Picard (Traité d'analyse, volume III, pp. 101- 
104); but the method which I use is not only entirely dif- 
ferent and, as it seems to me, less artificial than that of ` 
Picard. but yields, besides all of Picard’s results, others which 
Picard’s method does not give. 

My starting point is the special case p = 0: 

d'y 
(2) dà + qy-0. 


Equation (2) is non-oscillatory in the interval aS s = if 
throughout this interval q = 0. 

For if (2) has a solution y which vanishes more than once 
in the interval in question, let z, and x, be two successive 
roots of y. We may, without loss of generality, assume 
y>0 when z,< z < z, as, if this were not the case, we 
could replace y by y,=—y. We have then y (z,)20, 
y (*,) <0; but by the law of the mean 


y (2,) PU y n) = Lë, a EN y^ (8) (z, <E< zl. 


Accordingly y"(£) <0. This, however, is impossible, since 
by equation (2) y"(£) = — (Hy). 
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By reducing (1) to the binomial form (2), we shall get a 
theorem concerning (1) similar to the one just proved for 
(2). This reduction is most commonly performed by means 
of a change of dependent variable y.* It can, however, 
equally well be performed by changing the independent va- 
riable x, or, more generally, by changing both independent 
and dependent variable. We will consider at once this gen- 
eral transformation 


(3) | t=f(z), y= Pl}. 


We assume here that f and e have continuous first and 
second derivatives throughout the interval a=zx=b. Fur- 
thermore, since we do not wish the solutions of the trans- 
formed equation to become infinite, we assume that e does 
not vanish, say for distinctness 


g(t) >0 (a=z=b). 


Finally, since we wish the interval a<2<6 to correspond ` 
in a one to one manner to an interval on the t-axis, we as- 
sume that f’ does not vanish in the interval a =z =b. 

A peculiarity of this transformation which makes it avail- 
able for our purposes may be stated as follows: 

The oscillatory or non-oscillatory character of equation (1) 1s in- 
variant with regard to transformations (3). 

The transformation (3) carries (1) over into 





dy 1 jf" ei dy o" + pe + qe _ = 
Gg d ag that gar vm 
accents denoting differentiation with regard to z. 

Choosing ¢ at pleasure, subject to the restrictions above 


mentioned, let us determine f so that the second term of (4) 
drops out, 


(5) fail’ eh de + 1 (k +0), 


where c is any point of the interval a zx zz b. 

It is important to notice that all the conditions which f 
was to fulfill are satisfied by this function. 

Equation (4) now reduces to 





*See, e. g , Forsyth’s Treatise on differential equations, p.88. Inote in 
passing that this reduction is possible only if the coefficient p has a con- 
tinuous first derivative, a restriction which need not be imposed if we re- 
duce to the binomial form by a change of independent variable. 
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D rfe tore oops! dag ed. 


(6) 

When we apply to this equation the theorem proved 
concerning equation (2), we see that equation (6), and ac- 
cordingly also equation (1), will be non-oscillatory provided 
e" -- pe'd- qe z0. That is 

If a function e exists which, together with its first and second 
derivatives, is continuous throughout the interval a S v S b, and 
which satisfies the two conditions 


(7) g>0 (a=25b), 
(8) 9" + pe’ + qe =0 (a Sz 5b), 


then (1) is non-oscillatory in this interval. * 

By assuming for e special functions we can obtain useful 
and easily applied criteria for proving that special equa- 
tions of the form (1) are non-oscillatory. We add a few 
such criteria, noting to the left the function e used, and to 
the right the special conditions, if any, which must be sat- 
isfied if the formula is to be applied. In these formulæ 
m and a denote constants to which we may assign any real 
values we please. 





(oi ¢=1, =0 

(b) g= ge q5 mp m. 

(ei g=xr, = Mean +) (0 <a). 
(d e—mc-—a, ae — (b m). 





oe 
* By letting $ = EE Ee following theorem : 
Jf a function À exists which, together with sts first derivative, is continuous 
throughout the tnterval a = ab, and which satisfies the condition 
(8) q2M—2A- AM (a Ss zb), 
then (1) is non-oscillating 1n this interval. 


Conversely, the theorem of the text follows from this one ; go that the 
two theorems are precisely equivalent to each other. 

Picard (1 o., p. 102) deduces by another method a theorem identical 
with the one just stated, except that the inequality (8’) is replaced by 


q EN —(A— p[2)t. 


This inequality is always satisfied when (8^) is satisfied, but the con- 
verse is not true. It is only when pO that Picard’s result 18 as gen- 
eral as ours. 
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<2(1 + ap) 


(e) g=m—-2, q = (— [m|« a <b «m. 


(f) e=sinm(z—a), q Z m — mp cin m(z — a) 
Lech Ca I) (m0). 


(g)* e ree an g=m(1—m)p’ + mp’ (provided p 


has a continuous derivative). 

Formule of this sort might of course be multiplied in- 

definitely. To show how they are to be applied let us con- 
sider the simplest case of Bessel’s equation 


- 1 
(9) f+ y +y=0. 


Since p is here discontinuous at the point «= 0, we can 
consider only intervals which do not include, or even reach 
up to this point. Since the equation is unchanged by re- 
placing z by — +, it will be sufficient to consider intervals in 
which z is positive. 

Formule (a), (c), (g) yield us no information whatever 
with regard to this equation. Formula (6) is most service- 
able here if we let m = — 1. It then shows us that (9) is 
non-oscillatory in the interval a Sv 54, where a is any 
small positive quantity. If we let m — 2 in formule (d) 
and (e), they each show us that (9) is non-oscillatory in the 
' interval as 5, when Oca «b «2. This is the best 
result these two formulæ can be made to yield if we wish 
to consider an interval starting from a point arbitrarily 
near the point z — 0. Of the seven formule written above, 
(f) gives the best result when applied to intervals of the 


T 


sort just described, since when we let m = 442, a = — E 


it shows us that (9) is non-oscillatory in the interval a Sx 
= 6 when 
T 
0<acb< T coge. 
This result, as we shall see in à moment, is nearly as good 
as any method could give,us. 





* The special case m — 1 of this formula is noteworthy for the partiou - 
larly simple result (q =p’) which 16 yields ; while the special case m — A 
gives us the result we should have obtained by reducing (1) to the bino- 
mial form by a change of dependent variable only. 


& 
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If on the other hand we wished to consider, for this same 
equation (9), intervals lying at a great distance from the 
origin, none of the formule above yield good results, the 
best being again (f), which when m= 1 shows us that (9) 
is non-oscillatory in any interval of length 7/2. A much 
better result may be obtained by letting 


ee ee («<e<d<e+,). 





V 
This function leads us to the inequality 
8m — 2 
=m — 
Len Ze ? 


which just fails to be satisfied for large values of x when 
m=1. We thus see that if | is any positive constant less 
than z, a positive constant M exists such that, in every inter- 
val of length / throughout which «> M, the equation (9) is 
non-oscillatory. That the function we have just used 
should give us an interval which is nearly twice as long as 
that given by formula ( f ) is the more remarkable because 
when z is large these two functions e are, throughout an 
interval of length x, very nearly proportional to each 
other. If they were exactly proportional they would ob- 
viously lead to the same result. 

We now leave these illustrative applications to equation - 
(9). 
Although we originally deduced condition (8) and its 
special cases as an extension, to the general equation (1), of 
the condition g=0 which we had established for the bino- 
mial equation (2), it turns out that some of these conditions 
give results for equation (2) which go beyond the result 
from which we started. Thus if we apply ( f) to the special 
case p = 0 we get the important theorem 

Lf throughout an interval of length less than l 


(5L 


the equation (2) is non-oscillatory in this interval.* 


Up to this point we have obtained merely sufficient con- 
ditions that a differential equation should be non-oscillatory. 





* Cf. the proof here given of this familiar theorem of Sturm with that 
given by Picard (L c. ). 


i 
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A condition which turns out to be also necessary is obtained 
by taking as the function ¢ a solution of (1): 

A necessary and sufficient condition that (1) should be non-oscil- 
latory in the interval ax S b is that it should have a solution 
which does not vanish in this interval. 

That this is a sufficient condition* is seen at once from 
the fact that either this solution or its negative satisfies con- 
ditions (7) and (8). To prove that it is also a necessary 
condition, assume that the interval a = z = b is non-oscilla- 
tory, and consider the two solutions y, and y, of (1) which 
satisfy the conditions 


y,(a)=0, y/(a2)>0; Wilz y(b) <9. 


Since neither of these solutions can vanish again in the in- 
terval, and since they are positive in the neighborhood of a 
and b respectively, they must be positive throughout the re- 
mainder of the interval Accordingly y, + y, is a solution 
of (1) which is positive throughout the whole interval. 

From the theorem just proved follows immediately this 
result : 

A necessary and sufficient condition that the equation (1) is non- 
oscillatory in the interval a S z b is that the solution of (1) 
which vanishes at a (or, if we prefer, at b), but is not identically 
zero, does not vanish again in the interval. 

This theorem gives us what is theoretically a perfect test; 
- we have merely actually to compute the solution of (1) 
which vanishes at a, in the form of & series say, and to see 
whether or not this solution vanishes again in the interval. 
The difficulties involved in the computation may of course 
be so great in any special case as to make this method prac- 
tically useless. 

This last theorem if applied to (9) shows us that this 
equation is non-oscillatory in the interval a =< =b, where a 
is any small positive quantity and 6 is the smallest positive 
root of the Bessel function J (x), viz. b = 2.40--.T 

The condition (8) can also be stated in the following form 
which again gives us & necessary as well as a sufficient con- 
dition : ~ 





EN 

* This also follows at once from the well known theorem of Sturm : 
Between, two successive roots of a solution of (1) lies one and only one root of 
any linearly independent solution; and conversely this theorem follows 
from the theorem of the text 

+ This is actually the largest value that can be given to b, since every 
other solution of (91 has a root smaller than this. he proof of this fact 
is complicated by the presence of a singular point of (9)atz—0. See, 
however, BULLETIN, March, 1897, p. 211. 
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If r is a real function of x which, throughout the interval 
aZ x © b, is continuous, and satisfies the condition r=0, then a 
necessary and sufficient condition that (1) be non-oscillatory in 
this interval is that the non-homogeneous equation 


a’ d 
(10) tpg twat 
have a solution y satisfying the relation 


y>0 (aZ=r=b).* 


That this is really a necessary condition is seen from the 
fact thakif (1) is non-oscillatory it has a solution positive 
throughout. the interval, and by adding a sufficiently large 
positive multiple of this solution of (1) to an arbitrarily 
chosen solution of (10) we get the positive solution of (10) 
desired. 

Another very important form into which condition (8) 
can be thrown is the following : 

The function q, being continuous in the interval a = x Sb and 
satisfying the condition 


qq (a=x:=b), 


the equation (1) will be non-oscillatory in this interval if the equa- 
tion 

(11) y" + py + qy=0 

is non-oscillatory there. 

For if (11) is non-oscillatory it has a solution e positive 
throughout the interval a=x=b. Substituting p in the 
first member of (1) gives us, when we take account of the 
fact that ¢ satisfies (11), 


e" + pe' + qe = (q—4)9 =0 (az zb). 


Thus e satisfies conditions (7) and (8), and therefore (1) 
is non-oscillatory.f 

In conclusion I will mention that condition (7) may be 
replaced by the somewhat less restrictive condition 


(7) DE (a « 2 « 0), 


* This theorem may algo be proved directly and the other theorems of 
this paper deduced from it. 

T This theorem may be proved directly by means of the methods used 
by Sturm ( Zsouville's Journal, vol. 1, p. 106) and is in fact a special case 
of one of Sturm’s theorems. From it may be deduced the other theorems 
of this paper. = 
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i. e., the case in which the function e vanishes at one or 
both ends of the interval need not be excluded. The inter- 
val on the t-axis would, however, then extend to infinity in 
one or both directions, and the fundamental theorem con- 
cerning equation (2) from which we started would on 
longer be sufficient, but would have to be replaced by & 
theorem which states that, if g=0, no solution of (2) which 
vanishes at a finite point can approach a finite limit as x 
becomes either positively or negatively infinite, and that no 
solution of (2) can approach finite limits both when z = 
+ œ and when z = — c. 

The extension which our other theorems gain by the use 
of (7^) in place of (7) is easily seen. In using functions o 
which vanish at one of the ends of the interval it^is useful 
to know that if 9’ also vanishes then + cannot possibly sat- 
isfy (8),—a fact whose proof we also omit. 

GÜTTINGEN, GERMANY, 

February 4, 1901. 


CONCERNING REAL AND COMPLEX CONTINU- 
OUS GROUPS. 


BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, February 23, 1901.) 


1. Tms paper aims to illustrate certain differences and 
certain analogies between related real and complex continu- 
ous groups. Lee theory has been developed chiefly for the 
latter groups, the modifications necessary for real groups 
being treated quite briefly. 

In $$ 2-4 are exhibited a real group in m variables and a 
real group in 2m variables, each of m’ parameters, such that 
the corresponding complex groups are of like structure. 
-In 885-8, it is shown for m= 2 that the two real groups 
have different structures. Of the three proofs given, the 
first two are analytic and involve little technical knowledge 
of group theory, while the third group is geometric and 
gives a better insight into the nature of the question. 

In $ 10, it is illustrated for the case m = 2 how the gen- 
eral m-ary linear homogeneous complex continuous group 
gives rige to an isomorphic 2m-ary linear homogeneous real 
continuousgroup. Similarly, the complex projective groups 
lead to groups of birational quadratic transformations. 
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The investigation has direct contact with the author's de- 
termination * of the structure of the largest group in the 
GF[p™] leaving invariant ££, + ££, +. + £,£,, where £ is 
conjugate to E with respect to the GF[p"]; also with the 
paper by Moore f on the universal invariant of finite groups 
of linear substitutions. 


2. Consider the group G of all substitutions 
S: = 25, {i=1 >" M), 


the coefficients and variables being complex numbers, such 

that S leaves formally invariant the Hermitian form 
PSE te ton + Fee 

The conditions upon the coefficients are seen to be 

Q) Saa,=1, Saa,—0 — (4jk—1,-,mijsB. 


" 


It follows that the inverse of S has the form 
SH:  &—Xat 


Pr 


(iml, m). 
The group G, is evidently continuous. To obtain the 
general infinitesimal transformation, set = — 1 and 
a, —1-(a,-- Tbu) 9, a, = (a, + Ib.) a 
(5, j— 1, m; ja). 


Substituting these values in the relations (1) and retaining 
only the first power of At, we find that 


1+ 2a,st=1, (a, + ay) + I(b, —b,) =0 
(J, R= 1, =m; jk). 
The conditions upon the general infinitesimal transforma- 
tion . 
(2) e$ m6'—6-— Z (a, + 16,) dt È, 
3= 


are therefore the following 1 





* Math. Annalen, vol. 62, pp. 561-581. 
T Math. Annalen, vol. 50, pp. 213-219. 
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(8) a, =— 0; b, = b, (Jj, k=1, =, m). 


The general infinitesimal transformation of G is therefore 
& linear combination with real constant coefficients of 


Bak À 
(4) a a a a 
B, = ROR tan Ag ge "ap 


Here B, was obtained from (3) by setting b, = b, = land 
the remaining constants all zero; A,’ by setting a, = — a, 
= 1 and the remaining coefficients all zero. 

The number of linearly independent transformations (4) 
is evidently m’. If complex multipliers were allowed, we 
could derive from (4) the m? transformations 


d SES 
eZ (5, j — 1, =, m), 


and therefore the general transformation of the m-ary lin- 
ear homogeneous continuous group. 

8. We obtain a continuous group R,, on 2m real variables 
with real coefficients by replacing E by X,+ IY, for 
i=1,--, m and separating reals and pureimaginaries. Re- 
lation (2) gives 


X!JGY/— X, — IY, = $ | (aX, — Y) 
Tl 
+ I(a,Y,+ 6,X)} 9t. 
Hence the general infinitesimal transformation of E. is 
(5) Lex (a,x, =~ b, Y,)?t, oY = 2 (0,4, + gef. 


G = 1, US m). 


` 


Denote by B, the transformation obtained by setting 
b, = b, = 1 and the remaining coefficients equal to zero; by 
- À that obtained by setting a, = — a, = 1 and the remaining 
coefficients equal to zero. Employing the usual abbrevia- 


i xo _ of 
tions P, OX! q, “ar we have 
B,=2Xg— Ypo B= Xa, — Yip. + Ag — Y.P, 
A = Ya, F Xp, S Y 9, mi X Pr 
Since B, = B 


m9 


A, = — 4, there are exactly m’ independent 
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transformations, from which the general infinitesimal trans- 
formation of R,, may be derived as a linear expression 
with real coefficients. In view of the identity 


= = aE, = x TOY) 
the group R, is an orthogonal group. As a check it may 
be verified that the transformations B,, A, leave 9 abso- 
lutely invariant. 

4. The following commutator (Klammerausdruck) rela- 
tions are readily formed : 


(B.B,)=0, (B,B,)=A, (B,A,)=—By (BB) =Aw | 
(0 ABB, (EAA (B,A)—2B,— 2B, 

for i,7, k= 1,--, m, with ij, k distinct. If both subscripts of 

one symbol be different from the subscripts of the other, 

their commutator is zero. 

It is readily verified that the transformations B,’, A,’ of 
§2 satisfy the commutator relations (6). This property 
would be expected to follow from the connection between 
Gand R, We may conclude that the continuous group 
with complex coefficients which is generated by the trans- 
formations By, A, is isomorphic with the continuous com- 
plex group generated by B,’, Ay. 

Denote by B,” the symbol obtained upon dropping the fac- 
tor I from the symbol B’. In the domain of real numbers, 
the transformations B /’, A,’ generate the continuous group 
G of all real linear homogeneous transformations in m 
variables. The symbols B,”, A,’ do not satisfy the commu- 
tator relations (6). It is shown in §§ 5-8 that there does 
not exist in the real group G, (m= 2) a set of four inde- 
pendent infinitesimal transformations which satisfy the 
commutator relations (6), so that Gy and R, are non- 
isomorphic real continuous groups of four parameters each. 

5. For m = 2, the relations (6) are the following: 


(B, B4) = 0, (B, By) = An (ByAy) = — By 
(BaBa) = — Au (B,4,) = By (Bad) = 28, — 2B,. 
The first derived group is therefore the three-parameter 
group generated by A. Ba B, — Ba The only (ausge- 


zeichnete) transformation whose commutator with B,, Ba, 
B À, is zero is seen to be B, + B, aside from a constant 
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factor. Hence, if R, be isomorphic with G/, B, + RB. must 


correspond with 2, = T6 Zena the above three-parameter 
71 WI 


group with the first derived group of G/. To normalize R, 
set 


Z = SCH, SCH n); 4, = ZA 4, =r iB, Z, = B4 + B. 
The above commutator relations then give 
(7) Z=% 44)=2, (44) =4, 
(8) (44)=0, (44)=0, (ZZ)- 0. 

The first derived group of GL is generated by 

a à à à 
= I Kak SZ n= EA 

subject to the commutator relations 
(3) (P= —2V, (biss 2%, (VV) =V, 

To establish the non-isomorphism of R, and G, it suffices 
to prove that their first derived groups are non-isomorphic 
when considered as real continuous groups. 

6. The most natural method of proof consists in showing 
that it is impossible to determine linear combinations of 
V,, V,, V, with real constant coefficients 

Z! =aV, + 6V, 4- «V, (i = 1, 2,8), 
of determinant 4 = Xab,c, + 0, which satisfy relations (7). 
We observe that 
(ZZ) =—2 (ab, — b,a,) + Fon: ¢,a,)—2 V,(b,c,— Sub 
The conditions that the right member shall equal Z/ are 
(10) a,b, — ba, = — 4a, ac, — Ga, = by b,c, — eb, = — $6. 
By advancing the subscripts of o, 5, o, we obtain the con- 
ditions for the identities (Z/Z,) = Z’, (ZZ) = Z 
(11) a,b, — ba, = — $a,, a,c, — ca, = b, be, — cb, = — 30, 
(12) a,b, = b,a, AZ $a, fein — C0, = b, be, — eb, = — t4 

In view of the relations (11) and (12), 








Applying the first relation (10), ła, = a,4. In a similar 
manner, or by advancing the subscripts (which does not 
alter 4), we find 
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ia, = a4, la,— 


Since a, a,, a, are not all zero, it follows that 4 = 1. 
Multiplying equations (12) by «e, — b, a, respectively 
&nd adding the resulting equations, we find 


(13) * e 4=—b}— a, 
Employing the multipliers c, — b,, a, we find 
(14) 0= — bb, — ac, — ac, 
In a similar manner, or by advancing the subscripts, 
(15) = — bias. 
By (14) and the second equation of set (10), 
bj = (ac, — ¢,a,)? = BR — 4a,0,4,¢,. 
Eliminating ae, and a,c, by (15) and (13), and setting 4 =}, 
++ 


But this equation is impossible for real values of the b.. 

7. A second proof is derived from the following investi- 
gation which gives certain interesting properties of the 
group T generated by Z,, Z, Z subject to the relations (7). 
Bet 


Z = aU, + aU, taU, a, 04 Ge 
Z—B&U -£U J&U, 4/8, BÓ, +0 
Cl nU, + AUS U,, Yi fs 








We obtain by solution the most general set of independent 
infinitesimal transformations U,, U, U, of the group I. We 
seek the commutator relations of the U. Denote by a’ the 
first minor (without prefixed sign) of a, in 4, EI the first 
minor of f, 7,’ the first minor of y. Form (2 Z ,) and Ern 
the result to Z, ; expand similarly (ZZ) = Ban (ZZ) = 
The results are 


Z= a!(U,U,) —«(U,U) + «/(U,U,, 
Z =— AOU, + (0,0) — (UU, 
= (UU) — 70,0, ) o nU). 


The determinant of the coefficients equals 4’, being equal 
to the determinant of the first minors of 4. Moreover, 
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The solution of the above relations therefore gives 
A(U,U,) = aZ, + 82, + rZ 
AC U,U,) = aZ 2, + LA 
4(U,U,) = aZ, d 

The matrix of the coefficients on the right is the trans- 
posed of the matrix of the coefficients of the U, in the ex- 
pressions for the Z. Eliminating the Z, we have 

U, U, U, 
AÇU,U,)= a -- B? y da - FB, + TT Bath Er, 
AC DD ies a8, T BP, TY a, B, +7, aa HPP HTT: 
AC D Dien a a+ BB + Ty. ass I Bu, de Tia ay Lë tr, 
The symmetry of the matrix of coefficients is in accord 
' with a known property of the group.* 

In order that the transformations U, should satisfy the 
same commutator relations (9) as the transformations V, it 
is necessary that (U,U;) = — 2U,, 80 that a? + Pë 4- y! — x 
For real values of a, £,, 7,, this requires a, = P, =}, = 
contrary to hypothesis. Hence the real e I of the Z 
is not isomorphic with the real group of the H, 

To obtain the most general set of three infinitesimal 
transformations U, of I' which satisfy the same commutator 
relations (7) as the transformations Z, themselves, 

(GU) =U, (QU) =U, (UU) = U, 
it is necessary and sufficient to take solutions a, £., y, of 
j= a? + B+ n» 4a) të Tn 44) + BY tr 

0— aa, + hf, + ys 0 = Afs + BB+ nr» 

O = aa, + PP, + Tire 
These are the conditions for an orthogonal substitution, 
the invariant relation being 
Z? + Z? + Zè = 4 (U? + U + Uy). 

8. To give a third proof, based upon geometric consider- 
ations, it suffices to consider the adjoint groups of the three- 
parameter groups in question. The adjoint of the group of 
the V, is 

of of of of oF 9f 

25 Qe Oe? a de, on de,” ^ 9e, = oe,” 

having as its only invariant curve the real conic 














*Lie-Scheffers, Vorlesungen uber continuierliche Gruppen, p. 567. 
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(16) ee, +e = 0. 
The adjoint group of the group of the Z is 


af 0f FF , 8f 
'Qe! "de, 9 Be,’ 
having as its only invariant the imaginary conic 
(17) e + 67+ 67 =0. 
Now the replacement of one complete set of independent 
. infinitesimal transformationsof a group by a second complete 
set merely gives rise to a linear homogeneous transformation 
upon the variables e, of the adjoint group. The latter will 
be a real transformation if the second set is expressed in ' 
terms of the first by real coefficients. Since the equations 
(16) and (17) can not be transformed into each other by a 
real ternary substitution, it follows that the transformations 
V, are not expressible as real linear functions of the Z. 
The method of reduction of three-parameter non-integrable 
groups to a normal type given in Lie-Scheffers, Vorlesungen, 
pp. 566-568 is immediately applicable only to complex 
groups. For real groups there are two (and, indeed, only 
two*) distinct cases, according as the invariant conic 
(necessarily non-degenerate) is real or imaginary. The two 
methods there given as optional for complex groups are to 
be differentiated for real groups to correspond to the cases 
of real and imaginary conics, yielding respectively the nor- 
mal types (I) and CU" of p. 568, or types (9) and (7) 
respectively of this paper. 
9. The real four-parameter groups G, and R, have been 
proved to have different structures. Applying the imaginary 
transformation of variables 


Xs, You X, = I, Y,= ly, (?=-—1), 


the infinitesimal transformations B,,, B,, Bj» A, of R, be- 
come 








E E d d 
KH Vas hn wa, 
d of 











* An irreducible ternary quadratic form with real coefficients is re- 
ducible either to b(e;? + e,? + ei or to ble? + e — eS). 
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They satisfy the commutator relations 
(baba) = 0, (bibra) = dy (ba) mE by 
(64.513) = — a) (Buts) = bus (5,04) = 26, + 2b... 


Except for the last relation, these are identical with the 
commutator relations of B,, Bir Ba Au (Sb). Setting 


1? 
W,=4,, W,=— Bai W, = 6b, — Ba W, = ba + 6,, 
we have the commutator relations 


(WW) = —2W, (W,W) — 2W, (W, W) =2W, 
(W,W,) = 0, (W,W)—0, (W,W)-0. 
These relations are also satisfied by the transformations 
w, = 29 + yp, W, = TP — yq, W, = 29 — yp, w, exp + yq, 
which generate the general binary group GL. By an imagi- 
nary transformation of variables, R, may be given a real form hav- 
ing the same structure as Gi’. 
10. Consider the group G of all binary transformations 


: X =aX+y7Y = 
8: {mex tor (ad — By = 1) 


upon complex variables X, Y with complex coefficients of 
determinant unity. Let I'= — 1 and set 


X =g + Iz, Y=y+ly,a=a+ la, 8 =b 4 Ib, ete. 
Then S corresponds to the quaternary transformation 





T ER} EA 
z-—| a —a, © —6 

r z'—| a a 6 c 
PU. Walt Ime We 
y/=| b b d, d 


The relation a2 — fy = 1 gives 

ad — be — ad, + be, — 1, ad, + a.d — be, — be = 0. 
The determinant of $ is seen to equal 

(ad — be — ad, + b,e,)* + (ad, + ad — be, — b,c)? = 1. 


To the product 8 S, of two substitutions of the form S, 
corresponds the product 3,3, of the corresponding substi- 
tutions >. Hence the group @ is isomorphic with the 
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group I’ of the substitution X. But > reduces to the 
identity only when S is the identity. Hence the isomorph- 
ism is holoedric. 

By the usual method, the general infinitesimal transforma- 
tion of l'is found to be a linear combination of the follow- 
ing linearly independent transformations : 


of of of of 
Oz. Om, oy 94, 








4 s my = 
4| =a zr: 9 —y 
B 0 0 z DA 
B, 0 0 —2, z 


C 

C, Th y 0 0 
The real group T therefore possesses no invariant. The 
non-vanishing second minors of the matrix of coefficients 
are f 
Par +as, Q=/7+y, R = sy + ay, S — zy — zy,. 
Upon them the group I gives rise to the following transfor- 
mations : 

of of -of of 


OP ao OR ƏŞ 








Al 2P —9Q 0 

A| 0 0-28 2R 

B| 0 2R P 0 

B| 0 98 0 —P 
Cl 2R o Q 0 

ol 38 o 0 Q 


The determinants of the fourth order of this matrix are all 
identically zero. To obtain, the homogeneous invariants, 
we annex Euler’s homogeneous operator . 





= pof of of | gf 
H-FPgptQggt* Eart Say 

The determinant of the coefficients of A, A. B, H equals 

8PR(S+R—PQ). The determinant of A, À, B,, Hequals 

—8PS(S" +R — PQ). In this way the only homogeneous 

invariant is seen to be 
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g=$S + E — PQ. 


In terms of the initial variables x, 2,, y, y, we see that d 
vanishes identically. Also 


Pa|s+hb,|=|X|, Q=|Y\, 
Y_R—IS X_R+IS 
E LE Q 


The group G is hemiedrically isomorphic with the group 
of linear fractional substitutions 








UU pe 
(18) Z =p Z= 5 
The quaternary group on P, Q, E, S is isomorphic with 
a ternary fractional group on Q/P, E/P, S/P. But 


Eliminating Q/P, we obtain a group of birational quad- 
ratic transformations in the plane. It may evidently be 
obtained more directly from the transformations (18). 

THE UNIVERSITY OF CHICAGO, 

January, 1901. 


ON HOLOMORPHISMS AND PRIMITIVE ROOTS. 
BY DR. G. A. MILLER. 
(Read before the American Mathematical Society, February 23, 1901.) 


In an earlier note * it was observed that every holomor- 
phism of an abelian group with itself can be obtained by es- 
tablishing an isomorphism between the abelian group and 
one of its subgroups (which may sometimes be the entire 
group) and associating the product of corresponding oper- 
ators with the original operator of the group. The present 
note is devoted to some additional developments along this 
line and especially to some elementary results in the theory 
of numbers which may be derived by this method. 

Let s represent an operator of order p" (p being any 
prime number) and let P, the group generated by s, be 





* BULLETIN, Vol. 6 (1900), p. 337. 


a 
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made isomorphic with one of its subgroups of order, p™, 
m, <m. Each operator of P is transformed, by some oper- 
ator ¢ in the group of isomorphisms of P, into itself multi- 
plied by the corresponding operator in this isomorphism. 
Assuming that Cie t= 8,4 18., we have 

CET (a—r4-1) 


= n a 
t "Bal" — But nan 1 7 Bat n—r ttt 88 +1 dar 


It is easy to prove that the order of the product of the 
operators which are multiplied into e, is equal to the order 
of st,, whenever pisodd. In casen is prime to p this fol- 
lows directly from the fact that each of the factors which 
precede s., is of a lower order than s,,,. In general, let 

„n = kpa, k being prime to p. The exponent of an is divis- 
ible by ost, where m’ is the exponent of the highest power 
of p that is contained in £, since the product of n successive 
numbers is divisible by nl. As the order of o, o does not 
exceed the order of (,,,)? ', the order of the power of 
8a+8 Which occurs in the above formula cannot exceed 
(4,41) PTT Hence it is less than the order of à, 
whenever ?>1, and the product of all the factors which are 
multiplied into 8, 13 of the same order as 8? , , when p is odd. 

When p is even we assume that m, <m — 1. With the 
same notation as above itis clear that the order of 8,45 
does not exceed the order of (s,,,)7 9 ?. Hence the order 
of the power of o, e in the formula cannot exceed 

(Ber ea, 


As m + 2 is less than 28 whenever £ > 1, it follows that in 
this case the order of the product of the factors which are 
multiplied into & is again equal to #5... Hence t is always 
of order p™ and the group of isomorphisms of P contains a cyclic 
subgroup of order p" ^! when p is odd and one of order 2*—* when 
p 18 even. 

The group of isomorphisms of a cyclic group is &belian,* 
and can be represented as a regular substitution group 
whose elements correspond to the operators of highest 
order in the cyclic group.f Hence the group of isomorph- 
isms of the cyclic group of order p" is of order p" —^'(p — 1). 
In particular, the group of isomorphisms J of the cyclic 
group of order 2" is of order Ost We have just found 
that J contains a cyclic subgroup of order 2"-', formed 
by all its operators which transform into itself an operator 
of order 2! (1> 1) in P 

* Trans Amer. Math. Soc., vol. 1 (1900), p. 397. 


T The order of a cyolic group is said to have primitive roots whenever 
its group of isomorphisms is cyclic. 
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The group I contains an operator d of order two which 
transforms each operator of P into its inverse. As & is not 
contained in the above cyclic subgroup of order 277, which 
is composed of all the operators of / which transform an 
operator of order four in P into itself, it and this subgroup 
must generate T. : 

It is now easy to determine the exponent to which a num- 
ber belongs mod 2", since this exponent is the order of the 
corresponding operator in I. In the above mentioned cyclic 
subgroup of order 2"~?, an operator of order 2° is commuta- 
tive with the operators of order 2"-* in P, but not with those 
of order 2^-*^', From this fact and the fact that d trans- 
forms each operator of P into its inverse it follows that all 
the numbers which belong to exponent 2 (k >1) mod 2" are 
of the form + (12"-* + 1) where l is any one of the p(2*) 
numbers not greater than 2* and prime to 2*; and vice versa. 
When k == 1 we haveto add 2" — 1 to the numbers obtained 
in this way. Hence the numbers which belong to exponent 
2-3 are = 8 or 6 mod 8.* 

From what is proved above it follows that the group of 
isomorphisms J, of P contains a cyclic subgroup of order 
p", p being any odd prime, which is composed of all the 
operators of J, commutative with each of the operators of 
order pin P. By adding to this subgroup the operators 
which transform transitively these p — 1 operators of order 
p, we obtain the p^—'(p — 1) operators of I. The group 
of order p — 1 according to which the operators of order 
p are transformed contains no more than d operators whose 
orders divide d, any factor of p — 1, sincez*=1 mod p 
can have no more than d roots [ Hence it cannot have 
two subgroups of the same order and must therefore be 
cyclic. Since I, is abelian its operators of highest order are 
obtained by multiplying the operators of order p — 1 in this 
cyclic subgroup by the operators of order p*^' in the above 
mentioned cyclic subgroup of order p*—'. Hence J, is cyclic 
and the primitive roots of p" are also primitive roots of p.f 
It may be observed that the above furnishes an independent 
proof of the existence of primitive roots of p". That the cyclic 
group of order 2p" has the same group of isomorphisms as 
the cyclic group of order p" follows directly from the fact 
that the operator of order two in the former must corres- 
pond to itself in every holomorphism of the group with it- 
self. Hence 2p" also has primitive roots. 





* Cf. Mathews, Theory of numbers, 1892, p. 30. 
t Gauss, Disquisitiones Arithmeticæ, 1801, Art 54. 
t Ibid , Art. 92. 


4 
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The holomorphisms mentioned inthe second and third 
paragraphs show that all numbers of the form kpr-« + 1, 
where k is any one of the ¢(p*) natural numbers which are 
not greater than p* and prime to p*, belong to the exponent 
p*; a being any positive integer less than m when p is odd 
and less than m — 1 when piseven. In the preceding para- 
graph it is proved that these are the only numbers which be- 
long to an exponent which is a power of an odd prime. The 
product of all the numbers which belong to exponent p"-1, 
and the sin — 1) powers of a number which is nota primitive 
root of p", but belongs to exponent p — 1 mod p, will clearly 
give all the primitive roots of p", since the corresponding 
operators in J, are all its operators of order p"^^'(p —1). In 
particular the primitive roots of 8" are the products of 
8" — 1 and the numbers of the form 37 + 1, l being any one 
of the positive integers not greater than 3"-—' and prime to 
am =, 

The necessary and sufficient condition that an operator of 
J, corresponds to a primitive root of p* is that its order is 
divisible by p — 1 and that its (p — 1)th power corresponds 
to a holomorphism of P with itself which may be obtained 
by establishing à p, 1 isomorphism between P and its sub- 
group of order pe"). Hence the primitive roots of pe (a>1) 
are also the primitive roots of every power of p.* The pth power 
of a primitive root of p is also a primitive root of p, but the 
pth power of a primitive root of ps is not a primitive root 
of p*. The primitive roots of p are thereforellnot always 
primitive roots of p*. In fact, we observe directly, from the 


p—1 





orders of the operators of I, that just of the primitive 


roots of p which are less than p" are also primitive roots of p": 
The preceding considerations can readily be applied to the 
general cyclic group C of order 2%p,*1p,%2 —— p *« (p, p,, +, p. 
being odd prime numbers). By making C isomorphic with 
its subgroup of order 2«*p,«:p,^» --- p an’ (where a’ «a, —1; 
a,’ < ay, y = 1, 2, — , m), and multiplying the corresponding 
operators, we obtain a holomorphism of C with itself, which 
corresponds to an operator of order 246p, exp, —— pen in its 
group of isomorphisms. Since the latter group is the direct 
productf of the groups of isomorphisms of the cyclic groups 
of orders 2%, p“, p,%, ---, p^» and since the group of isomor- 
phisms of each one of these groups involves operators of 
order two whenever the order of the group exceeds two, the 





* Lebesgue, Liowville's Journal, vol. 19 (1854), p. 344. 
T Trans. Amer. Math. Soc., vol. 1 (1900), p. 396. 


354 BESSEL FUNOTIONS. ` [May, 


group of isomorphisms of C is cyclic only when a, = 0 or 1 
and just one of the other exponents differs from 0, or when 
a, = 1 or 2 and all the other exponents are 0.* 


'CoRNELL UNIVERSITY, 
February, 1901. 


BESSEL FUNCTIONS. 


Einleitung in die Theorie der Bessel’ schen Funktionen. By 
Prorsssor J. H. Gray und Dr. E. GUBLER. Zweites 
Heft: Funktionen eweiter Art. Bern, Wyss and Co., 1900. 
Tux first part of this work appeared in 1898 and was re- 

viewed in the Dt, February, 1899, pp. 253-8. The 
general arrangement of the second part is similar to that of 
the first, the authors again emphasizing the fact that the 
work is done in the spirit of Schlafli’s lectures, the manu- 
scripts of which were in their hands, though many problems 
are extended and modernized. This fact explains the ab- 
sence of many important phases of the theory of the Bessel 
functions which one might expect in a symmetric treatise. 
Moreover, the authors have been rather overgenerous in 
their references to papers originating at Bern, omitting 
others which contained proofs of fundamental theorems prior 
to their discovery by the Bern school, although probably no 
plagiarism could be charged. Several fundamental theorems 
by American authors have received no recognition in the 
book. 

Here, as in Volume I, the loop integral is the principal 
factor in the investigation, and next in importance is the 
expansion in series. The differential equation is less fre- 
quently used. The procedure is rather original, and fre- 
quently markedly different proofs for well-known theorems 
are given, which in some instances have led to detection of 
error in papers already published. 

The only attempt at a concrete illustration or application 
is the expansion of a few functions in terms of Bessel func- 
tions, though the relations which exist between these func- 
tions and others are quite fully brought out. 


in 





The second part begins with the expansion of + 
terms of Bessel functions, the result being 


* Gauss, Disquisitiones Arithmetios, 1801, Art. 92 . 
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en tr nn frr 7) E 


[s=40¢—t*)], (z|2izD; Qim N= œ). 


The part under the integral sign is denoted by 20,(z), 
and O,(z) is called the Bessel function of the second kind. 
This terminology is unusual, since the differential equation 
for J (z) is not satisfied by O,(z), but in other respects 
O (x) is quite analogous to J,(z). The authors suggest the 
analogy between the Bessel functions of the first and second 
kind on the one hand and spherical harmonics of the first 
and second kind, as defined by Neumann, on the other. 

The symbol n is used to denote an integral parameter ; 
the form of the infinite series for O,(z) is then derived, 
and the numerical coefficients calculated for n= 1 to n—11. 
This method is then compared with that of Neumann for 
obtaining equation (1). O,(x), J,(x) are both shown to 
exist ina Laurent ring. Any continuous and differentiable 
function can be expanded in but one way in terms of Bessel 
functions. The discussion of integrals of products of 
J, O closes the chapter. 

In the following chapter the related function 8, (x) is in- 


troduced : g 
se) =f" eefe- eye 


cog! nr 


T 








n 
(0,0 = + Zare, 
The expression cos*4nz,=0 or 1, n=1 mod 2, 0 mod 2 
causes some confusion, both in this and later chapters, but 
the difficulty is easily removed by changing a limit in a 
summation. The numerical calculation of S,(z) is given 
for n= 1 to n= 12. S (#) is always a polynomial in x”. 


cos! àzn 


z 





is eliminated and 8 (+) expressed as a (finite) series in 
terms of O,(z). The differential equation is found to be 





* The notation J of the work reviewed is here replaced by Ja, eto. 

+ In my review of Part 1, I carelessly attributed this theorem to Schlo- 
milch. This was simply an error of my own; the statement was not 
made in the book, but Schlémilch’s name was used in a different connec- 
tion. 
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D ÈS, + à Da T (a 018 = 2% sin! nr 


+ 2n cos’ Ans = 2x or 2n as n = 0, 1 mod 2; 
that for O is 
OO, + 0, = z cog&' Ans + n sin? Enz, 


D J (x) = 0 being the differential equation for J (£). 

The chapter closes with the integration of this differen- 
tial equation, which results in expressing S,(z) and O,(z) 
in terms of J,(z), K,(2). 

Chapter VIII introduces two new functions, T. (+), U,(z), 
defined by series, somewhat analogous to the partial sum- 
mations of J(z) and of K(z). They are next expressed as 
integrals, 


T, (x) = 2 (¢ -2) ge m 6-99 do, 


In deriving the differential equation for T,(z), cos! Ans in 
trudes again and the authors have chosen an infelicitous 
expression for removing it. In fact, taking the statement 
pp. 50-52 literally, an actual error would be made. This is 
about the only difficult part to follow in the text. 

The function 7 is expressed in terms of J, and also as a 
definite integral—a similar discussion follows for U. K, J, 
T, S are shown to satisfy the relation 


C= 1)"y_, = ys 


At the end of the chapter the relation between these func- 
tions and the y of Neumann, of Hankel, and of Weber are 
given, the first being expressed by the equation 

Cr) = log J (x) — Aëten + AT (x) — U.(z), 
and the others are also given in detail. -The functions S, 
T,, Un, are called Schläfli functions. 
` Chapter X deals with the addition theorem ; it is prefaced 
by a historical introduction which concisely gives the de- 
velopment of the problem. The method of proof is quite 
consequent : it consists in expressing J,(x + y) as a definite 
(loop) integral 

1 
ek + —1 = pn 
Tay) mua formed, [et], 


a= * A), 


=— œ 
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J+ y= m Ja) Gg let 


By simple and natural transformations, the functions 


a), Kei, a) Sa), Taz), 
are shown to satisfy the same addition theorem, namely, 


Biet = X ZG); 


similar expressions are derived for the argument x — y, for 
parameter n and — n. The chapter concludes with a sim1- 
lar discussion of the product of two Bessel functions. To 
me this chapter appears very successful in its consistent 
method of procedure 
The next chapter deals with the expansion into a con- 
tinued fraction of the ratio of two Bessel functions whose 
parameters differ by unity ; it is preceded by a sketch of the 
historical development of the problem, a feature that is 
repeated in every subsequent chapter. Several pages are 
devoted to the expansion of particular functions. 
The Schläfli function Datei is shown to be a polynomial 
of order m in z^. It is developed for values of m from — 2 
to 8 in terms of an arbitrary parameter a; then a recurring 
. process gives the value of the function for other negative 
values of the integer m. The chapter closes with the appli- 
cation to some particular cases, a = 4, a= — 4, lim P (2). 
Chapter XII treats of the classic problem of the relation 
of the Bessel function to the hypergeometric series. The 
treatment is quite original and direct, the method being 
somewhat independent of the older memoirs. The prob- 
lem is to determine the value of the integral 


s= J,(z) e x "dx ; 


\ 








the result is 
|... ate) (= a+e+i, 3 
S= ZT + Dee 2 ? 2 AO 2 A 


the conditions for convergence are carefully discussed. 

An interesting case is discussed wherein b= =Æ t; the 
region in which the function exists and the transformed 
path of the loop integral are well treated. A second proof 
is given, depending on a curvilinear integral; some new: 
relations between F functions are incidentally found, 
among them being 
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aty—l a+y 4x(1 — x) 
F( 2 "7 2 n ar) 


= (1—22)*(1 — 2) F(a, 1 — a, y, 2). 


This last equation is then developed directly by means of 
the definite integral; the path of integration is varied and 
the moduli of periodicity obtained by crossing the section 
are then discussed. Here again the special power of the 
curvilinear integral is exhibited, in the use of which the 
authors have shown considerable skill. The function con- 
sidered is N 

B \ 
SE 4(t — 1)! 
and the curve of section (Grenzscheide) is a limaçon. The 
chapter closes with a discussion of & few particular cases, 
including besides some well known results a few new ones 
regarding integrals of Bessel functions. i 
In the final chapter Weber’s discontinuous integral 


JA eM La) de 


is discussed and generalized for any parameters ; this is done 
by Dr. Gubler The method employed is an application of 
the principles established in the preceding chapter, with the 
selection of an appropriate path of integration for each case. 

A short appendix is added, in which still another form of 
the integral is obtained, and another section reduces the 
differential equation of the Bessel function of the first kind 
to a Riccati equation ; and gives the form of the solution as 
a function of two independent J(z) functions. 

The bibliography which introduces each chapter, and the 
list of sources quoted which is appended to each part, while 
not always complete and not always giving the original 
source, still form a valuable part of the book. This work 
and the treatise of Gray and Mathews supplement each 
other, each being somewhat one sided when studied alone. 

A number of typographical errors already found are cor- 
rected in & list inserted in Part IL; but a good many more 
are still in the text, though few, if any, would prove a 
source of annoyance to the reader. 

Any worker in Bessel functions will find the work a help- 
ful text. VIRGIL SNYDER. 


CORNELL UNIVERSITY, 
March 9, 1901. 
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SHORTER NOTICES. 


Lesioni sulle Teoria delle Superficie. By Grucorio Rıocı. 
Padova, 1898. 


Tms lithographed volume of about 400 pages gives the 
formal development and application to the theory of surfaces 
of the instrument of analysis termed Calcolo differenziale as- 
soluto by the author. The method leads to formule and 
equations always presenting themselves under the same 
form for any system of independent variables, and the diffi- 
culties which are incidental and formal rather than intrinsic 
are thus to some extent done away with, and the research 
assumes & uniformity absent in other methods. The entire 
discussion is based on the properties of differential quadratic 
forms, and the Introduction, of about 180 pages, contains a 
rather complete exposition of the methods of the calculus 
with a more or less full treatment of differential quadratic 
forms in general and binary forms in particular. The 
novelty and generality of the method and notation require 
of the reader notalittle effort ; but, these difficulties of form 
once overcome, the various geometrical applications follow 
easily. ; 

Chapter I is devoted to generalities on linear homogeneous 
partial differential equations of the first order and to com- 
plete systems. Chapters II and III treat differential quad- 
ratic forms and develop the absolute calculus for n vari- 
ables. In chapters IV and V these forms are classified and 
differential invariants are formed, while chapter VI applies 
the calculus to two variables. 

Part I, comprising the second third of the book, treats sur- 
faces as flexible and inextensible, while Part II is taken up 
with the theory of surfaces considered as having a rigid form 
in space Chapter IV of this part treats special classes of 
surfaces, while chapter VI is devoted to surfaces of the 
second degree. 

The treatise is by no means a complete exposition of the 
whole theory of surfaces, such subjects as infinitesmal de- 
formations, pseudospherical geometry, and triply orthogonal 
systems being barely mentioned ; but the idea of the volume 
seems to be to give some notion of the power and elegance 
of the absolute calculus. This hasa wider application than 
that indicated here. many questions of pure mathematics 
and of mathematical physics being advantageously treated 
by it ; and those accustomed to the classic method and nota- 
tion, as found in Darboux and Bianchi for instance, will 
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find the book well worth reading if for no other reason than 
to look at the theory from another and entirely different 
aspect. | 
G. O. Jas, 


Leçons sur la Théorie des Formes et la Géométrie analytique supé-. 
rieure. Par H. Anpover. Volume I. Paris, Gauthier- 
Villars, 1900. Geo, pp. vi + 508. Price, 16 francs. 


Ir would be asserting too much to say that M. Andoyer’s 
first volume fulfills all reasonable expectations. In this vol- 
ume only binary and ternary forms are treated, the quater- 
nary field being reserved for a second, which is announced 
as already in press. All who read the author’s introduction 
(lithographed) a few years ago must have expected to find 
in the present work a treatise not only compendious but 
also elementary. Compendious it certainly’ is, covering a 
surprisingly wide range, but the student beginning in this 
subject and reading it alone will find it impenetrable It is 
lucid, it is concise, but it is extremely condensed. Therein 
lies, however, its great merit As a work of reference, or 
as a syllabus to accompany alecture course, it will super- 
sede anything hitherto published in the same field. Its 
field is geometry—invariantive geometry, algebra taking 
the second place. Accordingly one cannot yet dispense 
with Salmon, Faa di Bruno, and Elliott. Nor is it intended 
to precede the study of projective geometry of curves; 
rather it presupposes a large amount of geometrical knowl- 
edge, and aims to recast and systematize it. To quote 
from the preface: ‘‘ Je me suis proposé, en l'écrivant, d'ex- 
poser d’une facon didactique la théorie des formes et son 
interprétation géométrique générale ’’ 

Binary forms are treated in ten chapters, occupying 145 
pages. After two excellent but too compact preliminary 
chapters, linear and quadratic forms and systems of forms 
are fully discussed, together with formal treatment of re- 
sultants and discriminants. Cubics, quartics, and quintics 
with their full covariant systems are given, the last only in 
list without any detail. All systematic discussion of com- 
plete form systems is excluded, the reader being referred to 
Gordan and Hilbert. Finally forms in two sets of variables 
are taken up, otherwise correspondences, and the metric 
geometry on a line. The chapter most novel in this binary 
division is that on the doubly quadratic form, or the (2, 2) 
correspondence on a line. Of course the problem of derived 
correspondences (2, 2) and the conditions for the occurrence 
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of closed systems are of principal importance here, and I 
believe that no algebraic treatment has been accessible in 
textbooks heretofore. Andoyer derives the explicit funda- 
mental invariants and covariants, the recursive formula ex- 
pressing the equation of the (n+ 1)th derivative correspon- 
dence in terms of the nth and (n—1)th. and so ultimately in 
rational covariants of the original form. Theresults here 
obtained are directly applied in the chapter on Poncelet’s 
polygons, in the ternary division. 

Under ternary forms occur the necessary formal gener- 
alities, short chapters on homography and on conics (la série 
quadratique); then that just now alluded to upon the system 
of two vonics, a welcome addition to the literature of the 
subject. Invariant conditions for closed Poncelet polygons 
of 3 and of 4 sides are given in rational functions of the 
four fundamental invariants, and the apparatus is furnished 
for calculating similar conditions for nsides. The deriva- 
tion of these results by the aid of the elementary invariants 
of a binary biquadratic form is a decided improvement 
upon older methods. 

Two bilinear forms and the quadratic correspondence are 
handled thoroughly, with a view to the quartic curve. 
Cubic and trilinear forms have à fairly full treatment (53 
pages). The quartic curve is considered as the envelope of 
a variable conic whose parametric point describes a fixed 
conic : thus the bitangents and quadruply tangent conics are 
examined by the method of Cayley and Salmon. The two 
concluding chapters, apparently valuable, are concerned 
with metric geometry, general and special, i. e., with a 
proper quadric and a degenerate quadric respectively as the 
absolute. 

The thoroughly systematic execution of the work perhaps 
excuses the absence of any index, and the geometrical purpose 
naturally excludes any account of the work of Hilbert or of 
Deruyts ; but a work of this magnitude, not professedly a 
cyclopædia, ought certainly to offer some perspectives and 
some outlook. The promise of a general bibliography in 
Volume IT is hardly a substitute for the minute and par- 
ticular citations that a student needs.—Enough of fault- 
finding! It is refreshing to read a treatise that makes per- 
fectly free use of invariants of every degree of intricacy, 
with an eye solely to their significance and no concern about 
their explicit formulation. Let us notice that this last 
product of the nineteenth century on plane curve theory 
stops short of the quintic. 

Henry B. Wurre. 
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NOTES. 


. Tæ second (April) number of Volume II of the Trans- 

actions of the AMERICAN MATHEMATIOAL SOCIETY contains the 
following papers: ‘‘ Canonical forms of quaternary abelian 
substitutions in an arbitrary Galois field," by L. E. Droxson ; 
‘ Certain cases in which the vanishing of the Wronskian is 
a sufficient condition for linear dependence,’’ by M. Bôoree ; 
* An elementary proof of a theorem of Sturm," be M. 
Bôoxer ; ‘‘ On the determination of surfaces capable of con- 
formal representation upon the plane in such a manner that 
geodetic lines are represented by algebraic curves,’’ by H. - 
F. STECKER ; ‘On the existence of a minimum of the in- 


tegral E F(a, y, y )dz when x, and x, are conjugate points, 


and the geodesics on an ellipsoid of revolution ; a revision 
of a theorem of Kneser's," by W. F. Osaoop; ''On the 
geometry of planes in a parabolic space of four dimensions," 
by I. STRINGHAN. 


Tue April number (second series, volume 2, number 3) of 
the Annals of Mathematics contains the following papers: ‘‘Suf- 
ficient conditions in the calculus of variations,” by W. F. 
Osaoop ` ‘‘ Lagrange’s equation in the calculus of variations 
and the extension of a theorem of Erdmann," by J. K. 
WEITTEMORE ; ‘ On some points in the theory of the hyper- 
geometric function, expressed as a double circuit integral,” 
by R. M. HATRAWAY ; ‘‘ A theorem in continued fractions," 
by D. N. Lemmer ; ‘ Note on the dual of a focal property of 
the inscribed ellipse,” by R. E. ALLARDICE ; ‘‘ A simplified 
solution of the cubic," by Emory MoCLINTOOK. 


AT the regular meeting of the London mathematical so- 
ciety held on March 14, 1901, the following papers were 
read: (Am account of some algebraical identities of simple 
arithmetical application," by Professor E. B. ELLIOTT; 
‘Preliminary notice concerning the stability of motion," 
by Professor A. E. H. Love; ‘On the composition of 
group characteristics," by Professor W. Buena; ‘‘On 
the use of Cauchy’s principal values in the double limit 
problems of the integral calculus,” by Mr. G H. Harpy. 


Tue following papers were read at the meeting of the 
Edinburgh mathematical society held on March 8, 1901: 
‘(Some elementary theorems regarding surds,’’ by Professor 
G. CHRYSTAL ; ‘‘ Note on the application of complex integra- 
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tion to the equations of conduction of heat," by Mr. J. 
Douai. 


Te first fasciculus of volume IV of the Encyclopaedia 
of the mathematical sciences (see Bulletin, volume 7, page 
101) is to appear very shortly. It will contain '' Vector 
analysis," by Dr. M. ABRAHAM of Göttingen, and Pro- 
fessor A. E. H. Lovz’s two articles on "7 Hydrodynamics.”’ 


Tux first fasciculus of volume 9 of the Jahresberichte of 
the German mathematical association has just appeared. 
It contains an announcement that volume 10 will include a 
report by Professor H. BurxHarpr entitled: “ Die Ausbil- 
dung der Methode der Reihenentwickelungen an physikal- 
ischen Problemen.’’ 


Tre Spanish journal El Progreso matematico, edited by D. 
ZoEL G. DE GALDEANO, Saragossa, ceased publication with 
the number for last December. 


Te first two numbers of a new Italian monthly, Le Mate- 
matiche pure ed applicate have‘appeared. Itis edited by Pro- 
fessor C. Arasia of Oristano with the coöperation of twenty 
Italian and foreign mathematicians, and is published by 5. 
Lapi in Città di Castello. The periodical will publish notes 
and memoirs on elementary and advanced mathematics, but 
preference will be given to articles on applied mathematics. 
The first number, which has twenty-four pages, begins with 
an article on continued fractions by the late Professor C. 
Heraxre. Contributions may be sent to the American 
member of the board of editors, Professor G. B. HarsTED, 
Austin, Texas. 


Tre announcement is made that Professor A. von OET- 
TINGEN of Leipsic has undertaken to edit Volume IV. of 
Poggendorff’s Biographical Dictionary, which is to cover the 
period 1884-1900. Authors of works and articles in math- 
ematics, physics, astronomy, meteorology, chemistry, min- 
eralogy, geology, and geography have been asked to promote 
this undertaking by sending to Professor v. Oettingen 
biographical notices, and also information regarding books 
and articles published in periodicals which are not very 
widely known. The new volume will appear in 1902 or 
1903, and will be published by J. A. Barth, of Leipsic. 


CAMBRIDGE Universrry. The Smith's prizes have been 
adjudged to G. H. Harpy, fourth wrangler in 1898, for 
his essay on ‘‘ Definite integrals of discontinuous functions," 
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and to J. H. Jeans, bracketed second wrangler in 1898, for 
his essay on ‘‘ The distribution of molecular energy. P. 
V. Bevan, fourth wrangler in 1899, received an honorable 
mention for his essay on (7 The influence of metallic media 
on light vibrations.’’ 


Tue Untversity or Cnuricaao.— The following advanced 
mathematical courses, four hours weekly, are to be offered 
during the four quarters (su, a, w, sp) of the year beginning 
June 19, 1901 :—By Professor E H. Moore: Theory of 


` functions of a real variable, with seminar (a, w, sp).—By ` 


Professor O. Bozza : Theory of functions of a complex vari- 
able (su); Calculus of variations (su); Advanced algebra 
(a, w); Abelian functions, with seminar (a, w).—By Asso- 
ciate Professor H. Masomxe : Theory of functions (a, w); 
Theory of the potential (sp); Theory of invariants (a); 
Twisted curves and surfaces, with seminar (w, sp).—By 
Assistant Professor H. E Sraverr: Differential equations 
(su); Advanced integral calculus (a, w, sp).—By Assistant 
Professor J. W. A. Youxa: Pedagogy of mathematics (su); 
Solid analytics (sp).—By Assistant Professor L. E. Drcx- 
son: Pure and analytic projective geometry (su); Theory 
of numbers, with introduction to congruence groups (sp).— 
By Dr. J. A. Boyn: Solid analytics and determinants (su). 
—By Dr. McDonatp: Hyperelliptic functions (su). 


CorvarBrA Untversiry.—The following advanced courses 
are offered during the academic year 1901-1902 by the de- 
partments of mathematics and mechanics, each course ex- 
tending throughout the year :—By Professor F. N. Corx: 
Theory of groups, three hours.—By Professor T. 8. FISKE : 
Advanced calculus, three hours; Functions defined by 
linear differential equations, three hours.—By Professor J. 
Maoray: Theory of functions of a complex variable, three 
hours.—By Professor M. I. Porix : Electromagnetic theory 
of light, two hours ; Bessel’s functions and spherical har- 
monies, one hour.—By Professor R. 8. Woopwarp: Ad- 
vanced theoretical mechanics, two hours; Theory of the 
potential function, two hours.—By Dr. E. Kasner : The- 
oretical mechanics, three hours.—By Mr. C. J. KEYSER : 
- Modern theories of geometry, three hours.—By Mr. H. B. 
Mrrogert, : Differential equations, three hours. —By Mr. J. 
C. PrisrER : Theoretical mechanics, two hours. 

The mathematical colloquium is held fortnightly. 


CORNELL Universiry.—Among the courses announced 
for the summer session, July 5th to August 16th, are ele- 


fe 


H 
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mentary courses in algebra, geometry, trigonometry, ana- 
lytic geometry, and infinitesimal calculus, given by Profes- 
sors Tanner, Jones, Warr, and Dr. Murray, and the 
following advanced courses:—By Professor L. A. Warr: 
Analytic geometry, based on Salmon’s conic sections, three 
hours; Differential calculus, baged on the treatises of Tod- 
hunter and Williamson, two hours.—By Dr. V. SNYDER : 
Projective geometry, an elementary course in Cremona’s 
Projective geometry, five hours.—By Dr. D. A. MURRAY : 
Differential equations, five hours; Descriptive astronomy, 
five hours.—By Dr. G. A. Minune: Integral calculus, based 
on the treatises of Todhunter and Williamson, five hours ; 
Introduction to the theory of groups and the theory of 
numbers, five hours; History of mathematics, five hours. 
— By Dr. J. V. WzarrFALL: Theory of functions of a com- 
plex variable, the elements of the theories of Cauchy, Rie- 
mann, and Weierstrass, three hours. 


HARVARD University.—tThe following advanced mathe- 
matical courses are offered during the academic year 1901— 
1902 :—By Professor J. M. Pror: Quaternions (first 
course); Triangular coórdinates and algebraic plane curves, 
especially cubics ; + Application of quaternions to the theory 
of curves and surfaces; Tf Selected topics in quaternions.— 
By Professors W. E. Bymriy and B. O. PzrgoE: Trigono- 
metric series, spherical harmonics, and potential function.— 
By Professor W. E. BYERLY : Calculus (second course); 
‘Dynamics of a rigid body.—By Professor W. F. Osaoon : 
+ Infinite series and products; Theory of functions (first 
course).—By Professor M. Bôoxer : f Algebra, properties 
of polynomials, invariants; } Introduction to partial differ- 
ential equations; Functions defined by linear differential 
equations.—By Dr. C. L. Bouton: + Theory of numbers; 
T Elementary differential equations.—By Mr. J. K. WHITTE- 

. MORE: Modern geometry; Hydrostatics, hydrokinetics.— 
By Mr. J. L. Coour»eg: t Theory of equations, ihvariants ; 
Non-euclidean geometry. 

These courses will involve three lectures & week through- 

out the year, except those preceded by +, which involve 


~ about half this number of lectures. Professors BYERLY 


and Oseoop, Dr. BouroN, and Mr. CoorrpamE also offer 
courses in reading and research on Picard’s Traité d’ana- 
lyse, Calculus of variations, Theory of continuous groups, 
and Projective geometry, respectively. 
The mathematical conference will meet twicea month. 


YALE Universiry.—The following courses in mathematics 
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are announced for the year 1901-1902 :—By Professor J. E. 
Crank : + Determinants, with applications to geometry and 
the theory of elimination, two hours; f Differential equa- 
tions, two hours.—By Professor J. W. Gisss ; f Vector 
analysis, three hours; + Advanced vector analysis, three 
hours; Electricity and magnetism, one hour; Thermo- 
dynamics and properties of matter, two hours, —By Pro- 
fessor W. Beese: Celestial mechanics, three hours.—By 
Professor J. Prerrortr : t Higher algebra, three hours; Dif- 
ferential equations and function theory, three hours; Theory 
of functions, three hours.—By Professor P. F. SMITH : Ad- 
vanced differential geometry, two hours; t Foundations of 
geometry, two hours.—By Professor H. A. Bumsrgap: Prob- 
lems in mathematical physics, two hours.—By Dr. M. B. 
Porrer : Advanced calculus, three hours ; f Selected topics 
in differential equations, three hours.—By Dr. W. A. GRAN- 
VILLE: T Differential geometry, three hours.—By Mr. E. B. 
WirsowN: + Analytical mechanics, three hours ; + Projective 
geometry, three hours. 

Courses preceded by f extend through only one half of 
the year. 


Tux several German universities below offer during the 
summer semester, 1901, courses in mathematics as follows : 


UNIVERSITY OF BERLIN.— By Professor L. Fuons : Appli- 
cations of the theory of elliptic functions, three hours ; 
Theory ‘of linear differential equations, four hours.—By 
Professor H. A. Sonwarz: Integral calculus, four hours; 
Theory of analytic functions, I, four hours ; Gauss’s hyper- 
geometric series, two hours; Mathematical colloquium, 
two hours.—By Professor G. FRoBENiu8: Theory of alge- 
braic equations, II, four hours.—By Professor J. KNosB- 
LAUOH: Theory of space curves, one hour; Theory of 
curved surfaces, four hours; Elliptie functions, four hours. 
By Professor K. HENsEL: Analytic geometry of plane and 
space, four hours; Theory of probabilities, two hours; 
Geometry of numbers and its application ; Colloquium, two 
hours.—By Professor R. HELMERT : Figure of the earth, 
one hour; Map projection, one hour.—By Professor R. 
LzmwANN-Firuiís: Differential Calculus, four hours, with 
exercises, one hour.—By Professor G. HETTNER : Fourier’s 
series and integrals, two hours. 


Uxiversiry or Bonn.—By Professor L. Herrrmr : Infini- 
tesimal calculus, four hours, with exercises, one hour ; Des- 
criptive geometry, two hours, with exercises, three hours.— 
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By Professor R. Lrrsonrrz: Theory of numbers, four hours; 
Seminar, two hours.—By Professor H. Kortum; Theory of 
algebraic equations, four hours; Seminar, two hours. 


University op HALLE.—By Professor Q. Cantor : Theory 
of numbers, four hours; Definite integrals and differential 
equations, two hours; Seminar, two hours.—By Professor 
A. WANGERIN : Theory of potential and spherical harmon- 
ics, five hours ; Seminar, two hours.—By Professor V. EBER- 
HARD: Theory of Determinants, one hour: Plane analytic 
geometry, three hours.—By Dr. E. Neumann : Infinitesimal 
calculus, I, four hours, with exercises, one hour. 


UNIVERSITY or INN8BRUOK.—By Professor O. StoLz: 
Theory of double integrals, two hours; Calculus of varia- 
tions, one hour; Seminar on the foregoing subjects, one 
hour ; Theory of functions of a complex variable according 
to Cauchy and Weierstrass (continued), with seminar, three 
hours.—By Professor W. WIRTINGER: Linear partial dif- 
ferential equations (continued), three hours; Euler's and 
the hypergeometric integrals, two hours; Seminar, two 
hours.—By Dr. K. ZiwprLER: Descriptive geometry, four 
hours; Applications of calculus to geometry (continued), 
two hours. 


UNIVERSITY or VIENNA.—By Professor J. v. ESOHERIOH: 
Calculus of variations, five hours ; Mathematical statistics, 
three hours ; Proseminar, one hour; Seminar, two hours.— 
By Professor L. GEGENBAUER : Theory of quadratic forms, 
two hours ; Theory of numbers, II, three hours; Theory of 
probabilities, three hours ; Proseminar, one hour ; Seminar, 
two hours.—By Professor F. MErTENs : Elements of infini- 

. tesimal calculus for students of all faculties, II, five hours, 
with exercises, two hours ; Proseminar, one hour ; Seminar, 
two hours.—By Professor G. Koun: Synthetic geometry 
(continued), four hours, with exercises, one hour.—By Dr. 
V. Sersawy : Mathematics of insurance, two courses of three 
and four hours respectively.—By Dr. A. TAUBER : Analytic 
geometry of space, three hours; Mathematics of insurance, ` 
three hours, with exercises, two hours.— By Dr. E. 
BrasoHkE: Introduction to mathematical statistics.—By 
Dr. R. D. v. STERNECK : On the number of prime numbers 
between given limits, one hour.—By Dr. J. A. QGMEINER : 
Quaternions. with applications to the motion of points, on 
hour. ' 


A 00URSE of six lectures on ‘‘ British mathematicians of 
the nineteenth century "7 was delivered by Dr. ALEXANDER 
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MAOFARLANE at Lehigh University, April 12-23. The life 
and work of the following mathematicians was presented : 
George Peacock (1791-1858), Augustus De Morgan (1806- 
1871), W. R. Hamilton (1805-1865), George Boole (1815- 
1864), Arthur Cayley (1821-1895), W. K. Clifford (1845- 
1879). 


Dr. J. ©. Frezps has recently given at the University of 
Toronto a course of lectures on ‘‘The quadrature of the 
circle. ?? 


Prorsssor J. W. Gress, of Yale University, has been 
elected an honorary member of the London physical 
society. 

Prorrssor Q. HUMBERT of the Ecole polytechnique has 
been elected a member of the section of geometry of the 
Paris academy of sciences to fill the vacancy caused by the 
death of HERMITE. 


Prorzssor Asara Hatt, U. S. Navy, who for the last 
five years has been lecturer on celestial mechanics at Har- 
vard University, has resigned his position there, and will 
spend the next year or two in European travel. 


Iris reported that the faculty of the University of Munich 
has nominated Professors D. HrLBERT, A. BRILL, and A. 
Voss to fill the vacancy caused by the resignation of Pro- 
fésser G. BAUER. 


Dr. E. A. EnGLer, professor of mathematics in Wash- 
ington University, St. Louis, Mo., has been elected pres- 
ident of the Worcester Polytechnic Institute, to succeed Dr. 
T. C. MENDENHALL, who retires on account of ill-health. 


Ar Columbia University, Dr. James MaoLAy has been 
promoted to an associate professorship of mathematics, and 
Mr. J. C. PFISTER to an instructorship in mechanics. Dr. 
G. H. Line, of Wesleyan University, and Mr. WA 
FımDLaAy, of the University of Chicago, have been appointed 
tutors in mathematics in Columbia University. 

Mr. H. W. Kops, of Cornell University, has been ap- 
pointed assistant professor of mathematics in Ohio State 
University. 

De. R. E. Moritz, of the University of Nebraska, has 
received leave of absence and will spend a year in study in 
Germany. 

PnRorzssoR H. A. RowLanD, Johns Hopkins University, 
died at Baltimore, April 16. 
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Tee death is announced of De. J. T. DUFFIELD, profes- 
Sor of mathematics in Princeton University since 1847. 


Tre deaths are also announced of M. T. Morgen, an 
eminent French mathematician and engineer and honorary 
examiner at the Ecole polytechnique ; of Dr. P. M. Pox- 
ROWSKI, professor of mathematics at Kiew ; and of Dr. F. 
MELDE, professor of physics and director of the mathemat- 
ical and physical institute of the University of Marburg. 


NEW PUBLICATIONS. 


J. HIGHER MATHEMATICS. 


CoLLINS (J V.). An elementary exposition of Grassmann’s Ausdeh- 
nungslehre, or theory of extension. Springfield, Mo., Dixon, 1901, 
8vo. 24-46 pp. (Reprinted from the American Mathematical Monthly, 
Vols 6 and 7.) 


KIEPERT (L.). Grundriss der Differential- und In lrechnung. Teil I: 
Differentialrechnung. 9te Auflage des gleichnamigen Leitfadens 
von M. Stegemann. Hannover, Helwing, 1901. 8vo. 17 + 750 pp. 
Cloth. M. 12.00 


MANNING (H. P.). Non-euclidean geometry. Boston, Ginn, 1901: 
12mo. 4+-95 pp. Cloth. $0.75 


Mork (J.). See TANNERY (J.). 


NioxoLs (E. W.). Differential end integral calculus, with applications ` 
for colleges, universities and technical schools. Boston, Heath, 1900. 
12mo. 405 pp. Half-leather. $2.00 


STEGEMANN (M.). See Kiepert (L.). 


TANNERY (J.) et MoLK (J.). Eléments de la théorie des fonctions 
elliptiques. (En 4 volumes.) Vol. 4: Caloul intégral, partie 2e, 
et applications. Fascicule I. Paris, Gauthier-Villars, 1900. 8vo. 

1—164 Vol. 4 complete Fr. 9.00 


WIENER (H.). Die Einteilung der ebenen Kurven und Kegel dritter 
Ordnung in 13 Gattungen. Teil I: Die Konfiguration der neun 
Wendepunkte einer ebenen Kurve dritter Ordnung. Teil II: Der 
syzygetische Buschel von Kurven dritter Ordnung. Halle, Schilling, 
1901. 8vo. 6+34pp. (Mathematische Abhandlungen aus dem 
Verlage mathematischer Modelle von M Schilling in Halle y H: 
neue Folge, No. 2.) M. 1.60 


IL ELEMENTARY MATHEMATICS. 


ALASIA (C.). La recente geometria del triangolo. Città di Castello, 
Lapi, 1900. 8vo. 16 + 339 pp. Fr. 8.00 
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ALASIA (C.). Relazioni fra gli elementi di un triangolo piano; 566 
formule raccolte ed ordinate. Città di Castello, Lapi, 1900. Geo. 
35 pp. 

BERGMANN(F.). See RossMANITH. 


BovpEN (W. C.). Primeros pasos en Algebra ; traducido y adaptado al 
idioma castellano. New York, Silver, Burdett, Co. [1900]. 
19mo. 194pp. Cloth. $0.60 


Buck (R. C.). Manual of trigonometry ; for use, more especially, of 
young sailors and officers ın the merchant navy. Revised edition. 
London, Griffin, 1901. 12mo. 124 pp. Cloth. (Nautical series ) 

: 3s. 6d 

DEKKER (P.). See NIEMÓLLER (F.). 


EuoLID See Smion (M.). 


FRENON (C. H.) and OSBORN (G.). First year’s algebra ; with or with- 
outanswers. London, Churchill, 1901. 12mo. Cloth. 18. 6d. 


GABRIELLI (A.). Nuovo metodo per la risoluzione delle equazioni ad 
una incognita del seoundo, del terzo grado e di grado superiore. 
Milano, Pirola, 1901. Geo 26 pp. Fr. 1.60 


JELINEK (L.). Logarıthmische Tafeln für Gymnasien und Realschulen. 
4te oon Samt Anleiturg. Wien, Pichler, 1900. 8vo. 44-157 
pp. Cloth. M. 1.50 


J. (F.). Compléments de trigonométrie et méthodes pour la résolution 
des problèmes. Paris, Poussielgue [1901]. 18mo 12 + 843 pp. 
(Cours de mathématiques élémentaires. ) 


Kur (IL H.). Grundriss der Geometrie ; ein Leitfaden fur den Unter- 
richt. Teil I. Planimetrie. 2te Auflage. Dresden, Kuhtmaun, 
1900. Geo, 4+ 96 pp. M. 1.40 


MATBIOULATION mathematics; model answers. January, 1895, to Janunry, 
1901. London, Clive, 1901. 12mo. 156pp. (University Tutorial 
Series. ) 28. 


METRAL (A.). La trsezione geometrica dell'angolo, con traduzione 
francese della parte piinoipale. Roma, Pistolesi, 1900. Geo, 32 Pp., 
1 plate. e 


MILNE (W. J.). Academic algebra. New York, American Book Com- 
pany [1901]. 12mo. 2+ 444 pp. Half-leather. $1.25 


NIEMÖLLER (F.) und DEKKER (P.). Arithmetisches und algebraisches 
Unterrichtabuch. Für den mathematischen Unterricht in der 
Mittel- und Oberstufe hoherer Lehranstalten nach den Bestimmungen 
der preussischen Lehrpline von 1892 bearbeitet. (In 4 Heften.) 
Heft 3: Pensum der Obersekunda. Breslau, Hirt, 1901. 8vo. 
80 pp. Boards. M 1.25 


OSBORN (G.). See FRENCH (C. Hi 


RHEUDE (F.). Lósungen zu den mathematischen Absolutorialaufgaben 
der bayerischen Realschulen. (1875-1900 incl.) 2te Auflage. Mun- 
chen, Kellerer, 1901. 8vo. 211 pp., 7 plates. M. 2.20 


RossrANITE und SCHOBER Geometrische Formenléhre. Ein Leit- 
faden für den geometrischen Anschauungsunterricht in der ersten 
Realklasse. 6te Auflage, bearbeitet von F. Bergmann. Mit 77 
Figuren, einer Tafel und zahlreichen Uebungsaufgaben. Wien, 
Pichler, 1900. Geo 63 pp. Cloth. M. 1.10 
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RÜOErFLI (J ). Lehrbuch der ebenen Trigonometrie, nebst einer Samm- 
lung von Uebungsaufgaben. Zum Gebrauche an Sekundarsohulen 
(Realschulen) und Gymnasialanstalten bearbeitet. 3te Auflage. 
Bern, Schmid & Francke, 1901. Geo, 100 pp. Boards. M. 1.30 


BACOANI (F.). Gli dei placati e la duplicazione del oubo. Reggio 
nell'Emilia, 1900. 8vo. 88 pp., 1 plate. 


SATTA (À.). Trigonometria piana e coordinate piane ortogonali, ad 
ugo della sezione agrimensura negli istituti teonici. Reggio-Emilia, 
1900. 8vo. 72 pp. Fr. 1.50 


SouwID (K.). 100 ansführlich gelöste geometrische Aufgaben von 
bayerischen Lehrer-Anstellungsprufungeu. 2te Auflage Munchen, 
Kellerer, 1901. 8vo. 7--110 pp. M. 1.20 


SCHOBER. See ROSSMANITH. 


ScHULTZ (E.). Vierstellige mathematische Tabellen. Ausgabe für 
Maschinenbauschulen. Essen, Baedeker, 1901. 8vo. 64-108 pp. 
Cloth. M. 1.40 


SIMON (M.). Euclid und die sechs planimetrischen Bucher. Mit 
Benutzung der Textausgabe von Heiberg. Leipzig, Teubner, 1901. 
8vo. 8-+141 pp. (Abhandlungen zur Geschichte der mathemati- 
schen Wissenschaften mit Einsohluss ihrer Anwendungen ; ndet 
von M. Cantor. (XI. Heft.) . 5.00 


SLIOHTER (C. S.). Four-place logarithmic tables for rapid compu- 
tation. New York, Macmillan, 1901. Size 7114 inches. ud 

.40 

Spooner (H. J.). Elements of geometrical drawing ; text-book on prao- 
tical plane geometry, including an introduction to solid geometry. 
Written to include requirements of syllabus of the Board of Edu- 
cation in geometrical drawing and for use of students preparing for 
military entrance examinations. London, Longmans, 1901. 12mo. 


338 pp. Cloth. 38. 6d. 
VINE (G. T.). Theory notes on algebra and mensuration. London, 
Simpkin, 1901. 8vo. 270 pp. 2s 6d. 
WELLS (W.). Plane trigonometry. Boston, Heath, 1900. 16mo. 100 
pp. Half-leather, $0.75 


II. APPLIED MATHEMATICS. 


BALL (R. S.). Elements of astronomy. London and New York, - 
millan, 1900. 16mo. 8+ 183 pp. Oloth. $0.80 


CANIN (O.). See DOMKE (F.). 


DOMKE (F ). Nautische, astronomische und logarithmische Tafeln nebst 
Erklärung und Gebrauchsanweisung für die kónigl. preussischen 
NavigationeSchulen. 10te Auflage. -Neu bearbeitet von O. Canin. 

“ Berlin, Decker, 1900. 8vo 23 + 360 pp M. 9 50 


EMOH ee: An application of elliptic functions to Peaucellier’s link- 
vork inversor). ( Annals of Mathematics, 2nd series, Vol. 2.) 4to. 

pP. : 

KESSLER (J.). Grundzüge der Mechanik. Kurzgefasstes Lehrbuch in 
elementarer Darstellung TeilI: Statik fester Körper. Hildburg- 
hausen, Pezoldt, 1901. Geo 8-1-138 pp. (Technische Lebrhefte, 
Abteilung B : Maschinenbau, Heft 10.) M 3.50 
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MATRIOULATION mechanics, model answers. London University papers 
from June, 1890, to June, 1898. London, Clive, 1901. 12mo. 120 pp. 
(University Tutorial Series. ) | 28. | 


MOoULAN (P.). Cours de mécanique élémentaire, à l'usage des écoles 
industrielles, comprenant: notions préliminaires; cinématique ; 
statique ; résistance aux mouvements ; forces centrales, eto. Paris, 
Béranger, 1901. 8vo. 128 pp. 


SCHLOTKE (J.). Lehrbuch der darstellenden Geometrie. Teil I : Spe 
cielle darstellende Geometrie. 4te Auflage. Dresden, Kühtmann, 
1900. 8vo. 44-107 pp. M. 3.60 


Ke es P. 
Wed ^R Ri LT 
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THE APRIL MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


A REGULAR meeting of the AMERICAN MATHEMATIOAL 
Soorery was held in Now York City on Saturday, April 27 , 
1901. Thirty-four persons were present at the two sessions, 
including the following thirty-one members of the So- 
ciety : 

M. Joseph Allen, Dr. J. E. Clarke, Professor F. N. Cole, 
Dr. W. 8. Dennett, Professor T. S. Fiske, Mr. A. 8. Gale, 
Dr. G. B. Germann, Mr. F. A. Giffen, Dr. W. A. Granville, 
Miss Ida Griffiths, Professor James Harkness, Dr. Edward 
Kasner, Mr. C. J. Keyser, Professor Pomeroy Ladue, Dr. 
G. H. Ling, Dr. Emory McClintock, Dr. James Maclay, Dr. 
G. A. Miller, Professor Frank Morley, Professor W. F. Os- 
good, Miss Ida Schottenfels, Professor C. A. Scott, Dr. Vir- 
gil Snyder, Dr. H. F. Stecker, Professor J. H. Tanner, 
Professor H. D. Thompson, Professor E. B. Van Vieck, 
Professor J. M. Van Vleck, Professor L. A. Wait, Miss E. 
C. Williams, Professor R. S. Woodward. 

Vice-President Thomas S. Fiske occupied the chair. The 
Council announced the election of the following persons to 
membership in the Society : Mr. C. W. McG. Black, Har- 
vard University, Cambridge, Mass.; Dr. S. E. Slocum, 
. University of Cincinnati, Cincinnati, Ohio. Two applica- 
tions for membership were received. 

To relieve the increasing burden of administration, the 
office of Assistant Secretary was created, and filled by the 
appointment of Dr. Edward Kasner, to serve until February, 
1902. 

The library of the Society, which at present consists 
mainly of some five hundred unbound volumes of journals 
received as exchanges, is about to be deposited in the library 
of Columbia University, under an agreement by which the 
University undertakes to bind, catalogue, and care for the 
books now on hand and all future additions, and to make 
them easily accessible to the members of the Society. Ar- 
rangements will be made by which the books may be tem- 
porarily loaned to members living at a distance. The li- 
brary is to be kept as a separate collection, duplicating as 
far as may be the general University library, and aiming to 
become as complete as possible in itself. The title to the 
books remains in the Society, which reserves the right to 
withdraw them under agreed conditions. 
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The following papers were read at this meeting : 

(1) Dr. W. A. GRANVILLE : ‘Invariants of some m-gons 
under certain projective Lie groups in the plane.’’ 

(2) Dr. Epwarp Kaswer: ‘The algebraic potential 
surfaces.’’ 

(3) Professor F. Monte : ‘‘On the real foci of algebraic 
curves.”’ 

(4) Mr. Geores Perso: “A curious approximate con- 
struction for z." 

(5) Professor E. W. Hype: “On a surface of the sixth 
order, which is touched by all screws belonging to a three- 
conditioned system.’’ 

‘(6) Professor L. E. Dicksow: ‘‘The hyper-orthogonal 
groups.’’ : 

(7) Professor E. W. Brown: ''On least action and 
minimal surfaces.’’ 

(8) Professor W. H. METZLER : '' On certain aggregates 
of determinant minors." 

(9). Professor E. B. VAN VLeok : ‘On the convergence of 
contiitied fractions with complex elements ; supplementary 
note.” 

(10) Professor W. F. Osaoop : * On a fundamental prop- 
erty of a minimum in the calculus of variations and the 
proof of a theorem of Weierstrass.’’ 

(11) Professor E. O. Loverr: ‘The geometry of quad- 
Tea" 

(12) Professor E. O. Loverr: ‘‘The differential geom- 
etry of n-dimensional space. 

(18) Dr. G. A. MILER: ‘On the groups generated by 
two operators.’’ 

(14) Dr. Enwazp Kasner: “The relations between the 
angles of any number of lines in n-space.”’ 

(15) Dr. L. P. Exsrennarr: ‘‘Tsothermal conjugate sys- 
tems of lines on surfaces.’’ 

(16) Dr. E. J. Wanozvwsxi: ‘Geometry of a simulta- 
neous system of two linear homogeneous differential equa- 
tions of the second order." 

(17) Dr. H. F. BuronrELDT: ‘A new determination of 
the primitive continuous groups in two variables." 

Mr. Peirce’s paper was communicated to the Society by 
Professor E. W. Brown. In the absence of the authors, 
the papers of Mr. Peirce, Professor Hyde, Professor Dickson, 
Professor Brown, Professor Metzler, Professor Lovett, Dr. , 
Eisenhart, Dr. Wilczynski, and Dr. Blichfeldt were read by 
title. The papers of Mr. Peirce and Dr. Miller will appear 
in the Botter, Abstracts of the other papers are given 
below. 
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Dr. Granville finds the invariant functions of certain con- 
figurations under the substitutions of some of the important 
subgroups of the general projective group in the plane. 
Problems of this sort are among the most important and in- 
teresting in Lie’s theory of continuous groups. First an 
outline is given of the theory followed in solving the prob- 
lems. Then the invariant functions of a quadrangle under 
the substitutions of the group 








Ep. yp, 29, yq, wp + zyg, oam + yq 


are found. The results do not agree with those found by 
Professor Lovett in the Annals of Mathematics, volume 12, 
where the same problem is proposed. The remaining 
four problems solved are of the same nature. 


The surfaces considered by Dr. Kasner in his first paper 
are obtained by equating the rational integral potential 
functions e(z, y, 2) to zero ; their analytic property dë ex- 
pressed by the equation od 


Itis shown that the surfaces may be defined geometrically 
by their relation to the imaginary circle at infinity :.the sur- 
faces are apolar to this circle when the latter is considered as 
a degenerate surface of the second class. The potential sur- 
faces of the second order are rectangular hyperboloids, 1. e., 
their asymptotic cones contain triples of mutually orthogonal 
generators. ‘The polar quadrics of any potential surface are 
rectangular hyperboloids ; conversely, a surface is potential 
when all its polar quadrics are rectangular hyperboloids. 
Potential cylinders and cones are considered in detail. The 
results are finally extended to n-dimensional space. 


The point of Professor Morley’s note was that, given any 
line equation of an algebraic curve 


IG» US Ea) =0, 


where ¢, is the distance from a fixed point a, to the moving 
line, the real foci are given by writing in the terms of high- 
est order z — a, for £, where x — a, is the stroke from a fixed 
point to a focus. Some applications of this simple rule were 
given. 
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Any three screws determine a system of screws in space 
consisting of the ‘‘ totality of the generators of one system 
of a skew conicoid which changes in accordance with the 
variation of a parameter involved in itsequation.’’ Profes- 
sor Hyde assumes a particular arrangement of the deter- 
mining screws, viz.; they are mutually perpendicular, and 
have a common point. The envelope of the before-men- 
tioned skew conicoid is found, which will be touched by all 
the screws of the system. It is a surface of the sixth order 
whose constants are functions of the differences of the pitches 
of the determining screws, and is shown to be reducible 
to & comparatively simple form in which only two of these 
differencesappear. The peculiarities of the surface are dis- 
cussed, and three diagrams given, illustrating the different 
forms which it may assume. 


In a paper published in the Mathematische Annalen, vol- 
ume 52, pp. 561-581, Professor Dickson showed that the 
structures of the groups defined by invariants 


Se (r>2) 
1 


in any Galois field depend upon the structure of the group 
with the invariant 


S Est 
À Si 


in the GF[p“]. The latter group is called the hyperortho- 
gonal group H, since it includes the orthogonal group as & 
subgroup. It may be represented as a transitive substitu- 
tion group on N, symbols 


AE, + + En 
where 2,, =; 2, are any marks, not all zero, satisfying 
Arh AP = ¢= constant. 
For any o + 0, we have 
N= pom — (D; 
while, for c = 0, N, has the value 
w= [p* — (— D] [pe (- 177]. 
The substitutions of H which multiply every index by the 
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same constant form an invariant subgroup of H. The 
quotient-group HO(m, p") is & simple group except when 
m -—2,p-2;m-—2,p'—93;m—38,y' —2. Except when 
m = 2, p' = 2, the quotient group may be represented as a 
transitive substitution group on N, - (p'+ 1) letters for 
c + 0, as well as upon o, + ( p* — 1) letters for c= 0. The 
latter number is the smaller except for p*=2, m even, 
m > 2, when the former number is 4(2%7 — 2"). For 
m = 2, the smaller number is p‘ + 1, a result in accord with 
the known isomorphism of HO(2, p") with the linear frac- 
tional group in the GF[p']. 

The paper makes a detailed study of the characteristic 
equations of hyperorthogonal substitutions. If x be one 
root, then is x?’ also a root. Inversely, given an equation 
having this property, we can determine a hyperorthogonal 
substitution having it as its characteristic equation. Such 
an equation is never irreducible in the GF[ ol ifm +3; it 
never decompose into linear factors and a single irreducible 
factor of degree + 3. If f(x) be one irreducible factor, 
there exists a complementary irreducible factor 


xf AC)" 


of equal degree t. Thus, for m= 4, if x7 — ax + f be an ir- 
reducible factor, then is also 


2 — x 8 + £2, 


where £ necessarily belongs to the included GF [p°]. The 
greater part of the paper is devoted to the reduction of hy- 
perorthogonal substitutions to canonical forms within the 
group and to their distribution into complete sets of conju- 
gate substitutions. The results are exhaustive for the case 
m= 3. For example, when p’ = 8, m = 3, the group His a 
simple group of order 6048, containing exactly 14 non-con- 
jugate types of substitutions whose periods are 1, 2, 3, 4, 
6, 7, 8, 12. 


Professor Brown showed that the problem of the motion 
of a particle in a plane is reducible to the discovery of a 
certain cylindrical surface whose area between two generat- 
ing lines is a minimum. A similar result is also shown for 
the case of a particle whose motion is referred to axes moving 
in the plane with uniform velocity. 


In 1888 (Proceedings of the Royal Society of Edinburgh, pp. 
99-105) Dr. T. Muir showed that » linear relation exists 
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between certain minors of & centro-symmetrie determinant 
similar to Kronecker’s relation between the minors of an 
axi-symmetric determinant; and in 1900 (same journal, pp. 
142—154) he gave two theorems connecting the minors of 
any determinant, the first of which reduces to Kronecker's 
relation on imposing the conditions for axi-symmetry, and 
the second of which reduces to his 1888 relation on impos- 
ing the conditions for centro-symmetry. Professor Metzler 
extends these two theorems given by Dr. Muir so as to in- 
clude his as special cases and gives a whole series of types 
of linear relations between the minors of a centro-symmetric 
determinant, Muir’s being one type of the series. The 
paper also gives the number of relations of each type. 


Professor Van Vleck presented a note supplementary to his 
paper read at the February meeting. The note will be em- 
bodied in the paper, which will appear in the Transactions. 


Professor Osgood’s paper, which will appear in the Trans- 
actions, is in abstract as follows: ‘The integral 


I = [FC y, y )de 


or, in the parametric form, 


D 
I- S Fa, y, #, y)dt 


is said to be made a minimum by the functions + = e(t), 
y = ¢(t) corresponding to the curve C, if its value J corre- 
sponding to this curve is less than its value J corresponding 
to any other curve C lying in a neighborhood T'of C and 
satisfying the boundary conditions of the problem. Weier- 
strass has given a sufficient condition for a minimum. ‘The 
question, however, presents itself: Assuming that Weier- 
strass’s sufficient condition is fulfilled, so that no curve C, 
distinct from C, of the class of curves admitted to consider- 
ation will give the integral Iso small a value as J, may 
there not still be a set of curves belonging to this class, 
C, C, -- which do not cluster about C as their limit, and 
which have the property that, if I, L, = denote respec- 
tively the values of the integral I formed for these curves, 


lim L=J? 


n=O 
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This question is answered in the negative. It is shown 
that, if © denotes an arbitrarily small neighborhood of C 
lying wholly within T, the lower limit of I formed for all 
the eurves C of the class in question that do not lie wholly 
within Ẹ is greater than J by a positive quantity e, vary- 
ing for different regions ©, but constant for any given re- 
gion ; 80 that 


IS J+e, when Ó does not lie wholly in &. 


By means of this result it is possible to extend the class 
of curves C with reference to which the integral I possesses 
the minimum property and thus establish the existence of a 
more general minimum. Making the generalized definition 
of the length of a curve his point of departure, Weier- 
strass inscribed in an arbitrary curve C that satisfies the 
boundary conditions, is continuous, and lies within T, a poly- 
gon and formed the sum 

*—1 Ac A *"—1 
S= E F(z, Yy 4° a) át, T À F(a, y. Ae, Ay,). 


If S converges toward one and the same limit, no matter 
how the vertices of the polygon be chosen, provided merely 
that all its sides converge toward 0, this limit is taken as 
the generalized limit ¥ and the class of curves admitted 
to consideration is enlarged so as to include C. Weier- 
strass states the theorem that ¥> J if C is distinct from 
C. This theorem is proven in the present paper and it is 
furthermore shown that 


d = J+e — when C does not lie wholly in &. 


The theory of the group of euclidean motions yields the 
notions of ordinary n-dimensional geometry. In his first 
paper Professor Lovett shows that it can also be made to 
yield the elements of this geometry. "The group is extended 
relative to the coefficients of the equation of the general 
quadrie. An application of Euler's theorem facilitates the 
construction of the invariants. In particular it appears 
that the squares of the semi-axes of the quadric 


Ian, +2 d, suat F Gapi, 70 


1 f= 


are given by the equation 


a—l 
Ip + XII. + La = 0, 
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` 


where 
4 = Saree Oey) Gap 7: du. |» 


Every space of k dimensions within the n-dimensional 
space has its own differential geometry. To determine its 
elements, analogous to those of Gauss for the differential 
geometry of surfaces in ordinary space, it is only necessary 
to construct the nth extension of the group of euclidean 
motions relative to k independent parameters which are 
assumed to be invariant under the transformations of the 
group. 

Professor Lovett’s second paper effects these extensions 
for the values 1 and n — 1 of k, and constructs the corres- 
ponding differential invariants. In particular, it appears 
that the following relations are the generalizations for four 
dimensional space of the three well-known relations of 
Gauss, Mainardi, and Codazzi among the Gaussian funda- 
mental quantities of the first and second order : 


2-12,—11,—22,=9, 2.28, —922, — 33, = Pyy 
2.81, — 83, — 114 = e, 
12,—13,— 9, 18,— 12,— e, 18, — 12, Py 
12,—22,— 4, 28,—88,— du 22, — 23, — 4, 
11,—12,— 4, 12,—23,— da 11,— 31, = du 


12,—31,— 4, 83,—81,= ¢,, 
where à u 
Yun E, e! Y = Fouy 
ow dp dr, = Ore, 
= 2 Ou, Ou,’ u 


Em Esc Eust m M, 





in which M is the determinant formed by suppressing the 
ith column of the matrix 


Ile,» Sy U Tn lb 


and the p’s and ¢’s are functions of the first and second 
order differential invariants whose forms are easily con- 
structed. ‘The theory of this group gives the whole theory 
of k-parametric displacements in a space of n-dimensions, as 
& future note will show. : 
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Dr. Kasner’s second paper shows that, in space of n 
dimensions, the angles of any number of lines less than 
n + 1 are all Open ; while the n(n + 1) angles of 
n + 1 lines Ly, L,, +, Lu, are connected by the, single rela- 
tion 


1 (2) e (1, n - 1) 
(2, 1) dbi ced (2, n +1) 
E UE M pv 


where (7,7) denotes the cosine of the angle L,, L. The 
relations for Any number of lines are of the same type. 
For ordinary space this gives the known relation between 
the sides and diagonals of a spherical quadrilateral, and the 
relation between the dihedral angles of a tetrahedron. 


Dr. Eisenhart/s paper is, in abstract, as follows: An ex- 
tension of the term isothermal-conjugate system of lines, as 
given by Bianchi to those systems on a surface of positive 
curvature for which as parametric curves the second funda- 
mental form reduces to A(du’+ dv), is made to those conju- 
gate systems on surfaces of negative curvature for which 
this form reduces to 4(du*— dv"), where 4 is a function of u 
and v. Results are found for these systems very similar to 
those given by Bianchi for the former case. A general 
study is made of these lines on both kinds of surfaces; the 
determination of these systems on surfaces of positive cur- 
vature is effected by methods similar to those used by 
Bianchi in the study of isothermal orthogonal systems. 
A geometrical interpretation of isothermal-conjugate sys- 
tems leads to the theorem that the surfaces obtained by 
reciprocal radii vectores from surfaces whose lines of curva- 
ture are isothermal-conjugate are of the same kind. The 
greater part of the paper is devoted to a study of surfaces 
whose lines of curvature are isothermal-conjugate, and it is 
shown that the general problem of determining such sur- 
faces depends upon the integration of a differential equation 
of the fourth order, very similar to the equation found by 
Darboux in his study of isothermic surfaces. It is noted 
that the surfaces whose lines of curvature are at the same 
time isothermal and isothermal-conjugate have an isother- 
mal spherical representation, and from this is deduced the 
theorem that the sphere and minimal surfaces are the only 
surfaces of constant mean curvature whose lines of curva- 
ture are isothermal-conjugate ; also that the quadric sur- 
faces have isothermal-conjugate lines of curvature. 
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It is shown that the plane, sphere, cyclides of Dupin, and 
surfaces of revolution are the only surfaces which together 
with their parallels have an isothermal conjugate system of 
lines of curvature; and that the surfaces of constant total 
curvature, the surfaces of revolution, and the surfaces 
whose radii satisfy two definite equations of condition 
(not given here) are the only Weingarten surfaces pos- 
sessing the above property. Associated with a surface 
with isothermal-conjugate systems of lines of curvature is 
a second surface with isothermal lines of curvature, cor- 
responding to the former by parallelism of tangent planes ; 
it can be found by quadratures. In particular, when the 
first surface is of constant total curvature, the second is 
of constant mean curvature and parallel to the former. 
The paper closes with a discussion of surfaces with plane 
lines of curvature in both systems which at the same 
time are isothermal-conjugate. Solutions of this problem 
are furnished by surfaces of revolution, certain moulded 
surfaces, cyclides of Dupin, minimal surfaces of Bonnet and 
Enneper, and other surfaces whose equations are given. 


In & paper recently published in the Transactions, Dr. 
Wilczynski has initiated a theory of invariants of a system 
of linear differential equations. In the present paper, the 
author considers & remarkable relation between this theory 
and line geometry. If (y) and (z) (1— 1, 2, 3, 4) form a 
fundamental system of simultaneous solutions of the system 
of differential equations 


(1) y" + Puy + Pr + quy T qi? = 0, 
2" + pay + Pas + quy + dug = 0, 


and y, and z, be interpreted as the homogeneous coordinates 
of two points in space, it is seen that (1) defines two curves 
C, and C, as its integral curves. The points (y,) and (z,) of 
these curves, which correspond to the same value of the 
independent variable x, are joined by a straight line L,,, and 
these straight lines generate a ruled surface 8, called the 
integrating ruled surface of system (1), which, it is shown, 
can never be a developable surface. 

The most general transformations which convert (1) into 
another system of the same kind are ` 


(2) g—f(5), y= +P, 2=774+ 85, 


where f, a, P, y, ? are arbitrary functions of & It is noted 
that these transformations leave invariant the ruled surface 
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S, merely converting the two integral curves into any other 
two curves on this surface. Invariant relations, itis shown, 
give projective properties of the integrating ruled surface. 
The differential equation of the sixth order, satisfied by the 
line coördinates of a generator of the ruled surface, is set 
up in a normal form. Then the necessary and sufficient 
conditions are discussed under which the generators of the 
ruled surface belong to a linear complex, either general or 
special, to a linear congruence with distinct or coincident 
directrices, and finally the conditions under which they form 
a surface of the second order. The reduction of the system 
to the semi-canonical form is found to be equivalent with - 
the geometrical problem of finding the curved asymptotic 
lines on the surface, and a new proof of Serret’s theorem 
about such lines is given. 


The primitive continuous group of point transformations 
in two variables can, by a proper choice of the variables, be 
transformed into projective groups of the plane, a result Lie 
obtains after determining the canonical forms of the primi- 
tive groups. This fact can, however, be established from 
the general properties of such groups, and it is shown in Dr. 
Blichfeldt’s paper, which will appear in the Transactions, 
that this point of view gives rise to a new determination of 
these primitive groups. d 

EDWARD KASNER, 
Assistant Secretary. 
CoLUMBIA UNIVERSITY. 


THE APRIL MEETING OF THE CHICAGO 
SECTION. 


A REGULAR meeting of the Ohicago Section of the AMERI- 
OAN MATHEMATICAL Society was held at the University of 
Chicago on Saturday, April 6, 1901. The following members 
were present : 

Professor W. W. Beman, Professor Oskar Bolza, Profes- 
sor D. F. Campbell, Professor E. W. Davis, Professor 
Thomas F. Holgate, Professor E. H. Moore, Dr. F. R. 
Moulton, Miss Ida M. Schottenfels, Professor H. E. Slaught, 
Mr. Burke Smith. 

The President of the Society, Professor E. H. Moore, oc- 
SE the chair. The following papers were presented and 
read : 


D 
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(1) Dr. F. R. Mouzror : “On the validity of the method 
of computing absolute perturbations. 

(2) Professor GEORGE C. CHATBURN: ‘‘ A theorem in ar- 
rangements.” ` 

(3) Professor E. W. Davis: ''A definition of mathe- 
matical probability. 

(4) Dr. Jacos WesrLunp: ‘‘ Note on multiply perfect 
numbers.” 

(5) Professor F. Mertens: ‘‘ Zur linearen Transforma- 
tion der 0-Reihen." 

(6) Dr. J. H. MoDowAarp: ‘‘ The reduction of hyperel- 
liptic integrals of genus two to elliptic integrals, by a trans- 
formation of order four." 

(7) Professor L. E. Dioxson: ‘‘ Representation of linear 
groups as transitive substitution groups."' 

(8) Dr. G. A. MILER : ‘ Determination of all the groups 
of order p™ which contain the abelian group of the type 
(m — 2, 1), p being any prime number." 

(9) Mr. ROBERT E. Moritz: “A generalization of the 
differentiation process." 

(10) Mr. Rogerr E. Moritz: ''On ratients, with an ex- 
tension of the ordinary caleulus." 

Professor Chatburn's paper and the two papers by Mr. 
Moritz were presented to the Society through Professor 
Davis, and in the absence of the authors were read by him ; 
Professor Mertens’s paper was presented through Professor 
Moore ; in the absence of Dr. Westlund his paper was read 
by the Secretary. Dr. McDonald was introduced to the 
Section by Professor Bolza. Abstracts of the papers 
follow. 


It is generally understood, and indeed it is usually stated 
in works on celestial mechanics,* that the methods used by 
astronomers are only approximate, or else that the conver- 
gence of the series employed is assumed. The former means 
to a mathematician that the functions from which the per- 
turbations are computed do not represent the actual pertur- 
bations with rigor ; the latter leaves the validity of the whole 
process in doubt. In Dr. Moulton’s paper it is asked 
whether the power series in the masses used in computing 
the perturbations are convergent, and whether they rigor- 
ously represent these perturbations. It is answered that, 
under certain conditions which are fulfilled in case of the 


‚major planets, the series in the masses, in actual use by as- 





* Dziobek’s Planeten-Bewegung, p. 167; Tisserand’s Mécanique cé- 
leste, vol. 1, pp 190 and 193-4; Brown’s Lunar theory, preface, p. vi. 
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tronomers, are absolutely convergent for all values of the 
time not greater in numerical value than a fixed limit which 
can be determined, and that these series represent the per- 
turbations exactly. This limit within which the series are 
certainly convergent is doubtless much smaller than the 
true radius of convergence. The results are equally true 
in Laplace’s method of computing the absolute perturba- 
tions of the codrdinates, and in Lagrange’s method of the 
variation of parameters. 

-The method of proof is an adaptation of Cauchy’s calcul 
des limites,* which has been used with great success in the 
well known works of Fuchs, Frobenius, Weierstrass, Poin- 
caré, and many others, in the theory of differential equa- 
tions. The particular modification used here is the same 
extension as that employed by Poincaré in his memoir in 
the Acta Mathematica, volume XIII. Indeed, Poincaré’s re- 
sults are closely related to those attained here; but, having 
another object in view, his investigation does not regard 
the validity of the precise method used by astronomers. 

The second part of the paper is devoted to a discussion of 
the geometrical and physical meaning of the terms of the 
various orders with respect to each mass separately. It is 
shown that there is a perfect correspondence between the 
terms of the power series and the successive corrections to 
the elliptic orbits which, from a general mathematical point 
of view, seem’ to lead most naturally toward the true orbit. 
The conclusions are that the methods used by astronomers 
are, under certain limitations, perfectly valid, and that 
‘successive approximations" means successive approxima- 
tions toward the true numerical values by means of series 
which represent the functions exactly. 


Professor Chatburn’s theorem in arrangements gives a 
method by which e things (say cards numbered consecu- 
tively) can be divided into groups, and then rearranged 
group by group, redivided and rearranged for n or more 
times, so that the final position of any one of the things 
shall be that given by the terms of an arithmetical progres- 
sion in which unity is the first term, c the last term, and p 
the number of terms. 


Professor Davis offered the following definition for math- 
ematical probability : the direct probability that the occasion 
A shall lead to the event B is the value toward which tends 








* Comptes rendus, vol. 14. 


A 
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the ratio of the number of A’s that are followed by B, to 
the total number of A’s, as these recur without limit. He 
algo stated a corresponding definition for inverse probability. 


Defining a multiply perfect number as one which is an 
exact divisor of the sum of all its divisors, the multiplicity 
being the quotient, Dr. Westlund shows in his note that 
the only numbers of multiplicity 3 of the form m= 
p, Dis: D where p,, Pa p, are three distinct primes, are the 
two numbers 2°:8 5 and 25:3-7. 


Professor Mertens makes a direct and elegant determina- 
tion of the twenty-fourth root of unity, fundamental in the 
theory of the linear transformations of the 0-series. His 
paper will be published in the Transactions. 


The reduction of hyperelliptic integrals of genus two to 
elliptic integrals is effected by a special involution of ‘order 
four containing a form which is the square of a quadratic. 
From the general Weierstrass-Picard theorem it is known 
that if there exists one reducible integral, there exists also 
8 second having the same irrationality and reducible by a 
transformation of the same order. The problem treated in 
Dr. McDonald’s paper is: Given one integral, to find the 
other. It is first shown that the special involution of order 
four may be uniquely determined by a cubic and a quad- 
ratic form. Among the covariants of this system of cubic 
and quadratic there exists another cubic and quadratic hav- 
ing with tHe first mutual relations analogous to, but more per- 
fect than, the relations between a single cubic form and its 
cubic covariant. The involution which is determined by this 
second cubic and quadratic is one which will deduce a second 
hyperelliptic integral having the same irrationality as the 
first but a different numerator, which must be the one indi- 
cated by the Weierstrass-Picard theorem. The relations 
between the two numerators of reducible integrals and the 
corresponding involutions are a generalization of those 
found by Professor Bolza for the reduction of order three, 
and which also exist for the reduction of order two. 


In Professor Dickson’s paper, which is to be published 
in the American Journal of Mathematics, it is pointed out that 
the group of all linear homogeneous substitutions 8 on m in- 
dices with coefficients in the GF Tal may be represented 
as a transitive substitution group on p™— 1 letters; the 
simple group defined by taking the substitutions © frac- 


1 
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tionally may be represented as a doubly transitive substitu- 
tion group on (p"*— 1) / (p* — 1) letters. In the former 
. case we may employ as the poc 1 letters the totality of 
functions A= AE, + LE, +--+ 4,8, in which the 4, run in- 
dependently through the series of marks of the field, the 
case À, = À, = +.— A, = 0 being excluded. 

For a Ee defined by an invariant dE, on n), the 
above representation leads to an intransitive substitution 
group. ‘To illustrate the method of obtaining a transitive 
representation, consider the orthogonal group. If an or- 
thogonal substitution replaces E by w=aé,+-- +40. 
me a? + + 2 = 1 ; inversely, for any such set of marks 

, the orthogonal group contains a substitution replacing E, 
i w. Under an orthogonal substitution the above functions 
À are permuted in such a way that the totality of functions 
Àin which 47+ 2,7+-- + AJ is a constant mark c are per- 
muted transitively. Except when # S = 8, the case c — 0 
leads to a representation upon fewer letters than any case 
c0. Forc=0, we combine Hem" ` functions 2, in which 
the ratios 2,:4,:---: 4, are fixed, into one symbol EI, We 
obtain for m > 2 a transitive representation of the orthogo- 
nal quotient group. According as m is odd or even, this 
minimum number of letters is (p**^? — 1)/(p* — 1) or 


(gr^ — reo efr 1) 
[= (= Df 


For m = 3, the number is p*+1, in accord with the 
known isomorphism of the orthogonal quotient gřoup with 
the linear fractional group in one variable. 

These methods are then applied to the representation of 
every linear group defined by a quadratic invariant. The 
first hypoabelian group on 2m indices in the GF[2"] is - 
represented as a transitive substitution group on either of 
the following numbers of letters : 


ar — 1) greci + H/@— 1), am Dre, 


the second number being larger than the first if n— 1 and 
smaller if n= 1. For the case n = 1, the small number is 
Qe? — 273, in accord with Jordan's proof of the isomor- 
phism of the first hypoabelian group with the groups 
studied by Steiner in dealing with problems of contact of 
curves of the m^ order The second hypoabelian group 
is represented as a transitive substitution group on 
(2 + 1) (27*7» — 1)/(2* — 1) letters. 


^ 
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H 


Y 
In & paper to be presented to the Mathematische Annalen, 
the method is applied to the hyperorthogonal groups with the 


Li D SS 
Invariant 54,4, 
4 l=1 


Dr. Miller’s paper deals in the first place with the group of 
isomorphisms of the abelian group H of type (m — 2,1). 
This study is facilitated by the use of two theorems (proved 
in the introduction), viz.: The only operators that trans- 
form each subgroup of an abelian group into itself are those 
which transform each operator of the group into the same 
power, and the number of invariant operators in the group 
of isomorphisms of an abelian group is equal to the number 
of natural numbers which do not exceed the highest order 
of operators of the group and are, prime to this order. 

The group of isomorphisms of H contains p* — 1 operators 
of order p (when p is odd) forming, with identity, the non- 
abelian group of order p. When p — 2 there are 15 opera- 
tors of order 2 in the group of isomorphisms of H. These 
generate a group of order 32 containing 16 operators of order 
four. When p> 3 there are seven non-abelian groups of 
order p" which contain.the abelian group of type (m — 2, 1) ; 
when p — 3 there are eight such groups and the number of 
these groups is seventeen when p = 2. The paper will be 
published in the Transactions. : 


Mr. Moritz’s first paper, which will be published in the 
American Journal of Mathematics, is an extension of the ideas 
presented in a paper by the same author, of which an ab- 
stract is found on page 185, volume 6, of the BULLETIN. 
Starting with an abstract conception of an indeterminate, he 
arrives at the conclusion that the process of differentiation 
does not occupy thé unique position which it is commonly 
supposed to occupy, but that theré are other limiting proc- 

à Fa). 


mhe DAR Zei ` og 
esses. ae equation log, Pei = defines such a 


process, to which the term quotientiation is applied, = being 


the quotiential coefficient of y = F(x) with respect to a. 
The laws of this process are examined and the various rules 
for its application developed. It is suggested that a quo- 
tiential in which quotientiation takes the place of differen- 
tiation in the ordinary calculus, is not only conceivable, 
but might be applied, though with Jess ease than the differ- 
ential calculus, to the investigation and interpretation of 
natural phenomena. d 
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A further attempt at setting up other forms fails appar- 
ently, owing to the unsymmetric nature of the process a’, 
If however 4%? is looked upon as derived by successive mul- 
tiplication of a, just as a x 5 is obtained by successive addi- 
tions of a, the difficulty vanishes completely. In fact, using 
De Morgan’s form of the algebraic processes in which the pro- 
cess of the nth order is defined by log~ (log" a + log” b), its 
inverse by log * (log” a—log* b), where n may be negative as 
well as positive, and where the Oth and 1st process are respec- 
tively identical with the ordinary addition and multiplication 
process, the writer finds that for every pair of consecutive 
processes there exists a limiting process, which when 
applied to any function y = F(x) gives rise to a function 


dy ` d log” y Lon 
quc log ( Ilo =), where n is the lower order of the 








processes involved. ay is called the ratient in the nth process 
of y with respect to z. Since n may be negative as well as 
positive, the chain of ratients can be extended in either 
direction without limit, the zero ratients being the ordinary 
differential coefficients. It is shown how any ratient may 
be expressed in terms of the ratient of any higher or’ 
lower order process. Successive ratients assume the form 
d'y log d log" y 

dx "E (diogz) 

Mr. Moritz’s second paper is based upon the definition of 
De Morgan’s processes, and that of ratients as developed 
by the author in his paper on ^ Generalization of the dif- 
ferentiation process." A formula is developed for the ra- 
tient in the nth process of two or more functions combined 
by the mth process, from which the differentiation formulæ 
for a product of functions, powers of functions, or generally 
of functions combined by the process of any order, positive 
or negative, follow among others as simple corollaries, It 
is then shown that the fundamental theorems regarding the 
differentiation of a sum or a product hold for ratients in 
general when sums and products are replaced respectively 
by operands in the nth and (n+1)th processes. 

The number system for the nth process is examined and 
it is found that every De Morgan process possesses a distinc- 
tive number system whose properties are identical with those 
of the ordinary number system. To the imaginary iin the 
ordinary algebra correspond new imaginaries, to the trans- 
cendentals x and e correspond new transcendentals. In fact 
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the transcendentals corresponding to z and e in the nth pro- 
cess are algebraic numbers borrowed from the (n — s 
and(n + 1)th processes respectively. The totality of num- 
bers may thus be conceived as arranged in an infinite 
number of strata, the ordinary algebraic numbers forming 
a single stratum. . 

With the extension of the differentiation process, and the 
stratification of the number body, all the results of the or- 
dinary calculus, for example "Taylor's theorem, can be ex- 
pressed in terms of any two consecutive processes. 

Tomas F. HOLGATE, 
Secretary of the Section. 
Evanston, ILL. 


: | 
THE VALUE OF J^ (log 2 cos g)"e"de. 


BY PROFESSOR F. MOBLEY. 
(Read before the American Mathematical Society, April 29, 1899.) 


Tue integral in question, in which m is any positive in- 
teger, and n is any even positive integer or zero, is given in 
effect, for the cases m = 1, n = 0, in Williamson’s Integral 
Calculus, §118 of the second edition, being taken from a 
paper by H. G. (presumably Harvey Goodwin, Bishop of 
Carlisle) in volume 3 of the Quarterly Journal of Mathematics. 
Further it is given in effect, for the case m — 2, n — 0, in 
Wolstenholme’s Problems, p. 382 of the second edition. 
It seems worth while to show how it can be expressed in 


general, in terms of the constants s, = > Linz, which may be 
1 


regarded as known. 
We know that when p and q are real 


SD Du, I(l-p-) 
1 2.1.2 Ta+pratq’ 


when p + q > — 1 (Forsyth, Differential equations, p. 197). 
But the left member is the constant term in the product of 


the series 
(A+2P=1+p2e+-" 
(1 +4+1/s)?=1+q/e+-. 








pq, Pp 
LES 


and 
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We suppose p and g positive, 80 that both series are abso- 
lutely convergent when |z| =1. We may then multiply 
the series and get a Laurent series for 


(1+ 2)?(1 + 1/z)*. 
Hence 





: ër Td+p+q) 
Bis Ju OF TIU mp DEC D 


The path of integration shall be from — 1 positively round 
the circle; the point — 1 being & branch point of the in- 
tegral, but not an infinity. 

Writing z = exp 2ig, the integral becomes 


fa 
I (Go p) exp ip — eds. 


"eh 
Let 
PHq=2a, p—gq= 28; 
then 
L [ expire log (2 cos 9) + 2ifeld 
7T V —rji g ? 
= T(1 + 2a) 
» Td+e+ APA Fap 
Both sides can be developed in the form 
22 Cx, sc 
the left directly by the exponential theorem, giving 


rh my n 
ena Je (log 2 cos e tie "de, 


while the right, obtained from the formula 


oe 


Can = 





log TO +n) = — mm +3(— Ye, 


exp [CÓ e (e+ Ay — (— #1]. 
Hence the result: The integral 
= (ao 2 COB p)"p"de 


where m is any positive integer, n any positive even in- 
teger or 0, is 
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! 
(=) SC x the coefficient of «*f^ in 





E 8, . a . e - 
ex [S c Y toy at 8) — ay |: 
This generating function is, to a few terms, 
exp [s(2 — 8) —2 opt — F) 

+ 48, (Tat — 622 — F) — 2 as (3a — 2a? — ft) + ] 

or 
Liwer ` 
+ 8, +7 P NE (a2 + 33) d£ + 8, =F 
— 2(8,85 + 38,) a + 4(8,8, + 8) — 2(8,8, — lef SCT 


Thus, in tabular form, & few values for 


2 p” 
gi (log 2 cos ?)"p"dp 








are 

n= 0 2 4 

m = UR 1 A, $(8," — 8,) 
1 0 Se i5 = $58 — 8) 
2 is Ate + 38,) 
3 a $5 Bei $(55, T 8) 
4 Eer + 78) 
6 |—A2(s,8, + 88,) 











ON THE ALGEBRAIC POTENTIAL CURVES. 


BY DR. EDWARD KASNER. 


(Read before the American Mathemntical Society, February 23, 1901.) 


Tax object of this paper is to derive the characteristic 
geometric properties of a class of curves which are of in- 





* The row for which m — 0 is of course merely a verification, leading 
to the known values 
&= 76, 8, = 7*[90. 


1901. ] ALGEBRAIO POTENTIAL OURVES. 398 


teresb in connection with the theory of equations and of the 
potential function. Analytically, these curves are obtained 
by equating to zero the rational integral solutions e(z, y) 
of Laplace’s equation 
die Oop 
AVE ae age 

or, what is equivalent, the real (or imaginary) parts of the 
rational integral functions of «+ iy. Various geometric 
properties are given in Briot and Bouquet’s Théorie des 
fonctions elliptiques (book IV, chapter II), but none are 
completely characteristic. 


81. Apolarity with Respect to a Point Pair. 
A curve 
@=a,"=0, 
is said to be apolar * to a conic 
Q= za, =u = 0, 


when every polar conic of the curve is circumscribed about 
an infinite number of triangles self-conjugate with respect 
to the conic Q; i. e., when the bilinear covariant 


EK — 2h #—1 
(1) Small = 070, 
vanishes identically. 
Let the conic degenerate into a pair of points À, B, 
A=su,=0, B=us—0, 
80 that 


Q = ttig; 
then 


S= aapa ">, 
which is the apolar covariant of the forms 
wa and usa", 


or of 
ug and wa". 


It is easy to show, however, that a point and a curve can 
be apolar only when the curve consists of a set of straight 
lines passing through the point, so that 





* Reye, Crelle, vol. 79 (1874), p. 159. For a convenient summary of 
the theory of apolar relations see Schlesinger, Math. Annalen, vol. 22 
(1883), pp. 520-523. 
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TaroreMm I. Jf a curve of the nth order is apolar to a point 
pair (considered as a degenerate conic), the first polar (and there- 
fore any of the polars) of either of the points with respect to the 
curve consists of a set of lines passing through the other point; the 
converse is also true. 

Letting n = 2, it follows that a conic is apolar to a point 
pair when the two points are conjugate with respect to the 
conic. From the definition of apolarity we have then 

THEOREM II. Jf a curve ts apolar to a point pair, the latter 
is self-conjugate with respect to all the polar conics of the curve ; 
conversely, etc. : 

Since from Theorem I both the first polar and the polar 
conie of either point have nodes, we have . 

Turorrm Ill. If a curve is apolar to a point pair, both the 
Hessian and the Steinerian of the curve pass through the point 
pair ; furthermore, these points correspond in the sense defined by 
Clebsch.*  . 


82. Polar Properties of Potential Curves. 

Instead of an arbitrary point pair, consider now the pair 
of circular points at infinity J, J. The equation of this 
point pair in rectangular line coórdinates may be written 

UNE DEE 
so that, expressed in rectangular point coördinates, the co- 
variant S of the preceding section becomes 

ao do 

om Si 





The vanishing of this expression, however, denotes that the 
curve ¢ = 0 is a potential curve. Therefore, 

THEOREM IV. Any potential curve is apolar to the funda- 
mental conie of euclidean geometry consisting of the circular 
points at infinity; conversely, any curve which is apolar to this 
fundamental conte is a potential curve. t 

From Theorem I we have then : 

THEOREM V. All the polar curves of a circular point with 
respect to a potential curve degenerate into sets of straight lines 
passing through the other circular point; conversely, ete. 





*Clebsch, “Ueber einige von Steiner behandelte Kurven," Crelle, 
vol. 64, p. 288. ‘The converse of the above theorem is not true. 

+ Ct. Clifford, “On the canonical form of spherical harmonics,” Works, 
p. 234, for a statement concerning * nodal curves” on a sphere, which 
appears to have some connection with the above. 
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A conic is a potential curve when the circular points I, J 
are conjugate with respect to it; this implies that the conic 
intersects the line at infinity in points which are harmonic 
with respect to land J, i. e, that the asymptotes of the 
conic are rectangular. From Theorem II, we have then a 
statement of the characteristic property of potential curves 
which has the advantage of dealing only with real elements, 
as follows: 

TukoREM VI. À curve is a potential curve when, and only 
when, the polar conics of all points with respect to the curve are 
rectangular hyperbolas. 

From Theorem III we have a property, which is how- 
ever not characteristic, i. e., not restricted to the potential 
curves : 

Treorem VII. The Hessian and the Steinerian curves of a ` 
potential curve pass through the circular points I, J; furthermore, 
these points correspond in the sense defined by Clebsch. 

Since the polar conics of a polar curve are the polar conics 
of the original curve, we have 

THEOREm VIII. All the polar curves of a potential curve are 
themselves potential curves. 


83. Focal Properties of Potential Curves. 


_ Consider any rational integral function of the nth order 
ins 


(2) f dy) = (m, y) + (x, y), 
together with the conjugate expression 
(3) f(s—iy) = e y) — (x, y); 


the equation of the potential curve 9 = 0 may be writ- 
ten in the form 


(4) f ddp) EEN 


The two terms of the left hand member of this equation, 
equated separately to zero, represent sets of minimal lines, 
the first representing n lines through J, and the second n 
lines through J. Furthermore, equation (4) is unchanged 
when f (z) is replaced by f (2) + à, where A is an arbitrary 
real constant. We have then 

'TuzonEM LX. The linear system of curves of the nth order 
determined by 2n miminal lines (n through each of the circular 
points) 18 composed of potential curves; conversely, any potential 
curve may be obtained as a member of an infinite number of such 
linear systems. 
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This theorem may be restated by using the fact that a 
curve of the nth class has n° foci, namely the intersections 
of the n minimal tangents of one system with the n minimal 
tangents of the other system, as follows: 

THEOREM X. Any curve of the nth order passing through the 
n foot of a curve of the nth class is a potential curve ; conversely, 
all potential curves may be obtained in this way—each potential 
curve passes through the foci of an infinite number of systems of 
confocal curves of the nth class. * 

Thus for n= 2, we have that all the conics which pass 
through the two real and the two imaginary foci of a conic 
are rectangular hyperbolas. 

The potential curves e = 0, 4 = 0, obtained in the de- 
composition of a function of x + iy, may be termed conjugate} 
potential curves, since the functions e and d are conjugate. 
From (2) and (8) we have 


6) Ze = f(z + dy) + f(x — iy), 
2i) = f(z — ty) — f(x —i) ; 


therefore the curves belong to a linear system of the kind 
considered above. Furthermore they intersect orthogonally. t 

THEOREM XI. Conjugate potential curves of the nth order 
intersect orthogonally in the foci of a system of confocal curves of 
the nth class; conversely, two curves of the nth order which inter- 
sect orthogonally in the foci of a curve of the nth class are conju- 
gate potential curves. 

The properties stated in Theorems IV and X being de- 
finitive for the same class of curves, it follows that these 
properties are equivalent. From this-equivalence we may 
pass to & more general result relating to the apolarity of a 
curve and a point pair ; it is necessary merely to project the 
circular points into an arbitrary pair of points, the potential 
curves transforming into curves which are apolar to this 
pair. Therefore, if through each of two points A, B, n 
straight lines are drawn, any curve of the nth order passing 
through the n° points so determined is apolar to the pair 
A,B ; moreover this construction yields all the apolar curves. 
This result may be restated : ; 

TuxkoREM XII. A curve of the nth order is apolar to a pair 
of points, A, B when, and only when, it is possible to find upon 





* The number of parameters in such a confocal system is jn(n—1); so 
that the number of curves from which any potential curve may be de- 
rived as a focal curve is co 30 — ^ * 5. 

The term conjugate, of course, here refers to the properties of the 
functions $, d, and is not synonymous with the term apolar. 

t Briot et Bouquet, p. 223. 
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the curve n? points lying by ais upon n lines through A and at the 
same time upon n lines through B.* 


84. The Asympiotes. 


Briot and Bouquet provef that the » asymptotes of a 
potential curve of the nth order are real, concurrent, and 
disposed symmetrically about their common point, the angle 
between consecutive asymptotes being 2z/n. This prop- 
erty, however, imposes only 2n — 3 independent condi- 
tions, while the number imposed by the equation f Ag =0 
is $n(n — 1) ; so that in general (i. e., if n — 3) the above 
relation between the asymptotes is not peculiar to the po- 
tential curves, and Briot and Bouquet’s theorem cannot be 
converted. As to the case n = 28, it has been shown in §2 
that the potential conics are the rectangular hyperbolas, so 
that the relation between the asymptotes is characteristic. 
The same is true in the case n= 3, as may be shown by 
taking a coordinate system with its origin at the point of 
concurrence of the asymptotes and its axis of abscissas co- 
inciding with one of the asymptotes, and verifying the con- 
dition Ag=0. Therefore, the potential cubics may be defined 
as those cubics which have three real concurrent asymptotes intersect- 
ing at angles of 120°. 

In all cases the point of concurrence O of the asymptotes is a 
center of the curve, 1. e., if any line is drawn through O, the 
sum of the distances measured from O of the points of inter- 
section lying on one side of O is the same as the corres- 
ponding sum for the points on the other side. "This follows 
from the fact that when the origin of cobrdinates is taken 
at O, all the terms of order n — 1 disappear. || 

From the potential curves we may pass by projection to 
the curves which are apolar to any point pair A, B. The 
asymptotes of the potential curve are transformed into a set 
of concurrent lines tangent to the new curve at the points 
PPRP where the line joining A, B cuts the curve. From 
the equality of the angles between consecutive asymptotes, 
the anharmonic ratios 





* When one such set of n? points exists there is necessarily an infinite 
number of sets. 

tL. o, p. 227. 

t The number of parameters in the potential curve of the nth order is 
2n. eo that of all the curves of the nth order which pass through 2n as- 
signed points one and only one is potential. 

ĝ The case n = 1 is trivial sınoe all straight lines are potential curves. 

| Briot et Bouquet, p. 226 ; Salmon-Fedler, Hohere Kurven, 2d ed. 
p. 146. 
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(ABP P), (ABP,P), +, (ABP,P) 


are equal, and therefore the set of points P, =, P, is apolar 
to the pair A, B. 

'I'ugoRgEM XIII. Jf a curveis apolar to a point pair, the line 
through the patr intersects the curve tn a set of points apolar to 
the pair, and the tangents to the curve at these points are con- 
current. 

The converse is true only for conics and cubics. 


S84. Connection with the Theory of Equations. 


Consider the general equation of the nth degree in one 
unknown 


(6) f(z) = Ag + Ae t+ + À, = 0 (A, = b, + 1e)» 


with the n roots 
Za = Ta + Wa (a=1,2,-.,n). 


The conjugate equation 
fa)=Ar+As +. +40 (A, = b, io), 
then has the roots 
(7) Za = La — Ya. (a= 1, 2, Be, n). 


The complete solution of equation (6) is equivalent directly 
to the real solution of the system 


(8) g(x, y) — 0, ¢(@, y) =9, 


where ¢ and ¢ are the real and imaginary parts of f(x + ty). 
A problem which then presents itself, namely, the complete 
solution of this system, is virtually answered in Theorem 
X : the solutions, by (5), are obtained by solving the linear 
equations 


c+ w= %, z — iy = zg (a, 8 — 1, 2, +, n). 


THEOREM XIV. The complete solution of the auxiliary sys- 
tem (8) connected with the equation (6) is 





Za + Ze Za — 2 
tap = Yop = 9i : (a, B—1,2, =, n). 


The n real solutions ta, y, are obtained by letting f =a; 
the remaining solutions may be expressed in terms of these 
a8 follows: 
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Yag 


Ta + & sYa T 
tap = 8.47 À. 


—Yot Ye 9. TB 
> ; 


As is well known, the n quantities 
R(2.) (a=1,2,.,n), 


where R denotes any rational function, satisfy an equation 
of the nth degree 

F(t) =0, 
whose coefficients are rational in A; A, =, 4. This, 
however, no longer holds when we consider, instead of 
rational functions of the roots, rational functions of the 
real and imaginary parts of the roots; but if we consider 
the n’ quantities 

R(zep, yag); 


they will satisfy an equation of then’ degree with coefficients 
which are rational in terms of the coefficients of e and 
g, i. 6., in terms of b, =, b, Gan «+, c„ Therefore, 
THEOREM XV. Then quantities 
R(x, y)» R(x, 9357 Bla 3.2; 
are the real roots of an equation of degree n° with coefficients 


which are rational in terms of the real and imaginary paris of the 
coefficients in (1) ; the remaining roots of the equation being 





R(E i, te te it), (a + B). 


This result may easily be extended to functions of any 
number of roots tz, y, Za Y»), and Theorem XIV 
may be extended to any system of simultaneous equations. 

CoLUMBIA UNIVERSITY, 

February 25, 1901. 


ALTERNATING CURRENT PHENOMENA. 


Alternating Current Phenomena. By C. P. Sramymetz. New 
York, Office of the Electrical World. Third Edition, 
1900. Pp. xx + 525. 

Toelectrical engineers Mr.Steinmetz’s book is immediately 
conspicuous by reason of two distinguishing characteristics : 
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the first is the employment of a definite mathematical 
method of presentation, consistently maintained through- 
out the course of the work, and the second the employment 
of this method in the analysis of practically every problem 
in the application of alternating currents of electricity. A 
glance over the literature of applied electricity reveals no 
other work which stands forth so prominently in either of 
these characteristics, and the value of a treatment embrac- 
ing them both can only be rightly estimated by those who 
have worked out their basic conceptions of alternating cur- 
rent phenomena and their applications from the conglomer- 
ate mass of trigonometry, differential equations, and inac- 
curate diagrams presented by earlier writers, and, found 
how inadequate it is for the solution of the problems con- 
fronting the engineer of today. 

It is the first of these characteristics, namely the method 
of treatment that is the more interesting to mathematicians, 
and it is the purpose of this article to review the application 
of this method ; a critical discussion of the complete work 
from the standpoint of the electrical engineer is not aimed 
at, and so all reference is omitted to much of the matter that 
is most valuable but hardly of interest in this place. Briefly 
stated, the method is the use of the algebra of the complex 
number in combination with a reference to polar coórdi- 
nates of the alternating or periodic functions of current and 
electromotive force. A. short consideration of a simple 
electric circuit carrying an alternating current will facilitate 
& review of the use to which this method has been put. 

Threading or looping with a circuit carrying a current, 
there is a number of lines of magnetic force due to the pas- 
sage of the current around the circuit; and this number 
rises, falls, and reverses with the varying values of the cur- 
rent; the induction or total number of these lines is thus 
also a periodically varying function ‘in phase" with the 
current. Due to this alternating field of force there is in- 
duced in the circuit an alternating electromoti¥e force, which 
is shown by the law of Lenz to have its maximum one-quar- 
ter of the time of one complete period later than the inducing 
field, and so 90° later than that of the current, 360° rep- 
resenting a complete period; this is the counter electro- 
motive force of self-induction. Due to the resistance of the 
conductor there is a consumption of electromotive force 
when the current flows, proportional to the current at each 
instant and so alternating and in phase with the current ; 
this may be considered a counter electromotive force, 180° 
away from the current. If there isa condenser or electrical 
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capacity in the circuit there is a third electromotive force 
which may be shown to have its phase 90° in advance of the 
current. It is the presence of these several angularly sepa- 
rated electromotive forces which causes the apparent failure 
of Ohm’s law in the case of alternating current circuits. The 
impressed electromotive force necessary to cause the current 
to flow must overcome these several electromotive forces, 
i. e., must have components angularly separated, and so in 
general will not be in phase with the current. It is to be 
noted that the difference in phase between current and 
counter electromotive force is either 0° or plus or minus 
90°. 

The fundamental principles suggested in the foregoing 
paragraph are assumed in the opening chapter of Mr. Stein- 
metz's book, as is also the form of the expression giv- 
ing the value of the ‘‘impedance”’ or ratio of impressed 
E.M.F. to current. This expression for the impedance is 
gc vh + x, r being the resistance or ratio of the in-phase 
component of the E.M.F. to the total current, and x the 
‘í reactance ” or ratio of the out-of-phase component of the 
E.M.F. to the total current ; since as indicated above there 
are two out-of-phase E.M.F.’s, one 90° in advance of, the 
other lagging 90° behind the current, z will take its value 
from the difference between the two E.M.F.’s due to self- 
induction and capacity, since they differ in phase by 180° or 
are opposed to each other. The values of x for self-induc- 
tion and for capacity are calculated in terms of the fre- 
quency or number of periods per second and the constants 
of the circuit. 

Passing now to chapter IV, the alternating or sinusoidal 
wave, represented by time as abscissa and instantaneous 
value as ordinate, is referréd to polar coordinates, giving 
the circle a8 the curve; and for each complete period the 
circle is traversed twice, negative values of the function 
being taken when a reverse direction must be taken by the 
radius vectorfin order to intersect the curve. Thus the in- 
tercept on any radius vector gives the instantaneous value 
of the wave at the time represented by the amplitude of the 
vector. Since any particular value determines the wave, 
the step is then made of letting the diameter of the charac- 
teristic circle represent the wave, by its length the inten- 
‚sity and by its amplitude the phase; thus on the same 
diagram any number of E.M.F.'s and currents in a circuit 
differing in intensity and in phase may be represented by 
radii vectors of different lengths and amplitudes. The author 
here tacitly assumes that the current has at any instant 
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the same value throughout the whole length of the circuit, 
i. e., that the phase of the current wave does not change 
from point to point; cases in which this is unwarranted 
are considered in chapter XIII. The possibility of combin- 
ing or resolving vectors of the same nature by the parallel- 
ogram law is then shown by considering combined ingtan- 
taneous values on any chosen radius vector; thus the 
resultant of two electromotive forces. for instance, is rep- 
resented by the diagonal of the parallelogram formed on the 
two radii representing their intensities and phases. The 
graphical method here clearly developed gives perhaps the 
clearest insight possible into the mutual relations of the 
several alternating sine waves entering into any problem. 
Owing to the widely differing magnitudes of the alternat- 
ing waves to be represented in the same diagram, the graph- 
ical method is not well suited for numerical calculation, 
and in chapter V the author extends the graphical treat- 
ment into the symbolic method, which, instead of denoting 
the vector representing the sine wave by the polar coórdi- 
nates of intensity J and amplitude w, uses the rectangular 
coordinates a = [cos and b = J sin w, thus avoiding the 
use of trigonometric functions in the combination or resolu- 
tion of waves. Extending the relations of the parallelogram 
law: ‘‘ Sine waves are combined or resolved by adding or 
subtracting their rectangular components." To distinguish 
between the two components, the symbol j is put before the 
vertical component, I = a + jb, meaning that a is the hori- 
zontal and b the vertical component of the wave J and 
that they are combined in the wave of resultant intensity 
i= vo + b; similarly a —jb is a wave with a as horizon- 
tal and — 6 as vertical component. The next step brings in 
the full significance of the method ; multiplying the symbolic 
expression a + jb by — 1 evidently gives — a — jb, or a wave 
of equal intensity but differing in phase by 180°; a wave of 
equal intensity but lagging in phase by 90° (clockwise 
rotation) is evidently represented by ja — b; this expres- 
sion may be derived by multiplying the expression a + jb 
by j if upon the ''hitherto meaningless symbol 777 the 
condition be imposed f = — 1; and similarly multiplying 
by —j advances the wave through 90° or one quarter 
of a period. The symbol j is thus seen to be the imaginary 
unib, and the sine wave is represented by the complex quan- 
tity of the type a + jb; the letter j is used instead of the 
usual à, since the latter so commonly in electrical litera- 
ture denotes the current. ‘‘As the imaginary unit j has 
no meaning in the system of ordinary numbers, this defi- 
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` nition of j= “—1 does not contradict its original intro- 
duction as a meaningless symbol.’ Thus a + jb means a 


wave of intensity i= Va + P and of phase o = tan”, À eas 


may also be represented by i(cosw +jsinw) and also by 
ie’, A further extension of method now gives: ‘‘ Sine 
waves may be combined or resolved by adding or subtract- 
ing their complex algebraic expressions.’’ The complex ex- 
pression for the impedance is then developed and may here 
serve as a simple instance of the use of the method. A cur- 
rent I = d + jv flows in a circuit of resistance r and react- 
ance z; the E.M.F. consumed by resistance is in phase 
with the current and is rI = ri + ri; this E.M.F. must be 
supplied by the impressed E. M.F., as must also be an E. M.F. 
necessary to overcome the counter E.M.F. due to the re- 
actance x; this E.M.F., if it be due to self induction, lags 
90° behind the current and is therefore represented by 
ial = jsi — zi! (if x be due to capacity, by — jel = ai’ —jat); 
the component of the impressed E.M.F. to overcome this 
is evidently —jaI = — jai + av’; and the PMP to over- 
come both resistance r, and reactance x is E = (r — je) I; 
or, the ratio of electromotive force to current, 4. e., the im- 
pedance, has for its complex expression Z= r — js. The 
relation E = ZI, the complex values of the three quantities 
being used, may be handled in any of its three forms, giving 
a simple complex expression for any one of the quantities 
in terms of the components of the other two, since the im- 
aginary may be easily eliminated from a denominator, and 
thus the real and imaginary components separated. 

From the foregoing, it is seen that the total impedance 
of & circuit, consisting of any number of portions differing as 
to r and x, and connected in series, may be obtained by add- 
ing the complex expressions for the impedance of the several 
portions. The total impedance being known, the E.M.F. 
necessary to supply any given value of the current to such 
a circuit may at once be had, together with its phase relation 
to the current. This is the general nature of one class of 
problems. If, however, the circuit has several branches,. or 
if several currents are supplied by the same E.M.F., the total 
impedance of the circuit is not a simple expression, just as the 
resistance of a number of branches connected in parallel is 
not a simple expression in the resistances of the several 
branches. In the latter case, however, the joint conducting 
power, 1. e., the reciprocal of the resistance, is the sum of 
the ‘‘ conductances’? of the several branches. So for par- 
allel connected branches the author derives in chapter VIT 
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a method for combining, by the addition of complex quan- 
tities, the effects of the several impedances of a branched 
circuit. The total current supplied by the impressed E. 
M.F. is the sum of the currents in the several branches, 
attention being paid to their phase relations, i. e., the com- 
plex expressions of the currente are to be added. To sim- 
plify this, Ohm’s law, which now holds if complex expres- 
sions are used, is put in the form 7 — EY, where Y, being 
the reciprocalof Z, is & complex quantity. and the values of 
I for the several branches are now readily added. Yis called 
the admittance, and the total admittance of a branched cir- 
cuit is the sum of the complex expressions of the individual 
admittances. Y, being complex, is of theformg+jb. We 
have 








= » lo 1 rd je 
FPS ER Por 
Therefore 
r x 
I= pg Mi bay 


80 that the expressions for Y and Z for any branch or com- 
bination of branches are readily derived one from the other. 

Chapters VIII and IX give a complete investigation of 
the various types of series and parallel circuits, of the 
effects upon regulation and phase difference of the relative 
values of r, z, g, and b ; and results heretofore obtained only 
in very complicated form are reduced to simple algebraic 
expressions. A single simple case will suffice here, but no 
electrical engineer should fail thoroughly to digest the con- 
tents of these two chapters. 

A reactance x, is inserted in series with a load circuit of 
impedance Z= r —jz, and an E.M.F. E impressed upon 
the whole. "Thetotalimpedanceis Z — jx, or r — j(z + z,) ; 
the current is 





E, 
Te ite air 
e E, E, 
with the absolute value 
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the E.M.F. on the receiver or load circuit is 
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Generally in such a case the value of E, as compared with E, 
is of prime importance, and the above expression gives means 
of controlling E by a proper variation of z,; thus E— E, if 
% = — a; if z, < — 2zit raises, if s, > — 2x it lowers the 
voltage; if x and z, have the same sign E is always less than 
E, Itis to be remembered that a positive value of z is given 
by self-induction, a negative value by capacity. The differ- 
ence in phase between current and E.M.F. is gotten, as in- 
dicated above, from the expression for the impedance; here 


the difference in phase in the load circuit is w = tan! z ; and 


in the supply or generator circuit w’ = tan" ot 

Chapter XII is new in the third edition ; in it the author 
attempts to extend the symbolic method to quantities of 
double frequency, such as the power. At any instant the 
flow of power in an alternating current circuit is the product 
of the instantaneous values of current and PMP If two 
sine waves, e. g-, one of current and one of PMP. differing 
in phase, be drawn in rectangular coordinates, and if also a 
curve representing the product of their instantaneous values 
be drawn, it is found that while either the current or E. M.F. 
has passed through half a period, the curve of products, or 
the power wave, has passed through a complete period ; that 
is, the power has double the frequency of the current and 
E.M.F., and so may not be represented on the same vector 
diagram with them. The area of positive values in the 
power curve represents power given into the medium by the 
circuit, that of negative values power returned to the circuit 
from the medium, this power having been stored there in the 
forms of a magnetic field and an electrostatic strain; the 
difference is the true expenditure of power. The pro- 
duct of the complex expressions for current and EMP, 
(e 4- je") + ji) — (eg — et") + (e^? Let, does not 
represent the power, since it is an expression of the same 
frequency as the current and E.M.F.; suppose, however, 
since the power is of double frequency, the phase angle be 
doubled in the above expression ; i. e., instead of j--—1, 
corresponding to & rotation through 180°, we now have 
J = +1, or 360° rotation, and multiplication by j merely 
reverses the sign or rotates through 180°. The product 
then becomes (ed + ei”) + j(e^? — ei"), the first term 
of which is the real power EI cos e, and the second the 
author calls the ‘‘wattless power, or EI sin w. The chapter 
is interesting in explaining the apparent failure of the pro- 
duct of the two complex expressions to represent the power, 
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but is unattractive, except to those versed in non-commuta- 
tive algebra, because of the necessity of remembering that 
j xX 1= 7 is not the same as 1 x j= — j. 

Chapter XIII is devoted to those cases where it is not 
permissible to assume that at any instant the value of the 
current is the same throughout the circuit; an instance is a 
submarine cable or any line along which capacity in some 
quantity is uniformly distributed. In such cases the simple 
vector diagram and the algebra of complex quantities do 
not suffice; however, by considering the values of v, x, g, 
b per unit length of line, the author forms and solves the dif- 
ferential equations for both current and E.M.F., as varying 
from point to pointin tbe ne, While exhaustive in discus- 
sion and most useful, the chapter offers no.striking applica- 
tion of the symbolic method. 

In chapters XIV, XV, and XVI the symbolic method is 
extended to the analysis of the transformer and the induc- 
tion motor, i. e., the motor with rotating magnetic field ; 
they are shown to belong to the same general type of ap- 
paratus (a fact not before recognized), called by the author 
the general alternating current transformer. Consider the 
simple transformer consisting of a magnetic circuit inter- 
linked with two electric circuits, a primary and a secondary. 
The primary circuit carrying current sets up a field in the 
magnetic circuit, which induces an E.M.F. in the secondary 
which supplies current to its load. The secondary is now 
considered as a simple circuit with a given impressed 
E.M.F., having an internal impedance Z, = r, — jx, due to 
its resistance and self-induction, and feeding a load circuit ` 
of impedance Z= r — jx. Since the same magnetic circuit 
links with both coils, the actions in the secondary are shown 
to be reducible to the primary by the ratio of the numbers 
of turns in each ; the primary has also its internal imped- 
ance Z, = r, — jz,; combining the primary impedanèe with 
the reduced values of the secondary circuit, the effect of the 
whole transformer is brought to the expression of-a single 
impedance. : #By proper attention to the difference in fre- 
quency between primary and secondary due to the ‘slip’? 
of the armature (secondary) behind the rotating field due 
to the primary, the same method of procedure is adopted 
for the induction motor. 

Chapter XXIV is a most interesting extension of the 
symbolic method to the representation of the general alter- 
nating wave as distinguished from the simple sine wave of 
the type A = a, cos Le — a) ; to the latter only is the vector 
representation EE + ja” = a(cos a + jain a) applicable: 
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If the two half periods of a wave are similar, the even har- 
monics are absent and the general wave is expressed by 


A= À, cos (p — a,) + A, cos (8e — a) 
+ A, cos (5g = a) + “ty 


which may not be represented by a single complex vector 
quantity. The individual harmonics, however, of this gen- 
eral wave are independent and no products appear, so that 
each may be represented by & complex symbol and the sym- 
bolic expression for the general wave is 


de X (2n — 1) (a + ja"); 


here j, = V — 1 always, but the index of j, denotes that the 
j'8 of different indices, while equal algebraically, physically 
represent different frequencies and so cannot be combined. 
The general wave of E.M.F. is thus represented by 


E= > (2n — 1) (e + je). 


and the current by a similar expression in the dp, The ex- 
pression for the impedance undergoes some change ; the 
values of x, the reactance, when due to self-induction, are 
directly, when due to capacity, inversely proportional to 
the frequency ` there is also & part independent of the fre- 
quency ; thus the impedance of a circuit will have different 
values for the several harmonics and its general expression is 


x 


Z=r—j, (ne, ta EZ). 


Operations according to Ohm’s law may now be performed 
on the general wave quantities E, I, and Z, just as on the 
simple sine wave ; multiplication and ‘division, however, be- 
ing only performed on those terms having thésame index n. 

common and most useful medium for the use of alter- 
nating currents is the so called polyphase system in’ which 
several equal E.M.F.’s differing in phase by the same angle 
are generated in the same machine ; the induction motor is 
the most conspicuous form of apparatus depending on the 
polyphase system. The symbolic method lends itself ad- 
mirably to the representation of such a system by means of 
the nth roots of unity. In the polar diagram then E.M.F.’s 
of an n-phase system are represented by n equal vectors 

a 
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following each other under equal angles 2/zn. In symbolic 
notation, advance or rotation through an angle 2z/n is 
represented by multiplying by the quantity cos 2r/n + 
j sin 2r/n, and so the E.M.F.’s of a polyphase system are 


2 EIE, MUR 
E, E (cos 77 + j sin £), E (cos ©" + j sin Z), ote. 
n "n n n 


In chapters XX VI and XXVIII the author handles this 
application for the deduction of the expression for the 
rotating magnetic field, the ring and star E.M.F.’s of in- 
terlinked systems, and other matters of general use, but up 
to this time wanting an analytical expression. 

The writer has only gratitude to express at the appear- 
ance of this work, and his one regret is that its author did 
not also include in it his recent articles on the rotary con- 
verter. 

Joun B. WHITEHEAD, JR. 


Jouns HoPKINS UNIVERSITY, 
Apru 18, 1901. 
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Leçons Nouvelles sur les Applications Géométriques du Calcul 

Différentiel. By W. DE TANNENBERG. Paris, A. Her- 
- mann, 1899. 192 pp. 

Tms volume, which M. de Tannenberg has contributed to 
the literature of the theory of curves and surfaces, is very 
opportune. We have wanted a book which would make 
possible for the beginner a knowledge of the more funda- 
mental geometrical applications of the calculus and in a way 
which would prepare him for the treatises of Darboux and 
Bianchi. To be sure, this field has been covered, more or 
less, in the chapters devoted to geometrical applications in 
the French treatises on analysis—notably by Jordan, Picard, 
Appell—but rather as examples of the methods of analysis 
and not standing forth as a systematic development of the 
elements of another field of mathematics. Again, there 
have been in recent years, quite a number of shorter treat- 

'ises with just the scope of the volume under discussion, but 
their treatment of the subject has been along lines quite 
' different from the well known methods of the calculus: 
Ricci in his Lezioni arrives at the results by the study of 
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differential forms, Méray makes use of the methods which 
he has developed in his Leçons nouvelles sur l'analyse 
infinitésimale, Fehr adopts the vector method of Grassman. 

But M. de Tannenberg has given us a treatment of the 
subject by methods which involve only the simplest notions 
of the calculus, and in a way that is at the same time clear, 
concise, and rigorous. Limiting himself to the study of 
‘curves and surfaces in the region of ordinary points, he 
considers the cartesian coórdinates as developed according 
to ascending powers of one or two variables, and from the 
atudy of these developments determines many of the geomet- 
rical properties of the given locus. As one reads, he is im- 
pressed with the simplicity of the methods; very often an 
important result follows as a corollary, or is embodied 
in a remark, and at times the examples which are scattered 
through the book serve the double purpose of illustration 
and a step toward the further development of the subject. 
Very little is said about plane curves; and, when treated, it 
is simply as & particular case of curves in general. 

The book has two main divisions: the first, consisting 
of two parts, treats of the descriptive properties of curves 
and surfaces; the second, in three parts, treats of their 
metric properties. 

Of particular interest in the first division is the treatment 
of the theory of envelopes, whether of curves or surfaces. 
The conditions necessary and sufficient for the existence of 
envelopes are set forth so clearly that the beginner should 
not experience the usual difficulty with this subject. The 
second part éloses with a brief discussion of systems of lines 
—ruled surfaces, congruences, and linear complexes. 

In the third part of the book and the first of the second 
division, the notion of the geometrical derivative of a seg- 
ment is introduced and is of great service in the definition 
of first curvature and torsion of a curve, and the derivation 
of the Serret formule. As an application of these formulas, 
the variation of a segment of a right line is discussed, and 
the results thus obtained enable the author to simplify the 
proofs of many theorems in the theory of surfaces. In par- 
ticular, they are applied to the study of skew and develop- 
able surfaces ; this forms the fourth part. 

The fifth part is the most important; it comprises nearly 
one-half of the book and is devoted to the theory of curved 
surfaces. First the six fundamental functions, character- 
istic of a surface, are defined and the relations which they 
satisfy are found; then the general properties of curves 
traced on surfaces are discussed. From the theorems of 
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Meusnier and Bonnet follow the definitions of asymptotic 
lines and lines of curvature ; their properties, together with 
those of conjugate lines, are then discussed and geodesic 
lines are detined. After an application of the preceding 
theories to several of the simpler surfaces—cones, surfaces 
of revolution, quadrics, developables, surfaces of Monge— 
the book closes with a treatment of the general equation of 
geodesic lines. | 

The print is good, the figures are helpful and the general 
arrangement is very attractive. 

L. P. EIsSENHART. 


NOTES. 


Tue secretaryship of Section A of the American associa- 
tion for the advancement of science has been filled by the 
appointment of Dr. Q. A. Murr. Papers intended for 
the programme of the Denver meeting (August 24-31) of 
Section A, should be sent to Dr. Miller, at 115 Cook St., 
Ithaca, N. Y. 


Tur April number of the American Journal of Mathematics 
(volume 23, number 2) contains the following articles: 
“The cross-ratio group of 120 quadratic Cremona transfor- 
mations of the plane,” by H. E. Sravenr; ''Memoir on 
the algebra of symbolic logic," by A. N. WHITEHEAD ; 
‘ On a special form of annular surfaces," by V. SNYDER ; 
* Qn the transitive substitution groups whose order is a 
power of a prime number," by G. A. Men: ‘‘ Geometry 
on the cubic scroll of the second kind," by F. C. Ferry. 


AT the regular meeting of the London mathematical 
society held on May 9, 1901, the following papers were read : 
“A case of algebraic partitionment,’’ by Major P. A. Mac- 
Manon ; “On the series whose terms are the cubes and 
higher powers of the binomial coefficients," by Major P. A. 
MaoManon ; ‘ A property of recurring series," by Dr. G. B. 
MaTREWS ; '* The product of two spherical surface harmonic 
functions," by Mr. J. B. DALE. : 


Tag German Society for the promotion of instruction 
in mathematics and science held its tenth annual meeting 
the last week of May at Giessen under the presidency of 
Dr. Rausch. The society has nine hundred members. 


Tue committee elected to judge the competition in 1901 
for the Francoeur and Poncelet prizes of the Paris academy 
of sciences consists of Professors C. JoRDAN, H. POINOARE, 
E. Pıcarv, P. APPELL, and MAURIOR Levy. 
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Tux following additional volumes (see BULLETIN, volume 
6, pp. 306 and 355) are announced as either in preparation or 
under the press for B. G. Teubner’s series of text-books in 
the mathematical sciences: G. BonraaNw, The mathematics 
of insurance ` G. H. Bryan, Thermodynamics ; L. E. Drcx- 
son, Linear groups, with an exposition of the Galois field, 
theory (English, in press); G. ENESTRÖM, with the coôpera- 
tion of other scholars, Handbook on the history of mathe- 
matics ; PH. FugTWANGLER, Mechanics of the simplest kinds 
of physical apparatus and of experiments; M. GRÜBLER, 
Hydraulic motors; L. HENNEBERG, Text-book of graphical 
statics; K. Heun, The kinetic problems of the modern 
theory of machines; G. June, Geometry of masses; H. 
LAMB, Acoustics; A. Lozwy, Lectures on the theory of 
linear substitution groups; A. E. H. Love, Textbook of 
hydrodynamics ; A. E. H. Love, Theory of elasticity ; W. 
MEYERHOFFER, The mathematical foundations of chemistry ; 
E. Ovazza (from the field of mechanics); Fr. Pookzrs, 
Optics of crystals; P. SrAoxun, Textbook of general dy- 
namics; H. E. TrwERDING, Theory of systems of vectors 
and screws; A. Voss, Principles of rational mechanics. 

Of the volumes previously announced three have appeared, 
viz, E. Pascar, Determinants; O. Storz and J. A. 
GargrNER, Theoretical arithmetic, Part I; E. v. WEBER, 
Lectures on the problem of Pfaff. Three others are in 
press, viz., L. E. Droxsow, Linear groups (see above); G. 
Loria, The theory and history of special algebraic and 
transcendental plane curves; E. Nerro, Theory of combi- 
nations. 


SUBSCRIPTIONS are invited toward the publication of the 
complete works of the late Professor E. BELTRAMI (see 
BULLETIN, volume 7, p. 46), which has been undertaken by 
the faculty of science of the University of Rome. There will 
be four large volumes with about 2000 pages in all. A copy 
of the complete works will be sent to those who subscribe 
not less than fifty lire. Subscriptions may be sent to Isara 
Sonzoeno, Piazza S. Pietro in Vincoli, 5, Rome. 


Ir appears, from Nature, that the English civil service 
commission no longer insists, in its examinations in geome- 
try, on preserving the Euclidean sequence of propositions, 
but now accepts correct demonstrations whether those of 
Euclid or not. Recent papers also encourage teaching of a 
less abstract: character than that usually associated with 
Euclid’s geometry. 


To the list of mathematical courses to be given at Colum- 
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bia University in 1901-1902, as announced in the last num- 
ber of the BunrzrIN, there is to be aided a course on ‘‘ The 
history of mathematics," three hours weekly, by Professor 
D. E. Sxrrx. 


A Bust of Gauss has been placed in one of the halls of 
the University of Berlin. 


Prorzssor E. H. Moore is one of the five new members 
elected to the National academy of sciences at its annual 
meeting April 16th-18th. 


Dr. J. A. Gagn has been made professor extraordi- 
narius of mathematics at the German University of Prague. 


Prorzssor Gino Fano, now at Messina, has been made 
‘assistant professor of projective and descriptive geometry at 
the University of Turin. Professor U. Dint of the Uni- 
versity of Pisa has been elected & member of the superior 
council of instruction of Italy. 


At Yale University Professor J. E. CLARK, James E. 
English professor of mathematics in the Sheffield Scientific 
School since 1873, has resigned because of poor health. He 
has been made professor emeritus, and Professor P. F. 
Saari has received the title of James E. English professor. 
Dr. E. R. Hxpzick has been appointed instructor in mathe- 
matics in the Sheffield Scientific School. 
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SURFACES WHOSE FIRST AND SECOND FUN- 
DAMENTAL FORMS ARE THE SECOND 
AND FIRST RESPECTIVELY OF 
ANOTHER SURFACE. 


BY DB. L. P. EISENHART. 
(Read before the American Mathematical Society, February 23, 1901.) 


THE fundamental theorem in the theory of surfaces is: * 
Given two quadratic differential forms 
í f= Ed? + 2Fdudv + Gdv 

= e = Ddw + 2D'dudv + D''dy, 
of which the first is definite, in order that there exist a surface 
which shall have f and ¢ for its first and second fundamental forms 
respectively, Z is necessary and sufficient that the coefficients of these 
forms satisfy the Codazzi equations 


EE 


(2) 


OD" oD’ 22 22 12 12 "ll 
EENEG ENEE ES 


and the equation of Gauss 


1 [ACT 5) 
(3) VEG — F3 L 2v E 2 
ter EYE 
Ou E 2 e EQ— FF’? 





where the Christoffel symbols { id are formed with respect 


to the form f. And, moreover, when these conditions are satis- 
fied the corresponding surface is unique and determinate. 

We propose now to determine those surfaces S with fun- 
damental forms (1) which have associated with them sur- 
faces S, whose first and second fundamental forms are, re- 
spectively, 





* Bianchi, Lezioni, p. 92. 
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Dd + 2D'dudv + D'dv, 
Edw + 2Fdudv + Gd, 
Denoting by subscript , functions belonging to A, we have 
(4) f, = ds? = Edw + 2F dudo + Gd, 
9, = Ddw + 2D/dudv + Did, 


Comparing these with the above, we remark that for a sur- 
face S, satisfying the conditions of the problem, 
(5) E =D, F= Di, Gs Dir D= EE, D! = F, D” =G. 


Tt is evident that the double system of lines which is con- 
jugate for S and S, is composed of the lines of curvature on 
each surface. We will refer both surfaces to these lines; 
then 


(6) F=0, D=0. 


With this special choice of parametric lines the Codazzi 
equations become 





2D oE(D | D" 
-:X(z Ga 
(7) " 
aD" ,oe(D D^)... 
Ou Ou ET G | 


and the Gauss equation 
DD’ 9 (1 90vV6G|,9(1 0VE o 
metal ou ) tala 9)” 

In order that H may be a surface the coefficients of its 
fundamental forms must satisfy these equations. Hence in 


order that S may be the kind of surface sought, it is neces- 
sary that its fundamental coefficients satisfy the conditions 





(8) 








dE E G 
ES 32 (5+ pH) =0 
9 dA E G 
EET (5 +7) SEL 
and 
EG a, 1 3vVD" 9, 1 oD 
e) Font ws Ou ) (vp Ov ER 
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Substituting in equations (7) the expressions for ed and 
ag 
Ou 


o Gg) 


Denote De a, and p, the principal radii of curvature at the 
point Cou, v) on S8; then 
ba Zu 
p Ep, @ 
When these expressions for p, and p, are replaced by the 
latter in the equation of condition (11), it becomies 


SEET 


Hence S must be a surface for which the total curvature at 
& point and the Casorati* curvature are equal. Develop- 
ing equation (12) we remark that it is necessary that 


, 88 given by equations (9), we get in each case 


P= Py 


Hence, in order that the first and second fundamental forms of a 
surface S may determine a surface for which these forme shall be 
respectively the second and first forms tt is necessary that S have its 
two radii equal and of the same sign. 

This class of surfaces has been the object of a study by 
Monge, and later by Forsyth.f The former has shown 
that the sphere is the only real surface belonging to the class. 
His discussion was with reference to the differential equa- 
tion of the second order, characteristic of such surfaces, viz. 


[A + gr — 2pgs + (1 + pt 
— 4(rt — 9) t p! + 4), 


for the determination of which the surface was given by the 
equation 


(18) 








*  Mésure de la courbure des surfaces suivant l’idée commune’’, Acta 
Mathematica, 14, 2. 

+ Application de vanes à la géométrie, 5th ed., pp. 196-211. 

+‘ Note on surfaces whose radii of curvature are equal and of same 
Bign," Messenger of Mathematics, new series, no. 321. 
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(14) 2 = f(x, y), 
&nd where, as originally denoted by Monge, 


Oz Os Oz Əz Oz 
(10 ppnsi=z Oy Ox” Indy Oy. 


Forsyth integrated the same equation (13) by a process 
differing from that used by Monge and found that all such 
surfaces are given by eliminating & between the equations 


18) y+ um = g(a), a — det La = O(n) 


where ¢ and ¢ are arbitrary functions. We shall now de- 
termine the forms of the functions, which correspond to sur- 
faces furnishing a solution to our problem. 

To this end we remark that the notations of Gauss and of 
Monge have the following relations : 


E=1+7, F= pq, A=1+79, 





r 
t 

D=— = D =——— 

vi+p+g Virprg 


It is evident then that our problem reduces to the finding 
of e and d such that 


ar) D= 


rT, 8, t A ; 
(18) Jira PI lc 
and 
(19) 142, ng Hg 5 





VI + pi + 


where the subscript, denotes that the functions belong to the 
associated surface A. 

Substituting for the functions in (18) their expressions 
as derived from equations (16) and from the similar equa- 
tions 

y + at = e), 


gz—is(l +u)i = din); 


corresponding to the surface S, we find on equating to zero 
the coefficients of x’, x, and 1, the following relations: 
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ME S 

Q + gà» 

(20) TU PR ino. 
+ in Cipla VITRA + sl 

29'u 
Vitre 


= — pla + a VI + werte"; 





+ Aut(o'd* — ey) 


— _ 
(14+ 2) 1+ 2?’ 


1 
— ———— — LAB 
Vite 








EU 


(21) = Zen, - wl ni + mel) p ——— SUITE Y " 


+ An(g'd — gg!) 





ALIS + pi 
SEV T+ wpe hi ad; 


LA „ort 
Q4) 1+ 2,2’ 
(22) — AB = — Bei + 





Din, 

vi + a? | 
Ay — dg) — e" Lé, 
where, for the sake of brevity, we have written 
PE 1 
(23) ing! + VIFA? ` 
= d" — PL +) À + (1 + à) 3e". 
The similar relations arising from equations (19) can be 


gotten at once from the above by giving subscripts to the 
terms not having them and removing them from those 
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which have; we shall refer to these relations as (20), 
(21^) and (22’), respectively. 

From the first relations of (20), (21), and (22) we see 
that 

ME, 

hence these three relations and the corresponding ones in 
(20^), (21) (22^) may be replaced, respectively, by 
—— 1 

— V1 | ne de = 
ug! — iv 1 + nd rn 
(24) 

en 

Combining these with the second relations of (20), (21), 
(22) and (20’) (21°), (22’), we find that the latter may be 
replaced by 


TH ELF —i(1 + AR + da (1 + à)-3e"] 
Qiu 
4 = 9o! — — 7 
(25) PE ae 
WEHRT — CL wel + i + re] 
= + 2g! — 2in(1 + a). 


Differentiating the second of equations (24) and conibin- 
ing the result with the second of equations (25) and both 
of (24), we find 


(26) el =f, d =#, 

hence e, and g, can differ at most from ¢ and 4, respec- 
tively, by an additive constant. Hence S and S, are the same 
surface, to a translation pres. 

Making use of the preceding results, we find that the 
third equations of (20); (21), (22), (20^), (21^), and (22^) 
are equivalent to the single one 
(27) WI + led" —Vo") — e +¢". 


Expressing this relation in terms of e and its derivatives, 
we find i 


(28) eil = 
from which we get 
(29) p=V1 +a TOa-4 06, 


ao 
ate’ 
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where C, and €, are arbitrary constants. On substituting 
this expression in (24), we find 


(30) wWw=O,VltHe4+424+0,, 


C, being a third arbitrary constant. From (29) and (30) 
we get 


P= i — (0 4 1) (a V1 Eg) OG 6, 


31 Ge 
geen (01m VIF) 4-0 —. 


It is readily seen that equations (16) can be replaced by 


DEENEN EE 


82) ` SE 
(82) y—tet(a—-V1lte)jc= T, 
where ® and V have the expressions (31). Writing in these 
expressions 
C, = a, €, = b, C, = io, 


and eliminating » from the equations (32) thus obtained we 
get 
G@—a) + (y— b) + G—o'-—l; 


that is, & sphere of center (a, b, o) and radius unity. 
Moreover, only when the radius is unity are the conditions 
satisfied. 

We have then the following results : 

The ruled surfaces, defined by the equations 


y c ux — V1 te + Cnt G 
s—isvVi+ti=n+C0OvVi+é+ OG 


are the only surfaces whose first and second fundamental forms can 
be taken for the second and first fundamental forms of a surface. 
Further the second surface is only the first to a translation près. 
And of these surfaces the only real one is the sphere of radius 
unity. 
PRINCETON UNIVERSITY, 
February 14, 1901. 
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ON THE GROUPS GENERATED BY TWO 
OPERATORS. 


BY DR. G. A. MILLER, 
(Read before the American Mathematical Society, April 27, 1901.) 


Ir is well known that the only abelian groups which are 
generated by two operators are those which have just two 
independent generators.* If the order of such a group is p" 
( p being any prime number), it must be of type (m — a, a). 
In general, if the order of any one of these abelian groups 
is written in the form 2% p," p". (p, pr being odd 
prime numbers) it is clear that at least one of the subgroups 
of orders 2", p", p,*, contains just two independent gen- 
erators while the remaining ones (if any) are cyclic. 

When the two generating operators are not commutative 
the matter becomes much more difficult. A very interest- 
ing and simple case presents itself when each of these opera- 
tors (&, 8,).is of order two. From the equation ss, = s, we 
obtain the following : 


^ = — es —1 — —1 — 
8 EXE NV 8,8; = 8,858; ES (88) = 8 m 3555, 


Since a, and s, transform s, into its inverse they generate the 
group of dihedral rotations.f By properly selecting e, and s, 
the order of s, can be made any positive integer whatever. f 
That is, every group that is generated by two operators of order 
two 18 a dihedral rotation group and every dihedral rotation group 
is generated by two operators of order two. ‘When the order of 
8,18 two this group is abelian and vice versa. 

From the known theorems which we proceed to give, it 
follows almost directly that every symmetric group and 
every alternating group is generated by two operators. (1) 
If & primitive group whose degree exceeds 8 contains a sub- 
stitution whose degree is less than 6, it is alternating or 
symmetric.§ (2) If a transitive group of degree n contains 
a substitution whose order is a prime number p>n/a(a 
being the smallest factor of n) itis primitive. (3) If two 





* Frobenius and Stickelberger, Crelle, vol. 86, 1879, p. 217. Only non- 
cyclic groups are considered in the present note. 

T Cf. Klein, Ikosaeder, 1884, p. 9. 

I American Journal of Mathematics, vol. 22, 1900, p. 185. 

8 Netto-Cole, Theory of substitutions, 1892, p. 138 ; BULLETIN, vol. 4, 
1898, p. 141. 


1901.] GROUPS GENERATED BY TWO OPERATORS. 425 


substitutions have only one common element, their commu- 
tator is of degree three, and if they have two consecutive 
elements in common, without being commutative, their 
commutator is of degree four and order two.* (4) There 
is at least one prime number between m and 2m — 2, when- 
ever m > 7/2. 

As a direct consequence of the last theorem we have the 
theorem : The alternating group G of degree n contains a 
substitution S, of prime order p> n/2. From the other 
three theorems it follows that S, and any circular substitu- 
tion S, which involves all the elements of G that are not 
contained in S, together with either one or two elements of 
S, generate the symmetric group when S, is negative and 
the alternating group when S, is positive. If S, is positive 
when it has one element in common with S,, it must be neg- 
ative when it has two elements in common. Hence every 
symmetric and every alternating group whose degree ex- 
ceeds 8 is generated by two operators. It is easy to verify 
that this theorem is also true when n = 8f. 

It has been observed that two operators of order two 
generate a group which is well known. Thenext case in the 
order of simplicity presents itself when one of the generat- 
ing operators A is of order three while the other 8, is of 
order two. When their product is of order two, three, 
four, or five, these operators generate the symmetric group 
of order 6, the alternating group of order 12, the symmetric 
group of order 24, or the alternating group of 60 respec- 
tively.§ We proceed to prove that S, and S, may be so chosen 
that they generate the alternating group and also so that they 
generate the symmetric group of every degreen>8. Let 


81 = 40,0, ` Gs ` —— ` dg op ig, = Cally ` Ugly ` 7 Ug sg. 
It is clear that aal is a circular substitution of degree P. 


We shall form a by adding suitable transpositions to s,'. 
In what follows p = n — a will be used to represent a prime 


number such that n — 2 > p> 5 and it will be assumed that 


n > 11 unless the contrary is stated. 

When n = f and ais odd, we may obtain generators of the 
alternating and the symmetric group by multiplying al by 
att 1 ANA ilgas * Anta respectively ; when a is even, the 

a a 





+ Bochert, Math. Annalen, vol 40, 1892, p. 176. 
T Tchebichef, Pétersb. Mem., vol. 6 (1851); Lrouville, vol. 17 (1852). 
sa Netto, loc. ci., p. 90. 

Cf. Burnside, Theory of Groups, 1897, p. 291. 
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corresponding multipliers are Has ` Agg and AsAga44 TE- 


2 2 
spectively. By using the s, thus obtained and the given a, 
we can therefore generate any alternating or symmetric 
group whose degree exceeds 9 and is divisible by 3. When 
n= P + 1 and a is odd, we may multiply &' by goën  @gagyı 


1 
and os ` Agag ` Agag respectively to obtain the re- 
2 
quired s; while the corresponding multipliers are mass: : 
ge ei ` dg dg ANG Ass: ` Ge, When aiseven.* Finally, 


2 
when n=f-+2 and a is odd, suitable factors of 8, are 
horas ` Op Age ` 908.45 NA Asas ` d dn ` Op 10541 ` Uppy; 
2 2 


when a is even the factors are a5, ` Gg 405,5 * Gg Ae ` Apg 
= 
and Mag: ` Gates ` Ges respectively. 
1 


When n < 12, it is easy to examine the cases directly and 
thus prove that every alternating group with the exception of 
those of degrees 3, 6, 7, 8 is generated by two of its substitutions 
of orders two and three respectively, and every symmetric group 
with the exception of those of degrees 5, 6, 8 is generated by two of 
its substitutions of the same orders. Hence 6 and 8 are the only 
degrees for which neither the symmetric nor the alternating 

_group is generated by two of its substitutions of orders two 
and three respectively. The only transitive groups gener- 
ated in these two cases are of orders 6, 12, 18, 24, 48, 60, 
168 and 336. 


A CURIOUS APPROXIMATE CONSTRUCTION 
| FOR z=. 


BY MB. GEORGE PEIROE. 
(Read before the American Mathematical Society, April 27, 1901.) 


Construction: AC, BD are perpendicular diameters of 
a circle. DE — AO. CE produced cuts BD in G and the 
circle in F. 

To prove that xr — FC + BG approximately. 





~ When n—13 we may assume a=2, Quar. Jour. of Math., vol. 29 
(1898), p. 228. 
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Draw EP perpendicular to AC. Then CE=r v3. Also 


FE = AE- ED/EO — r(V2 —1)/V8. 
Therefore 
FC= CE+FE= yr(V6 + 24/3). 


Again 
0G = PE- OC/PC= PE. OC[ V EC! — PE? 
—r(1—42)/V8— (1—3 v2) = r(3 — 2 V2), 
and 
BG=B0+ 0G=r(4—2 V2) 
Hence 


Foi BG v(4 —22-- 8 3--$ V/6)—3.142TTr. 


Now z = 3.14159. Hence the error is less than 1/2600 
of the whole ; in a circle of 75 yards radius the error would 
be about one inch. 

HAVERFORD COLLEGE. 
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NON-EUCLIDEAN GEOMETRY. 


Non-Euclidean Geometry. By HENRY PARKER MANNING, 

Ph.D. Boston, Ginn & Co., 1901. 16mo., pp. 96. 

Tms work is, as far as we know, the first original book 
upon this subject that has been published in English. Per- 
haps, the adjective ‘‘ original ” is misleading, for the author, 
in his preface, disclaims any attempt at originality. His 
object is to collect a number of the simpler theorems of non- 
euclidean geometry, and present them in compact and log- 
ical form to readers of slight mathematical knowledge. 

At the outset, he avoids a dangerous pit-fall: metaphys- 
ics. To pass over in silence all of those philosophical ques- 
tions which lie at the base of geometry, would be unpardon- 
able in a book of more ambitious nature, but in this case, the 
omission seems wise. A beginner can extract but little profit 
from discussions of the. foundations of geometry. He will 
accept with equal gladness Russell’s contention that the 
conception of geometrical equality depends upon that of 
rigid motion, or Veronese’s view that rigid motion presup- 
poses a continuous succession of geometrically equal figures. 
At the same time our author makes a mistake in throwing 
upon the elementary text books the responsibility for most 
of the fundamental definitions and assumptions. We are 
left in doubt, for instance, whether he considers a line as the 
path of a moving particle or the boundary of a surface. It 
seems also a mistake to lay down, as universally valid, the 
axiom that two straight lines can meet but once, for spherical 
geometry is thus excluded. It is safe to say that spherical 
geometry is of quite as much importance as elliptic, and the 
study of such a figure as the sphere with two centers, might 
well prove attractive to beginners.* A wiser plan would 
be to put this axiom among the assumptions for restricted 
figures, and then prove that if space ma? be moved as a 
whole, two straight lines can not intersect more than twice. t 

The general arrangement of the book seems to us excel- 
lent. The author first brings out the points of similarity 
of his three kinds of geometry, then develops their individ- 
ual peculiarities. Moreover, the analytic work is placed at 
the end, out of consideration for those readers who prefer to 
avoid trigonometry, and are stampeded by the calculus. 





* Conf. Veronese, Grundziige der Geometrie von mehreren Dimensionen 
(German translation by Schepp), p. 503. 
T Killing, Grundlagen der Geometrie, p. 56. 
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The first chapter deals with ‘‘ Pure Geometry ’’ and gives 
a number of propositions for both unlimited and restricted 
figures, which are universally valid under the axioms laid 
down. Then the three hypotheses concerning the fourth 
angle of a trirectangular quadrilateral are stated and carried 
along side by side to the end of the chapter. 

The second chapter deals with ‘‘ Hyperbolic Geometry ’’ 
and develops the theory of intersecting, parallel, and non- 
intersecting lines in a most elementary way, with a short 
notice of boundary and equidistant curves. 

The third chapter, which consists of five pages only, is 
devoted to ‘‘ Elliptic Geometry." Here it must be noticed 
that the author passes over in absolute silence the most 
striking peculiarity of the elliptic plane; namely that it is 
a unilateral or double surface. Now not only is this a 
matter of great importance in itself, but there lurks here a 
very serious difficulty for the beginner, which may be stated 
as follows: Suppose that in the elliptic plane we have two 
straight lines a and 6 lying close to one another through- 
out their whole extent. 





Let a man-start from their intersection P and make a 
complete circuit of the linea. If he starts in the right di- 
rection he will notice that 6 will at first lie on his right 
hand ; yet when he has nearly completed the circuit and is 
approaching P again, b will seem to be on his left, and the 
change will have occurred without the two lines crossing in 
the meanwhile. Of course the explanation is that when he 
draws near to P at the end of the journey his head is point- 
ing in the opposite direction from what it was before ; but 
it is scarcely fair to assume that a beginner will be sharp 
enough to think this out. 

The fourth chapter gives the analytic development of what 
has gone before and the book closes with a very short his- 
torical note. 

The merits of the book are, then, a judicious choice of sub- 
ject matter, and logical arrangement. Also the author has 
the rare gift of being interesting. The defects consist in care- 


480 ^ NON-EUOLIDEAN GEOMETRY. [July, 


lessness in matters of detail, and occasional lack of rigor in 
demonstration. For instance, the whole analytic work is 
based on the connection between plane and spherical tri- 
angles. In Chapter I, part 3, theorem 11, we find the state- 
ment that spherical trigonometry is the same under all three 
hypotheses, and’ the reason given is that the relations of 
spherical figures depend merely upon the magnitude of 
plane and diedral angles. But the connection between a 
spherical and a diedral angle comes through the plane angle 
of the latter ` what right have we to assume that two plane 
angles of the same diedral angle are equal? The proof 
given in all of the elementary books with which we are 
familiar is based on parallel lines, and hence is inadmissible 
in the present case. Incidentally, all propositions concern- 
ing mutually perpendicular planes stand or fall with the 
equality of these plane angles. 

Fortunately, it is true that in non-euclidean geometry two 
plane angles of the same diedral angle are equal. An easy 
proof may be found from the projective definition of the 
magnitude of an angle with regard to the Absolute. Or a 
proof more suited to the present work might be developed 
on the following lines: The magnitude of a diedral angle 
may be shown to vary directly with the plane angle at any 
point. Hence two plane angles of the same diedral angle 
have a constant ratio. When one plane angleis 0, the other 
is an arbitrary multiple of 2z which we are at liberty to as- 
sumeis0also. Then when one angle is x, the other is x also. 
Hence the factor of proportionality is 1, or the two angles 
are always equal. 

The treatment of continuity is obscure. Axiom 4 states 
that ‘‘A geometrical magnitude, for example an angle, 
or the length of a portion of a line, varying from one 
value to another, passes through all intermediate values.” 
This seems to us almost romantically vague. Moreover, 
unless we embody the axiom itself in our definition of the 
word “vary,” itis not true. For instance, if we mean by 
an angle of a triangle an internal angle, as is habitual in 
elementary books, and if the base of a triangle is fixed, 
while the opposite vertex describes a circumference upon 
the base as a chord, the angle will vary from a given value 
to its supplement, without passing through any intermedi- 
ate value. Another example of carelessness in treating 
continuity occurs on page 13 where we find the state- 
ment that if a line move so as always to cut off equal dis- 
tance from the feet of two perpendiculars to & given line, 
the angles which it makes with these perpendiculars vary 
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continuously. This is of fundamental importance, as hereon 
rests the proof that the same quadrilateral-hypothesis must 
hold everywhere in the same plane, but it should not be left 
without proof, merely because it is plausible, or because 
we ardently wish it to be true. 

In the historical note at the end are serious errors. The 
author states (p. 92) that Saccheri, after developing elliptic, 
hyperbolic, and parabolic geometries side by side, states 
dogmatically that the two first are false. Now this is not 
only incorrect, but it conveys an unfair impression of the 
Jesuit mathematician. He does not state dogmatically that 
these geometries are false, but gives an elaborate and in- 
genious sequence of propositions in each case, to show that 
the system is self-contradictory.* Again the author states 
on the following page, that elliptic geometry was discovered 
by Riemann. This seems to usrash. Itis by no means 
clear whether Riemann looked upon the geodesics of a 
surface of constant positive curvature as cutting in one 
or two points: the probability being that he held the 
latter view, so that it is customary to credit Klein and 
Newcomb with the discovery of elliptic geometry. f 

We may say, in conclusion, that the book is & contribu- 
tion to educational rather than to mathematical literature. 
It is neither a scholarly nor & profound work, but comes in 
answer to a real need, and marks a step in advance. 


JULIAN LOWELL COOLIDGE. 
HARVARD UNIVERSITY. 


BIANCHIS DIFFERENTIAL GEOMETRY. 


Vorlesungen über Differentialgeometrie. Von Lurer Brianom. 
Autorisierte deutsche Uebersetzung von Max Luxar. 
Leipzig, B. G. Teubner, 1896—1899. Pp. xvi 4- 659. 

Iw 1886 Bianchi published a lithographed edition of his 
lectures on differential geometry given at the University 
of Pisa during the winter 1885-86. This publication, on 
which the book now before us is based, consisted of only 
fourteen chapters. The Vorlesungen contains twenty-two. 
Professor Loria, of Genoa, says of the lithographed edition :f 








* Conf. Engel und Staeckel, Die Theorie der Parallellinien von Eu- 
klid bis auf Gauss, pp. 67 and 109. 
t Kiling, loc. cit., p. 70. Russel, The Foundations of Geometry, pp. 
0 


{Jahrbuch siber die Fortschritte der Mathematik, 1886, p. 648. 
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“In our opinion it fills a lamentable gap in mathematical 
literature * * * We know no book which treated ez 
professo infinitesimal geometry. * * * In these note- 
worthy lectures we have to admire not only the clearness 
of presentation, the elegance of the calculations, and the 
great number of interesting examples, but also the selection 
and the coordination of the material.’’ It will perhaps be 
of interest to give the headings of the fourteen chapters of 
this first edition. I., Space curves; II., Curvilinear coór- 
dinates on surfaces, conformal representation; III., Geo- 
desic lines, geodesic curvature; IV., Curvature of sur- 
faces; V., Surfaces defined by their linear element; VI., 
Developable surfaces; VII., Surfaces one of whose radii 
of curvature is a function of the other; VIIL, Surfaces 
of constant curvature; IX., Surfaces whose mean curva- 
ture is constant; X., Surfaces defined by properties of 
their lines of curvature; XI., Ruled surfaces; XII., 
Curvilinear coôrdinates in space, triply orthogonal systems 
of surfaces; XIIL., Elliptic coordinates, geodesic lines on 
the ellipsoid; XIV., Triply orthogonal Weingarten sys- 
tems ; Appendix, Codazzi’s formulas. 

In 1894 appeared the enlarged and improved Geometria 
differenziale, published by Spoerri in Pisa, containing 
twenty chapters. The mathematical situation was then 
different, for during these eight years had appeared the first 
three volumes of Darboux’s Lecons sur la théorie gén- 
érale des surfaces,* a work which in the words of Bianchi 
‘í gives a complete presentation of all the results obtained 
in the field of infinitesimal geometry."  Bianchi's book has 
none the less its place, and that an honorable one. His 
aim as stated in his preface is entirely different from Dar- 
boux's. Bianchi’s purpose is ‘‘ to confine himself to an ex- 
planation of the principles of the theory, and to its chief 
applications ; to collect in a volume of moderate compass 
everything necessary to enable beginners * * * themselves 
to read the original memoirs.’’ That Bianchi has suc- 
ceeded in this task is evident. That this purpose is indeed 
different from Darboux’s will appear to all who read the 
latter’s book. 

The Geometria differenziale is not merely.the litho- 
graphed edition with six additional chapters. Apparently 
the whole book has been re-written, and the subjects are 
taken up in somewhat different order and in different con- 
nections. J cannot compare this book in any detail with 





* Referred to in this review as ‘‘ Darboux.” 
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the original lithographed edition, for I have not been able 
to obtain a copy of the latter. 

Shortly after the appearance of the Geometria differen- 
ziale, à German translation this work was undertaken by 
Max Lukat. The translation was published under the title 
of Vorlesungen über Differentialgeometrie. This edition 
appeared in three parts, of which the first was published in 
1896, the last in 1899. All references in the following 
pages are to the German edition. 

I shall now consider in some detail the contents of the 
Geometria differenziale. The first chapter on ‘‘ Curves 
of double curvature" isa brief and complete exposition of 
the principal properties of space curves. Init are discussed 
much the same questions that are taken up by Picard in 
Chapter XI. and in the following chapters of the first 
volume of his Traité d'analyse. Bianchi’s treatment is 
usually concise and clear. It is noticeable, however, that 
he uses for the direction cosines of the principal directions 
of a curve at any point the expressions cos a, cos f, ete., in- 
stead of employing, as is customary with French writers, 
single letters for these quantities. It seems to me that the 
French practice is to be preferred. 

In this chapter there is no explanation of the term ‘‘edge 
of regression," in the treatment of developable surfaces. 
Such an explanation as is to be found for example in Picard, 
l. c., I., p. 298, would add to the value of the discussion. 
It is perhaps worth mentioning that Bianchi does not sup- 
pose his coordinate axes disposed, as French and German 
writers generally do, but adopts the so-called “ English dis- 
position.?? 

In the second chapter we have the analytic foundation 
of the book, a study of quadratic differential forms. 
Bianchi defines the first, second, and mixed differential 
parameters, and states in a remark (p. 47) that all the dif- 
ferential parameters of two arbitrary functions U and J, 
formed from a binary quadratic differential form, may be 
obtained by repeated applications of the symbols A,, A,, 
and v, which indicate the first, second, and mixed differ- 
ential parameters, respectively. For a proof he refers to 
Darboux, ITI., p. 260. The reference should be to page 203. 
This mistake in the Italian is not corrected in the transla- 
tion. ‘The proof given by Darboux is simple and short, and 
might with advantage have been reproduced by Bianchi. 
The several symbols of Christoffel are then defined. These 
symbols are used throughout the book. As the author 
says in his preface, they have the advantage of giving the 
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formulas & simple and elegant appearance which makes 
them easier to remember. While I agree fully with this 
statement, I am not yet convinced that the use of these 
symbols is entirely desirable. To one not accustomed to 
them, they have always a strange look, and surely many 
an American reader, at least, must turn back to the defi- 
nitions if ever he wants to kuow what a formula really 
means. It is questionable too if it is desirable tó memorize 
the complicated formulas of differential geometry. On the 
other hand it may be urged that the formulas would be of 
great complexity and of ungainly appearance without the 
use of Christoffel’s symbols. Often that is the case. It 
would be easy to mention books where itis 80. But Dar- 
boux does not use them, and I think no book is more elegant 
in style and appearance than his. It is finally a matter of 
taste. The chapter contains also a study of the equivalence 
of two quadratic forms. One other criticism of this very 
important chapter must be made. The whole chapter would 
be much more readily understood by the beginner, and so 
more in accord with the purpose of the book, if the theory 
had been developed for binary forms instead of for forms in 
^ variables. The binary form is the only one used in the 
study of surfaces. Let those who will study surfaces in n 
dimensions generalize for themselves, and let the student of 
surfaces in space not be forced to swallow what he cannot - 
digest. 

The next seven chapters (III.-IX.) contain an admirable 
development of the general theory of surfaces. Their head- 
ings are as follows: III., Curvilinear coórdinates on sur- 
faces, conformal representation; IV., The fundamental 
equations of the theory of surfaces; V., Spherical repre- 
sentation after Gauss, plane coórdinates; VI., Geodesic 
curvature, geodesic lines; VIL, Applicable surfaces; 
VIIIL, Deformation of ruled surfaces; IX., Evolute sur- 
faces and the theorem of Weingarten. 

Bianchi's consistent point of view in these chapters, and 
indeed throughout the book, is that the study of surfaces is 
the study of two simultaneous quadratic differential forms ; 
the “ first fundamental form"! being the square of the lin- 
ear element 


dë = dx? + dy + d? = Edw + 2Fdudv + Gdv ; 
the ‘second fundamental form ’’ is 
Ad’z + Yd'y + Zd'z = — (dXde + dYdy + dZdz) 
= Ddw + 2D'dudv + Did, 
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The letters X, Y, Z denote the direction cosines of the nor- 
mal to the surface at the point (x, y, z). These seven 
chapters are admirably done, and contain thoroughly clear 
discussions of many most interesting and fundamental 
problems. I feel that the author isto be taken to task, 
however, for advising, in his preface, the beginner to omit 
the eighth chapter (on the deformation of ruled surfaces). 
It is not an especially difficult chapter, but it is an espe- 
cially interesting one, and no one should omit it. Chapter 
III. deals with the fundamental properties of curvilinear 
coordinates on a surface. The conformal representation of 
& surface upon à plane or upon another surface is then stud- 
ied by means of isothermal gystems of coórdinates. In the 
study of isothermal systems, the author omits to prove that 
it is necessary, as well as sufficient, in order that the curves 
(u, à) form an isothermal system, that the linear element in 
terms of these coordinates be 


de = }( Udw + Var’). 


A simple proof of the necessity of this condition is given by 
Darboux, Volume I., p. 146. Bianchi makes no use of “ sym- 
metric coórdinates," which are the parameters of the mini- 
mal curves of the surface. These codrdinates seem to me 
to furnish the simplest method of treating the problems of 
conformal representation. Bianchi fails also to refer to the 
subject of the ordinary maps of a sphere, such as Mercator’s 
projection. This subject furnishes one of the most direct 
and interesting applications of conformal representation. 
The chapter closes with a study of stereographic projection, 
where the author shows, following Cayley, that the move- 
ments of a sphere on itself may be represented by a linear 
substitution with constant coefficients. 

The fourth chapter begins the discussion of the two fun- 
damental forms of the surface. The formulas connecting 
the coefficients E, F, G, D, D', D" of the two forms, due 
to Mainardi and Codazzi, are deduced. There follows a 
clear and simple discussion of the problem of determining 
the gurface, having given the coefficients of the fundamental 
forms. This discussion seems to me one of the best things 
in the book. One footnote in this chapter will hardly 
please the reader. On page 95 we are referred for a proof of 
& simple theorem in differential equations, ‘‘ for example, 
[to] C. Jordan, Cour d’analyse, vol. III." Such an in- 
definite reference i8 of no value, and is even irritating. 
Moreover, I cannot find that Jordan gives explicitly the 
theorem referred to. 


` 
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‘The last part of the chapter contains applications of the 
results of the first part to proofs of the theorems of Euler 
and Meusnier on the curvature of the curves of a surface 
passing through any point of the surface. The celebrated 
theorem of Gauss on the total curvature of a surface at any 
point is then proved. Finally, the indicatrix of Dupin is 
discussed. Bianchi departs from what is, I believe, the 
general usage, in calling the indicatrix ata hyperbolic point 
of a surface the two conjugate hyperbolas. By so doing 
there is a certain loss of generality in the definition of the in- 
dicatrix. In the Vorlesungen are inserted in the proper place 
(p. 114) the differential equations cf the lines of curvature 
and of the asymptotic lines of a surface having its equation 
in the form, z = f(zy). In the Italian these equations 
were accidentally omitted, and were printed at the end of 
the book. 

Chapter V. treats Gauss’s spherical representation of the 
surface, and tangential or plane codrdinates. Especially to 
be noticed in this chapter are the formulas of Bonnet and 
of Enneper relative to the torsion of asymptotic lines, the 
study of a surface referred to its asymptotic lines, the for- 
mulas of Lelieuvre, and the discussion of some particular 
problems (p. 144). Bianchi defines a moulding surface 
(surface moulure, Gesimsflache) as a surface generated by a 
plane curve whose plane rolls without slipping on any de- 
velopable surface. By Darboux and some other writers the 
term is applied only when the developable surface is cylin- 
drical. 

It is not desirable to discuss in detail all the chapters of 
Bianchi’s book, pointing out what the author has omitted 
that might have been put in, and describing and criticizing 
his methods. It seems to me that it will give a good idea 
of the scope and completeness of the book to discuss in con- 


siderable detail one chapter of the book, and to compare . 


that with the writings of other authors on the same subject. 
I have chosen for that purpose the sixth chapter, on geo- 
desic curvature and geodesic lines, because it is both inter- 
esting and typical. I shall compare this chapter with the 
part of Darboux’s work which treats the same subject. It 
is to be remembered that the purposes of the authors are 
utterly different, and that the standard of comparison is the 
most difficult that could be set. The comparison is not 
meant to be in any way disparaging to Bianchi. It is in- 
tended merely to show how much about any subject we may 
expect to find in his book, and to illustrate the choice and 
coordination of material which he has made. 


s 
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The sixth chapter of Bianchi’s Vorlesungen consists of 
thirty-two pages. Darboux devotes to the same subject 
about two hundred and forty pages, printed somewhat more 
closely, besides a discussion of mechanics, based on the 
treatment of geodesic lines, covering seventy-three pages. 
Bianchi defines first the geodesic or tangential curvature, 
and obtains the analytic expression for the tangential cur- 
vature of the coördinate lines supposed orthogonal. Fol- 
lowing Bonnet, he then obtains by the use of differential 
parameters the geodesic curvature of any line of the surface, 
e(u,v)=0. Darboux defines geodesic curvature at first in 
the same way in a chapter (Livre V., Ch. I.) on ‘‘ Formules 
générales," and notes that the center of geodesic curvature 
is the intersection of the axis of the osculating circle of the 
curve with the plane tangent to the surface at the point 
considered. Darboux obtains his expression for the geodesic 
curvature from kinematical considerations. Later (Livre 
VI., Ch. VI.) he gives various other definitions and prop- 
erties of the geodesic curvature, and finally in a chapter on 
differential parameters (Livre VIL., Ch. I.) we find Bon- 
net’s expression for the geodesic curvature of any curve. 
Bianchi gives next Liouville’s expression for the total cur- 
vature of a surface at any point expressed in terms of the 
geodesic curvature of the coordinate lines supposed orthog- 
onal. From this expression may at once be proved the 
theorem that only on surfaces of constant negative curva- 
ture can there exist two orthogonal families of curves hav- 
ing all the same constant geodesic curvature. 

Bianchi then defines geodesic lines on a surface as lines 
whose principal normals coincide always with the normals 
to the surface. The differential equation of the geodesics is 
next obtained in several forms. Darboux obtains practi- 
cally the same equations (Livre V., Ch. IV.), starting 
again from kinematical considerations. Darboux obtains 
also the differential equation of the geodesic lines, in a form 
which is frequently useful, by defining them as the shortest 
lines of the surface between two points of the surface, and 
by solving the simple problem in the calculus of variations 
posed by this definition. I regret that Bianchi does not 
study at all this problem of the calculus of variations. He 
merely states its result (p. 154). Darboux next calls: at- 
tention to the fact that the minimal curves of the surface 
are geodesic lines in the sense that they satisfy the differen- 
tial equation of the geodesics. He shows also how they 
satisfy the first definition given for geodesics. We may 
note here that Bianchi makes no mention of the minimal 
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curves of a surface, so far as I know, throughout the book. 
This seems to me unfortunate. For, though these curves 
are always imaginary, they are of considerable interest, and 
sometimes of use in solving problems concerning the real 
elements of surfaces. They have many curious properties 
which deserve mention in such a book as Bianchi’s. Be- 
sides being geodesic lines, they are all lines of curvature, 
and furnish the only exception to the theorem proved by 
Bianchi (p. 166) that all geodesic lines which are at the 
same time lines of curvature are plane curves. Another 
property of these curves is the following, proved, for ex- 
ample, by Raffy, Applications géométriques de l'analyse, p. 
147: The only surfaces, not spheres, all of whose points are 
umbilics are developable surfaces whose edges of regression 
are minimal curves. All these theorems are omitted by 
Bianchi.* 

À considerable rôle in the theory of geodesic lines is 
played by the problem of determining in how far the geo- 
desic lines are the shortest lines of the surface between two 
of their points. Fundamental for this problem is the sys- 
tem of ‘polar codrdinates’’ consisting of the geodesics 
radiating from & point of the surface and their orthogonal 
trajectories. Before such a system can be used as a coûr- 
dinate system it is necessary to know that any point of a 
surface can be surrounded by a region in which the geo- 
desics issuing from the point do not again intersect. This 
is & point assumed by most writers, among them Bianchi. 
Darboux proves the theorem very carefully (Volume II., p. 
408). This theorem assumed, it is. easy to prove that the 
geodesic line is actually the shortest line from the origin of 
the polar coordinates to any point of the surrounding region. 
This fact is proved by Bianchi (p. 163). The minimum 
properties of the geodesics are not further considered by 
him. Darboux devotes a very interesting chapter of twenty- 
six pages (Livre VI., Ch. V.) to this subject. This chap- 
ter is to & considerable extent the application of Jacobi's 
work in the calculus of variations to the special problem of 
the geodesic lines. In 880 Bianchi returns to the differen- 
tial equation of the geodesics and obtains for it a new form, 
due to Gauss, in terms of the angle which a geodesic makes 
with one of the coórdinate curves. This equation he uses 
to give a new definition of geodesic curvature, which is 
the natural generalization of the curvature of a plane curve. 
The author next discusses systems of geodesically parallel 





* See p. 93. 
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curves, defining them and obtaining the necessary and suf- 
ficient condition that a given family of curves shall be geo- 
desically parallel. In the next section he discusses the sub- 
ject of geodesic circles. Bianchi defines a geodesic circle as 
the locus of a point whose geodesic distance from a fixed 
point is constant; Darboux defines a geodesic circle as a 
curve of constant geodesic curvature. Both authors call 
attention to the fact that these definitions are not in general 
coincident. Neither discusses the question. Bianchi states 
in a footnote (p. 162), that the two definitions are equi- 
valent for surfaces of constant curvature, but gives no 
proof. The statement may be proved in a couple of lines, and 
might perhaps well have been proved. The consideration of 
this problem leads to the more general theorem that the nec- 
essary and sufficient condition that each curve of one family 
of concentric geodesic circles (in Bianchi’s sense) should have 
constant geodesic curvature is that the total curvature of 
“the surface should be constant along each curve. This may 
be otherwise stated : The necessary and sufficient condition 
that there exist on a surface a single family of concentric 
geodesic circles, such that the geodesic curvature of each 
circle is constant, is that the surface shall be applicable to 
a surface of revolution so that the geodesic circles fall on 
the latitude circles of the surface of revolution. 

It is noticeable that Bianchi has very little to say about 
curves of constant geodesic curvature. In the last section 
of the chapter (§91) he proves the theorem: A doubly 
orthogonal system of curves of constant geodesic curvature 
is always isothermal, and conversely, if one family of curves 
of an isothermal system be curves of constant geodesic curva- 
ture, the curves of the other family will also be of constant 
geodesic curvature. We have no discussion of the isoperi- 
metrical problem on a surface. The solution of this problem 
gives, as is known, always a curve of constant geodesic curva- 
ture. This and analogous problems are discussed at length 
by Darboux in a chapter on ‘Les cercles géodésiques’’ 
(Livre VI., Ch. VI.). Itseems to me that the subject of cur- 
ves of constant geodesic curvature is worthy of even fuller 
discussion than that given by Darboux. It would be interest- 
ing, for example, to find what surfaces admit such curves 
which are in general closed ; for on such surfaces the isoper- 
imetrical problem is of especial interest. That these curves 
are not generally closed appears from the fact that a surface 
may be passed through any curve without singularities, 
so that, for that surface, the curve is of constant geodesic 
curvature. In $88, Bianchi takes up the subject of geode- 
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sic conics, and gives a concise treatment of them. He 
omits the discussion of surfaces on which theré exist fami- 
lies of curves which may be regarded in more than one way 
as geodesic conics. These surfaces are surfaces for which 
the linear element may be written in the form known by 
the name of Lionville, as is proved by Darboux (Volume 8, 
p.17). Next are taken up the subjects of the torsion of the 
geodesic line, and of the geodesic torsion of any curve of 
the surface. In a footnote is added the interesting expres- 
sion for the torsion of a geodesic line, when the lines of 
curvature are chosen as coórdinate curves. In the next 
two sections are taken up, briefly, methods of finding the 
geodesic lines of a surface from an integral of the partial 
differential equation 4,0— 1. Though these sections are 
naturally much less complete than Darboux’s treatment of 
the same subject, we find in them the important results of 
the theory. These methods are then applied to Liouville’s 
surfaces and to surfaces of revolution. The equation of 
any geodesic line on a Liouville’s surface is 90/da = b, 
where 


8 — [Yalu)+a dut [VBa dv, 


a and b being arbitrary constants. As is proved by Bianchi, 
the curves (u, v) are at the same time isothermal coördi- 
nates and the parameters of families of a system of confocal 
geodesic conics. It is easily seen that the “ ground curves” 
of the families of conics are any two curves 0 = constant, 
with opposite connecting signs, where the same value is 
given to ain both cases. From this it follows, as stated 
above, that the system of geodesic conics (u, v) may be re- 
garded as conics in an infinite number of ways, i. e., for all 
values of a. In his discussion of the geodesics on a surface of 
rotation, Bianchi obtains “ Clairaut’s equation,” r sin ¢ = k. 
In the last paragraph of the section ( p. 174) is the obvious 
slip, for the case where the surface has a maximum circle 
of latitude: “ die Curve verläuft ganz innerhalb der Zone,. 
in der die Radien der Parallelkreise nicht grosser sind als 
k." For grösser read kleiner. This mistake occurs in the 
Italian, and was not corrected in the translation. Darboux 
discusses ( Volume 3, pp. 2-9) the determination of surfaces of 
revolution, all of whose geodesics are closed curves; Bianchi 
omits this discussion. Finally (§90) we have a very neat 
and simple proof of Gauss’s theorem, that the total’ curva- 
ture of a geodesic triangle is equal to the excess of the sum 
of its angles over two right angles. Darboux gives a very 
elaborate discussion of the properties of geodesic triangles 
based on Gauss’s memoir of 1828 (Livre VI., Ch. VIIL.). 
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There are various problems connected with geodesic lines 
to be found in other parts of the volume. For example, on 
page 436 is discussed very simply the problem of finding the . 
surfaces which can be represented in such a way on the 
plane that the geodesics of the surface are represented by 
the straight lines of the plane. Darboux gives an entirely ' 
different proof, longer but simpler in some respects, and dis- 
cusses the more general problem of the ‘‘ geodesic represen- 
tation?! of one surface on another. 

In closing my account of this chapter I must say that it 
appears to me a most admirable one. All the principal re- 
sults of the theory, with almost insignificant exceptions, are 
given in very small compass and in perfectly clear form. 

Of the remaining chapters I can give but a brief sum- 
mary. In writing this summary I have followed a short 
review of Bianchi’s book published by Darboux in the Bul- 
letin des Sciences mathématiques, Volume 32 (1897), p. 253. 
Chapter VII. contains the fundamental theorems relative to 
applicable surfaces. Chapter VIII. discusses ruled surfaces, 
especially the problem of the deformation of such surfaces. 
In it are given the chief results of Chasles, Bonnet, Mind- 
ing, and Beltrami. Chapter IX. discusses evolute surfaces, 
and begins the study of surfaces known as W or Weingarten 
surfaces, for which there exists a relation between the two 
principal radii of curvature of the surface at every point. 
Chapter X. gives the infinitesimal theory of rectilinear con- 
gruences. Chapters XI. and XII. treat the infinitesimal 
deformation of surfaces and the correspondence of sur- 
faces with orthogonal elements. Chapter XIII. discusses 
“cyclical systems,’’ that is to say congruences of circles 
normal to & family of surfaces. Chapter XIV. discusses 
the elements of the theory of minimal surfaces. In 
Chapter XV. is given a very detailed study of Schwarz’s 
minimal surface bounded by four contiguous edges of 
a regular tetrahedron. Chapter XVI. studies the con- 
formal representation of a pseudo-spherical surface on 
the half plane. Chapter XVII. contains a study of the 
transformations of surfaces of constant curvature. Chap- 
ters XVIIL, XIX., and XX., the last three chapters of 
the Italian edition, contain a summary of the theory of 
orthogonal curvilinear coordinates in space or of triply 
orthogonal systems of surfaces. There are to be found the 
theorems of Dupin and Darboux, the theorem of Liouville 
on the conformal representation of space, the theorem of 
Combescure on triple systems having a given spherical rep- 
resentation, and the application of the general theory to 
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homofocal surfaces of the second degree, together with a 
detailed study of the geodesic lines of these surfaces. 

Finally is given the investigation, due to Bianchi, of triple 
systems containing a family of surfaces of constant curva- 
ture. In chapters XXI. and XXII., which are published for 
the first time in the German translation, are given the 
principal formulas of n-dimensional differential geometry, 
with especial reference to spaces of constant Riemann’s 
curvature. An appendix to chapter XVI., printed at the 
end of the Vorlesungen, contains a short report of Bianchi’s 
recent researches on the transformation of surfaces of con- 
stant positive curvature. 

It remains only to say afew words of the book asa whole. 
It is certainly a magnificent production ; the treatment is 
throughout clear and usually exhaustive. There is nota 
page that is dull, though there are many that are difficult. 
If the book has any fault, it is that it is in many places too 
difficult for the beginner. This fact is recognized by the 
author who advises the student to omit, in his first reading, 
certain chapters. A good testimony to the excellence of the 
book is that Darboux finds in it nothing to criticise but its 
title.* It is, I think, to be regretted that the author gives 
so few direct references. A table of authors consulted, 
printed at the end of the volume, hardly fills their place. 
A very great convenience is the giving of page references 
to formulas previously obtained. This very excellent plan 
is adopted in no other book that I know. 

Strange asit may seem, the translation is in many respects 
an improvement on the original. It is, so far as I can see, 
an excellent translation. It is printed with better type and 
on better paper than the original. A heading is printed at 
the beginning of each section. This makes the page more 
attractive than that of the original, besides being a consid- 
erable convenience. Moreover to the translation has been 
added a general index. Most of the errors and misprints of 
the Italian have been corrected, but not all, as I have 
already noted. A few new errors and misprints have crept 
in, but none would, I think, inconvenience the reader. Tt 
seems not worth while to give a list of these. Certainly 
Bianchi and his translator, Lukat, have rendered the mathe- 
matical public no inconsiderable service in the production 
of the ‘‘ Differentialgeometrie.’’ 

J. K. WHITTEMORE. 

HARVARD UNIVERSITY. 





* Bulletin des sciences mathématiques, vol. 34 (1899), p. 323. 
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NOTES. 


Tur third (July) number of Volume II. of the Trans- 
actions of the AMERICAN MATHEMATICAL SOCIETY contains 
the following papers: ‘‘On the convergence of continued 
fractions with complex elements," by E. B. Vax VLEOK ; 
‘ Geometry within a linear spherical complex," by P. F. 
Sarre; ‘“A new determination of the primitive continu- 
ous groups in two variables," by H. F. BLICHFELDT; ‘ De- 
termination of all the groups of order p" which contain the 
abelian group of type (m—2. 1), p being any prime," by G. 
A. MILLER; “ Zur linearen Transformation der 9-Reihen," 
by F. Merress ; ‘On a fundamental property of a mini- 
mum in the calculus of variations, and the proof a theorem 
of Weierstrass,” by W. F. Osaoop; ‘Concerning Har- 
nack’s theory of improper definite integrals," by E. H. 
Moore. 


Tue July number (volume 23, number 3), of the Amer- 
ican Journal of Mathematics contains the following articles : 
‘© Geometry on the cubic scroll of the second kind," by F. 
C. FERRY ; ‘‘Congruent reductions of bilinear forms," by 
T. J. PA. Bromwior ; ‘‘On the imprimitive substitution 
groups of degree fifteen, and the primitive substitution 
groups of degree eighteen," by E. N. Martin; ‘‘ Removal 
of two terms from & binary quantic by linear transforma- 
tions, by B. G. Morrison. 


Tur July number (second series, volume 2, number 4) 
of the Annals of Mathematics contains the following papers : 
^ Concerning du Bois-Reymond's two relative integrability 
theorems," by E. H. Moore; “On a theorem of kine- 
matics,’’ by P. SAUREL ; ‘‘ The collineations of space which 
transform a non-degenerate quadric surface into itself," by 
RO Woop; “ Note on multiply perfect numbers," by J. 
WEsTLUND ; *‘ The isoperimetrical problem on any surface," 
by J. K. WnurrrEMORE; ‘On a surface of the sixth order 
which is touched by the axes of all screws reciprocal to three 
given screws,” by E. W. Hype; '' Note sur l'évaluation 
d’une intégrale définie," by D. Srwrsor. 


CORNELL Universiry.—During the academic year 1901— 
1902, the following advanced courses will be offered by the 
department of mathematics, each course extending through 
the year unless the contrary is explicitly stated: By Pro- 
fessor L. A. Wart: Advanced analytic geometry, three 
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hours; Advanced differential calculus three hours.—By 
Professor J. MoManon: Theoretical mechanics, two hours n 
Potential functions and spherical harmonics, two hours ; 
Theory of sound, two hours.—By Professor J. H. TANNER: 
Algebraic invariants, two hours; Reading course in Ger- 
man, two hours.—By Professor Trevor: Mathematical 
theory of thermodynamics, two hours.—By Dr. J. I. Huron- 
INSON: Advanced integral calculus, two hours; Elliptic, 
automorphic, and abelian functions, three hours.—By Dr. 
V. SwvpER: Projective geometry, three hours; Algebraic 
curves, three hours; General function theory, three hours. 
By Dr. W. B. Fire : Introduction to the theory of groups, 
three hours; Theory of numbers, two hours.—By Mr. 
: Differential equations, three hours. | 





Jonxs Hopkıns Universiry.—The following advanced 
courses are offered by the department of mathematics dur- 
ing the academic year 1901—1902:— By Professor F. MonrEY: 
Geometry (advanced course), three hours : The differential 
equations of physics, two hours, first half year ; Kinematics, 
two hours, second half-year; Mathematical seminary, 
weekly.—By Dr. A. Comen: Advanced differential equa- 
tions, two hours ; Theory of algebraic numbers, two hours ; 
Elementary theory of functions, two hours; Elementary 
differential equations, two hours. 

Dr. F. FRANKLIN will give a short course on Probability 
in the second half-year. 


Proressors Davip HILBERT, of Göttingen, GEORG CAN- 
TOR, of Halle, and Uxissz Drot, of Pisa, have been elected 
honorary foreign members of the London mathematical 
society. 

De. G. ZEUNER, of Dresden, has been elected a corre- 


sponding member of the Paris academy of sciences, in the 
section of mechanics. 


Dr. A. S. CuzssrN, formerly of Johns Hopkins Univer- 
sity, has been appointed professor of mathematics at Wash- 
ington University, St. Louis, Mo., to succeed Professor E. 
A. ENGLER, who was recently elected president of the 
Worcester Polytechnic Institute. 


AT Harvard University Mr. J. L. Love has been pro- 
moted to an assistant professorship of mathematics. 


Dr. W. B. Firs has been promoted to an instructorship 
in mathematics at Cornell University. 
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Tue death is announced of Dr. P. HxrwrLrNG, formerly 
professor of mathematics at the University of Dorpat, at 
the age of eighty-four. 


H 


PROFESSOR C. S. Jasres, formerly professor of mathematics 
and physics in Bucknell College, died June 8, 1901. 


Prorsssor T. H. Sarrorp, of Williams College, died 
June 18, 1901, aged sixty-seven years. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


ADAM (C.). See DESCARTES (R.). 
AMALDI (U.). See PINCHERLE (8.). 


ANDREIEF (K. A.). Elements of analytic geometry, with exercises and 
solutions. Moscow, 1900. 8vo. 216 pp. (Russian.) M. 10.00 


ARBICONE (A.). See FORSYTH (A. Bi 


AUTENHEIMER (F.). Elementarbuch der Differential- und Integralrech- 
nung, mit zahlreichen Anwendungen aus der Analysis, Geometrie, 
Mechanik und Physik. Für höhere Lehranstalten und den Selbstun- 
terricht. 5te A e, bearbeitet von A. Donadt. Leipzig, Voigt, 
1901. 8vo. 10-+ 602 pp. M. 9.00 


Boren (E.). Leçons sur les séries divergentes. Paris, Gauthier- Villars, 
1901. 8vo 6+186 pp. (Nouvelles leçons sur la théorie des 
tonotions, IIL. ) Fr. 4.60 


CANTOR (M.). Vorlesungen uber Geschichte der Mathematik. (In 3 
Banden.) Vol. III, Abteilung 2: von 1700-1720. 2te Auflage. 
Leipzig, Teubner, 1901. 8vo. 2+ 218 pp. M. 3.20 


DESCARTES (R.). Oeuvres, publiées par C. Adam et P. Tannery, sous 
Jes auspices du ministère de l'instruotion publique. Correspondance. 
Vol. IV : juillet 1643-april 1647. Paris, Cerf, 1901. 4to. 713 pp. 


DoNADT(À.). See AUTENHEIMER (F.). 


EpsER (E.). Differential and integral calculus ; for beginners, adapted 
to the use of students of pbysiœ and mechanics. ndon, Nelson, 
1901. 8vo. 254 pp. 2s. 6d 


ELLENSSON (L.). Die reciproken Polarkurven der Epi- und Hypocy- 
kloiden. ( Diss.) Bern, 1899. Geo 103 pp., 1 plate. 


FORSYTH (A. R.). Trattato sulle equazioni differenziali. Prima ver- 
gione dall’ inglese da A. Arbicone. Livorno, 1901. 8vo. 352 pp. 
Fr. 8.50 


GEOK (E). Ueber die singularen Punkte algebraischer Flächen. (Diss). 
Tubingen, 1900. 8vo. 40 pp. 


HAMILTON (W. R.) Elements of quaternions. 2d edition by C. J. 
Joly. ol. U. London, Longmans, 1901. 8vo. 21s. 


446 NEW PUBLICATIONS. [July, 


Jouy (C. J.). See HAMILTON (W. R.). 
KrEPERT (L.). Tabelle der wichtigsten Formeln aus der Differential- 


rechnung. Hannover, Helwing, 1901. Geo. 34 pp. M. 0 60 
Krous (G.). Die algebraisch lösbaren irreduciblen Gleichungen funften 
Grades. Teil I. Berlin, 1900. 4to. M. 1.00 


Lopez (W.). Ueber das geometrische Mittel, insbesondere uber eine 
dadurch bewirkte Annäherung kubisoher Irrationalitaten. (Diss. ) 
Remscheid, Krumm, 1901. 4to. 27 pp. M. 1.00 


Oprrrz (H. R. G.). Studie uber die Rudıo’schen Flachen. Berlin, 
1901. 4to. M. 1.00 


Paníavr (M.). Neue Theorie des Raumes und der Zeit ; die Grundbe- 
griffe einer Metageometrie. Leipzig, 1901. 8vo. M. 0.80 


Pıcarp (E). Traité d'analyse. 2e édition, revue et corrigée. Vol. I: 
Intégrales simples et multiples ; l'équation de Laplace et ses applica- 
tions ; développements en séries ; applications géométriques du calcul 
infinitésimal. Paris, Gauthier-Villars, 1901. &vo. 15 +- 484 pp. 

- Fr. 16 00 


PINOHERLE (8 ) e AMALDI (U.). Le operazioni distributive e le loro 
applicazioni all’analısı. Bologna, Zanichelh, 1901. 8vo. 12-+ 490 
pp. Fr. 15.00 


REPERTOIRE BIBLIOGRAPHIQUE des sciences mathématiques. Publié par 
la commission permanente du Répertoire. Série IX: Fiches 9U1— 
1000. Paris, 1900. Fr. 2 00 


RUNFER (A.). Ueber Schraubenlinien und Schraubenflachen. (Diss. ) 
Bern, 1900. 4to. 68 pp., 8 plates. 


ZIEGEL (R.). Die lineare Differentialgleichung dritter Ordnung mit al- 
gebraischen Integralen. (Diss.) Berlin, 1900. 8vo. 25 pp. 


IL ELEMENTARY MATHEMATICS. 


AGAPOF (D. V.). Solution and digcussion of the more difficult anth- 
metical problems in the collections of A. Malinin, K. Burenin, and 
Vereshohagin. Orenburg, 1900. 8vo. 273 pp. (Russian). 

: M. 3.60 

BACKHAUS (K.). See WIESE (B.). 


BENDT (F.). Katechismus der Trigonometrie. Leipzig, 1901. 8vo. 
8 + 135 pp. M. 2 00 


BERTRAND (J.). Traité d’arithmétique. Traduit en russe d’après la 
lle édition française par M. V. Piroyekof. St. Petersburg, 1901. 


8vo 236 pp M. 6.00 
BLASENDORFF (M.). Ueber die Theilung des Kreisbogens. Berlin, 
1901. 4to. M. 1.00 


‘Borman (I. R.) See FÜCHTJOHANN (H.). 


BRUCKNER (M.). Vieleoke und Vielflache ; Theorie und Geschichte. 
Leipzig, Teubner, 1900. 4to. 8-+ 227 pp, 12 plates. M. 16.00 


BURENIN (K.). See AGAPOF (D. V.). 
EucLID. See FINN (S. W.). 
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Finn (8. W.). Junior Euclid ; books 3 and 4. London, Frowde, 1901. 
12mo. 204 pp. Cloth. 2a, 


FUOHTJOHANN (H.). Losung der Aufgaben in I. R. Boyman’s Lehrbuch 
der Planimetrie. Teil I. Aufgabe 1-733. Bonn, Cohen, 1901. 
8vo. 3-+ 160 pp. M. 3 60 


Fuss (K.). Sammlung von Aufgaben aus der Buchstabenrechnung und 
Algebra. Für Schulen und zum Selbstunterricht bearbeitet. 5te 
Auflage. Nurnberg, Korn, 1901. 8vo 11+ 203 pp. M. 2.40 


Frantz (R.). Ueber die Auflosung der kubischen Gleichungen. 
(Progr.) Magdeburg, 1901. 4to. 24 pp. 


GAMBIOLI (D.). Calcolo litterale ed equazioni di primo grado, con appen- 
dice sulle radici quadrata e cubica. 2a edizione, ampliata e miglio- 


rata. Bologna, 1901. 12mo. 248 pp. Fr. 250 
GLAGOLEF (A. N.). Text-book of theoretical arithmetic. Moscow, 1900. 
8vo. 215 pp. (Russian.) M. 3 50 


Grass (J.). Der grundlegende Rechenunterrioht im Zahlenraume von 
1 bis 100 nach den Forderungen der Physiologie und Psychologie. 
Umgearbeitete und erweiterte Auflage der Schrift uber die er 
anschaulichung beim grundlegenden Rechnen. Munchen, Kellerer, 
1901. 8vo. 6-+ 187 pp. M: 2.00 


GREMIGNI (M.). Elementi di geometria ad uso delle scuole tecniche e 
professionali. Planimetria, libro I-II. 2a edizione. Firenze, Bem- 
porad, 1901. 16mo. 11--161pp. (Biblioteca scolastica.) 

Fr. 1 20 


HANDEL (O.). Elementar-synthetische Kegelschnittslehre. Mit zahl- 
reichen Uebungsaufgaben. Zum Gebrauch an hoheren Lehran- 
stalten bearbeitet. 2te Auflage. Berlin, Weidmann, 1901. 8vo. 


6+ 85 pp. Board. M. 1.60 
HXNTZSOREL (E.). Elementare Herleitung der Newton’schen Reihen 
für &nus und Cosinus. Berlin, 1901. 4to. M. 1.00 


KISELEF (A.). See WRÓBLEWSKI (W.). 


KAMBLY und ROEDER. Trigonometrie, vollständig nach den preus- 
sischen Lehrplanen von 1892 bearbeitet. Ausgabe der Trigonometrie 
von Kambly. Lehraufgabe der Ober-Sekunda und der Prima. 
Unter Voranstellung der planimetrischen Lehraufgabe der Ober- 
Sekunda. 3te Auflage (26ste der Kamblyschen Trigonometrie.) Bres- 
lau, Hirt, 1901. Geo 189 pp. Cloth. M. 2 00 


LicHTBLAU (W.). See WIESE (B.). 
MALININ (A.). See AGAPOF (D. V.). 


OXHITOVIOH (A. P.). A new method for solving algebraic equations. 
equations. (In two parts.) Part I. Kazan, 1900. 8vo. 331 pp. 
(Russian. ) M. 8.00 


RocoELLA (D.). Elementi di calcolo algebrico ad uso dei licei. Ferrara, 
Taddei, 1900. 8vo. 49 pp. 
ROEDER. See KAMBLY. 


RUPEBT (W. W.). Famous geometrical theorems and problems, with 
their history. (In 4 parts.) Part III. New York, Heath, 1901. 
16mo. Pp. 59-75. : 
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SCHAFHEITLIN (P.). Eimge Satze der elementaren Raumlehre. Berlin, 


1900. 4to. 1 plate M. 1.00 
SOHULTZE (A.) and SEVENOAK ( F. L.). Plane and solid geometry. 
New York, Maomillan, 1901. 11+ 370 pp. hf. leather. $1.10 


SEVENOAK (F. L.). See SCHULTZE (A.). 


SLADEOZEK (A.). Die Berechnung der Flächen und Körper; Erkla- 
rungen, Regeln, Formeln, Beispiel- und Uebungsaufgaben. Für die 
Hand der schuler Freiburg, Herder, 1901. 8vo. 8+ 72 pp. 

M. 0.60 

STROMILLO (8.). L'nritmetica razionale presoritta al ginnasio superiore 
dall’ultimo programma governativo. Napoli, Muca, 1901. 16mo. 
8+ 118 pp. Fr, 1.00 


ToDHUNTEB (I.) Plane codrdinate geometry and conic sections, with 
a collection of problems. Russian translation by E. A. Predtechen- 
sky. St. Petersburg, 1901. Geo, 398 pp. M. 5.00. 


Voar (H.). Eléments de mathématiques supérieures à l'usage des 
physiciens, chimistes et ingénieurs et des aspirants à ces titres, des 
conducteurs de travaux, et des élèves des facultés des sciences et des 
écoles industrielles. Paris, Nony, 1901. Geo, 5+ 603 pp. 

Fr. 10.00 

VERESHCHAGIN. See AGAPOF (D. V.). 


WIENECKE (E.). Geometrie fur Volksschulen, mit 150 Uebungsaufga- 
ben. Berlin, Oehmigke, 1901. Sen, 2+ 46 pp. M. 0.40 


——. Die Losung geometrisoher Konstruktionsaufgaben durch geome- 
trische Oerter in schulgemässer Weise erlautert an 950 Aufgaben. 
Berlin, Oehmigke, 1901. Geo 6--74 pp. M. 1.20 


WIESE (B.), LIOHTBLAU (W.) und BACKHAUS (K.). Raumlehre fur 
Lehrerseminare. Teill: Planimetrie (Flachenlehre). 4te Auflage. 
Breslau, Hirt, 1901. Geo, 190 pp. Boards. M. 2.25 


WBÔBLEWSKI (W.). Solution of the problems in A. Kıeselaf’s Elemen- 
tary geometry. St. Petersburg, 1901. Geo, 562 pp. (Russian. ) 


M. 7.00 


III. APPLIED MATHEMATICS. 


ALBRECHT (M. A.) und VIEROW (C. S.). Lehrbuch der Navigation 
und ihrer mathematischen Hulfswissenschaften. Fur die k. preus- 
eischen Navigationsschulen bearbeitet. 8te Auflage, neu bearbeitet 
von G. Holz. Berlin, 1901. 8vo. i M. 14.00 


Baos (C.). Die Maschinen-Elemente, ihre Berechnung und Konstruk- 
tion mit Rucksicht auf die neueren Versuche. 8te A e. (In2 
Banden.) Mit in den Text gedruckten Abbildungen, 3 Texttafeln 

“und 57 Tafeln Zeichnungen Stuttgart, Bergstrasser, 1901. 8vo. 
20 + 810 + 29 pp. M. 30.00 


BARTLETT (D. P.). General principles of the method of least squares, 
with applications. 2d edition. Boston, Mass. Institute of Technol- 
ogy, 1900. Geo 142+ 11 pp. $2.25 


BRANDT (A. A.). The elements of thermodynamics, with applications 
to the steam engine. St. Petersburg, 1900. (Russian.) 8vo. 
147 pp. 


1901.] NEW PUBLICATIONS. 449 

Baisse (C.). Cours de géométrie descriptive. 2e édition, revue par C. 
Bourlet. (2parties.) Partie I. Paris, 1900. 8vo. Fr. 5.00 

BoRGMANN (J.J.). See Planck (M). 

BOURLET (C.). See BEIssE (C.). 

Bow Ley (A. L.). Elements of statics. London, 1901. 8vo. 342 pp. 


108. 6d. 

CAYE (G.) et SAILLARD (A.). Mécanique et électricité industrielles. 
Nancy, 1901. Geo 500 pp. , Fr. 12.00 
CoLACAO-BELMONTE (E. M. J.). Energie en electriciteit. Groningen 
1901. Geo 9 + 152 pp. M. 3.00 


CROSBY (C. S.). Key to Rosenberg’s First stage mechanics of solids. 
London, Clive, 1901. 12mo. 98pp. (Organic ‘science series.) 
Cloth. 18. 


Ernst (J.). Abgekürzte Multiplikations-Rechentafeln fur sámmtliohe 
Zahlen von 2-1000, nebst einem Anhang, enthaltend die Quadrat- 
zahlen von 1-1000. Braunschweig, Vieweg, 1901. 8vo. 10 + 503 
pp. M. 4.00. 


GERARD (E.). Mesures électriques. ons professées à l’Institut 
électrotechnique Montefiore annexé à l'Université de Liége. Ze édi- 
tion, refondue et complétée. Paris, 1901. 8vo. 8+ 532 pp. i 

Fr. 12 00 


GERTEIS (A.). Wissen und Leistungen der modernen Starkstrom- 
Electrotechnik, mit Aussohluss der elektrischen Bahnen. (3 Theile. ) 
Theil I; Electricitat ; ihre Eigenschaften, Wirkungen und Gesetze. 
Halle, 1901. 8vo. M. 5.00 


Grassi (N.). Elementi di geometria descrittiva per uso della r. acca- 
demia navale e dei rr. istituti tecnici. Testo. Livorno, Belforte, 
1901. 8vo. 6 4-264 pp. 


GRAY (A.). Treatise on Physica. Volume I: Dynamics and properties 


of matter. London, 1901. 8vo. 23 + 688 pp. 15s. 
GUILLEMIN (A.). Notions d'acoustique. Introduction à l'étude de la 
phonation. Paris, 1901. 8vo. 192 pp. Fr. 5.00 


' Horz (G.). See ALBRKOHT (M. A.). 


Erop (W.). Vorträge uber Mechanik als Grundlage für das Bau- und 
Maschinenwesen. Teil II: Mechanik elastisch-fester und fluseiger 
Körper. 2te Auflage. Hannover, Helwing, 1901. 8vo. 10 + 380 pp. 

M. 12.00 


KOENIGSBERGER (L.). Die Principien der Mechanik ; mathematische 
Untersuchungen. Dem Andenken Helmholtz’s gewidmet. Leip- 
zig, Teubner, 1901. 8vo. 12+228pp. Cloth. .%: M. 9.00 


LAUNOY (G. DE). Précis de cosmographie et de navigation et notions 
de trigonométrie sphérique. 2e édition, revue et augmentée. Paris, 
1901. 8vo. 367 pp. 


MAGH (E.) Die Mechanik, in ihrer Entwicklung historisch-kritisch 
dargestellt.  4te, verbesserte und vermehrte Auflage. Leipzig, 
1901. 8vo. 257 pp. M. 8.00 
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MiwOHIN (G. M.). The student's dynamics, comprising statics and 
kinetics. London and New York, Macmillan, 1901. 12mo. 12+ 
258 pp. Cloth. $0.90 


MORAND DE LA PERRELLE (J.). Assurances sur la vie. Caloul des 
primes des principales combinaisons. Paris, 1901. 8vo. Fr. 2.50 


OETTINGEN (A. VON). Elemente des geometrisch-perspectivischen 
Zeichnens. Leipzig, 1901. Geo 7+ 177 pp. M. 8.00 


PAPPERITZ (E.). See Roun (K.). 


PODIASKI (L.). Ueber die durch Energieemission hervorgebrachte 
Dampfung akustischer Sohwingungen. (Diss.) Berlin, 1900. 8vo. 
36 pp. 

POHLHAUSEN (A.). Berechnung, Konstruktion und Anlage der Trans- 
missione-Dampfmaschinen. Pehr- und Handbuch fur Techniker und 
Ingenieure. (In 2 Banden.) 2te Auflage, mit in den Text gedruok- 
ten Abbildungen und 50 Tafeln Zeichnungen. Mittweida, Poly-. 
technische Buchhandlung, 1901. 4to. 5+ 341 pp. Half-mor. 

M. 30.00 


PRANDTL (L.). Kipp-Ersoheinungen ; ein Fall von instabilem elas- 
tischem Gleichgewicht. (Diss.) Nürnberg, 1901. 8vo. 75 pp. 
2 plates. M. 2.40 


REYNOLDS (O.). Papers on mechanical and physical subjects. Re- 
printed from various transactions and Journals. Volume II: 1881- 
1900. Cambridge, 1901. 8vo. 218. 


Roxx (K.) und PAPPERITZ (E.). Lehrbuch der darstellenden Geome- 
trie. (In 2 Bänden.) Vol. I. 9te Auflage. Leipzig. Veit, 1901. 
8vo. 20-+ 418 pp. M. 12.00 


ROSENBERG. See CRosBY (C. S.). 
SAILLARD (A.). See CAYE (G.). 


SCHUBERT (F.). Die darstellende Geometrie an maschinentechnischen 
Lehranstalten, Gewerbe- und Fachschulen. Teil II: Die darstel- 
lende Geometrie, einschliesslich der Elemente der Projektionslehre, 
Schattenlehre, Axonometrie und Perspektive. Mittweida, Poly- 
technische Buchhandlung, 1901. 8vo. Pp. 259-559. Cloth. 

` M. 5.50 


STUDY (E.). Geometrie der Dynamen. Die Zusammensetzung von 
Kraften und verwandte Gegenstände der Geometrie. (In 2 Liefer- 
ungen.) Erste Lieferung. Leipzig, Teubner, 1901. 8vo. ML 7.60 


ViEROW (C.8.). See ALBRECHT (M. A.). 


ZONDERVAN (H.). Allgemeine Kartenkunde. Ein Abriss ihrer Ge- 
schichte und ihrer Methoden. Leipzig, Teubner, 1900. 8vo. 10+ 
210 pp., 5 plates. M. 4.60 
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TENTH ANNUAL LIST OF PAPERS 


READ BEFORE THE AMERICAN MATHEMATIOAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLAOES OF THEIR PUBLICATION. 


BLAKE, E. M. Two Plane Movements Generating QuarticScrolls. Read 
Dec. 28, 1899. Transactions of the American Mathematical Society, 
vol. 1, No. 4, pp. 421-429 ; Oot., 1900. 


BLICHFELDT, H. F. Note on the Functions of the Form f(s)muó(z) 
+ ay + aa it --+a, which in a given Interval Differ the least 
Possible from Zero. Read (Chicago) April 14, 1900. Transactions of 
the American Mathematical Society, vol. 2, No. 1, pp. 100-102 ; Jan., 
1901. 


—— A new Determination of the Primitive Continuous Groups in Two 
Variables. Read April 27, 1901. Transactions of the American 
Mathematical Soeiety, vol. 2, No. 3, pp. 249-258 ; July, 1901. 


BécHER, M. Application of a Method of D'Alembert to the Proof of 
Sturm’s Theorems of Comparison. Read June 29, 1900. Transac- 
trons of the American Mathematical Society, vol. 1, No. 4, pp. 414-420 ; 
Oct , 1900. 


—— On Linear Dependence of Functions of One Variable. Read Oot. 27, 
1900. Bulletin of the American Mathematical Society, vol. 7, No. 3, 
pp. 120-121 ; Deo , 1900. 


— Certain Cases in which the Vanishing of the Wronskian is a Suffi- 
cient Condition for Linear Dependence. Read Dec. 28, 1900. Trans- 
actions of the American Mathematical Society, vol. 2, No. 2, pp. 139-149 ; 
April, 1901. 


——— An Elementary Proof of a Theorem of Sturm. Read Feb. 23, 1901. 
Transactions of the American Mathematical Society, vol. 2, No. 2, pp. 
150-151 ; April, 1901. 


— Green’s Functions in Space of One Dimension. Read Feb. 23, 1901. 
Bulletin of the American Mathematical Society, vol. 7, No. 7, pp. 297- 
299 ; April, 1901. 


——— Non-Osoillatory Linear Differential Equations of the Second Order. 
Read Feb. 23,1901. Bulletin of the American Mathematical Society, 
vol. 7, No. 8, pp. 333-340 ; May, 1901. 


CAJORI, F. Divergentand Conditionally Convergent Series whose Prod- 
uct is Absolutely Convergent. Read April 28, 1900. . Transactions 
of the American Mathematical Society, vol. 2, No. 1, pp. 25-38 ; Jan., 
1901. 


Dickson, L. E. The Cyclic Subgroup of the Simple Group of Linear 
Fractional Substitutions of Determinant Unity in two Non-Homoge- 
neous Variables with Coefficients in an Arbitrary Galois Field. Read 
(Chicago) Deo. 28, 1899. American Journal of Mathematics, vol. 22, 
No. 3, pp. 231-252 ; July, 1900. 


—— Determination of an Abstract Simple Group of Order 27. 35. 5.7 
Holoedneally Isomorphie with a certain Orthogonal Group, and 
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with a certain Hyperabelian Group. Read (Chicago) April 14, 1900. 
Transactions of the American Mathematical Society, vol. 1, No. 3, pp. 
353-370 ; July, 1900. 


—— Canonical Forms of Quaternary Abelian Substitutions in an Arbi- 
trary Galois Field. Read (Chicago) Dec. 28, 1900. Transactions of 
the American Mathematical Society, vol. 2, No. 2, pp. 103-138 ; April, 
1901. 


—— Concerning Real and Complex Continuous Groups. Read Feb. 23, 
1901. Bulletin of the American Mathematical Society, vol. 7, No. 8, 
pp. 340-350 ; May, 1901. 


EISENHART, L. P. A Demonstration of the Impossibility of a Triply 
Asymptotic System of Surfaces. Read Dec. 28, 1900. Bulletin of 
the American Mathematical Society, vol. 7, No. 4, pp. 184-186 ; Jan., 
1901. 


—— Possible Triply Asymptotic Systems of Surfaces. Read Feb. 23, 
1901. Bulletin of the American Mathematical Society, vol. 7, No. 7, 
pp. 303-305 ; April, 1901 


— Surfaces whose First and Second Fundamental Forms are the Second 
and First Respectively of Another Surface. Read Feb. 23, 1901. 
Bulletin of the American Mathematical Society, vol. 7, No. 10, pp. 417- 
423 ; July, 1901. 


FIELDS, J. C. On the Reduotion of the General Abelian Integral. Read 
Aug. 16, 1897. Transactions of the American Mathematical Society, 
vol. 2, No. 1, pp. 49-86 ; Jan , 1901. 


FORD, W. B. Dini's Method of Showing the Convergence of Fourier’s 
Series and Other Allied Developments. Read Deo. 28, 1900. Bul 


letin of the American Mathematical society, vol. 7, No. 5, pp. 227-230 ; 
Feb., 1901. 


GALE, A. S. Wiener’s Theory of Displacements, with an Application to 
the Proof of Four Theorems of Chasles. Read April 28, 1900. An- 
nals of Mathematics, 2d series, vol. 2, No. 1, pp. 1-7; Oct., 1900. 


GoRDAN, P. Die Hesse'sche und die Cayley’sche Curve. Read June 28, 
1900. Transactions of the American Mathematiaal Society, vol. 1, No 
4, pp. 402-413 ; Oct , 1900. 


HATHAWAY, A. B. Pure Mathematics for Engineering Students Read 
(Chicago) Deo. 28, 1900. Bulletin of the American Mathematical So- 
ciety, vol. 7, No. 6, pp. 266-271 ; March, 1901. 
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